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The notion of stochastic solution

e Linear elliptic and parabolic equations (both with Cauchy and
Dirichlet boundary conditions) have a probabilistic interpretation: A
classical result and a standard tool in potential theory.
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dru(t,x) = 19

Eﬁu(t' x) with u(0,x) = f(x) (1)
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deu(t, x) = L u(t, x) with u(0,x) = f(x) (1)

20x2

@ the solution may be written either as

N2
u(t,x) = %}E/;Eexp (—W) f(y)dy (2)
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The notion of stochastic solution

e Linear elliptic and parabolic equations (both with Cauchy and
Dirichlet boundary conditions) have a probabilistic interpretation: A
classical result and a standard tool in potential theory.

@ For example, for the heat equation

1 2
oru(t,x) = ——=
ru(t, x) 2 0x?

@ the solution may be written either as

N2
u(t,x) = %}E/\}Eexp (—W) f(y)dy (2)

u(t, x) = Exf(X;) (3)

[E, being the expectation value, starting from x, of the Wiener
process dX; = dW;

u(t, x) with u(0,x) = f(x) (1)

@ Or as
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The notion of stochastic solution

e Eq.(1) is a specification of a problem

@ (2) and (3) are solutions in the sense that they both provide
algorithmic means to construct of a function satisfying the
specification.

@ An important condition for (2) and (3) to be considered as solutions
is the fact that the algorithmic tools are independent of the
particular solution,

@ in the first case, an integration procedure
@ in the second, the simulation of a solution-independent process.

@ This should be contrasted with stochastic processes constructed from
a given particular solution, as has been done for example for the
Boltzman equation
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Stochastic solutions of linear equations: Examples

@ Let L be the operator

1 d d
Lf(x) = > Z ajj(x)0f (x) + Z bi(x)9;f(x) (4)
ij=1 i=1
assumed to be strictly eIIiptic that is
d
Z 2 (x)yiy; = Ax) ) 7 (5)
ij=1 i=1

and X; the solution to the stochastic differential equation
dX; = b(x)dt + o(x)dW; (6)
o being a matrix such that a = oo™ and W; the Wiener process
E(W,) = 0
E(W:W;) = min(t,s)
E (dW:dW;) = dt
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Stochastic solutions of linear equations: Examples

@ The Poisson equation
Luy (x) = Aup(x) = —fi(x) (7)
where A > 0 and f; is a C! function with compact support. Then
\ul (x) = E* fooo e Mf (Xt) dt\ (8)

[EX denotes the expectation value for the process that starts from x at
time zero.

@ In a bounded domain D with u; = 0 in dD and f; € C2
’ul (x) = E~ OTD ef)‘tfl(Xt)dt‘ (9)

Tp = inf{t: X; ¢ D} being the first exit time from D.
@ The Dirichlet problem

Lup(x) =0  with w="nh on oD (10)
lu2(x) = EXH (X, ) (11)
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Stochastic solutions of linear equations: Examples

@ The Cauchy problem of the parabolic equation
druz(x, t) = Luz(x, t) with u3(x,0) =f(x)  (12)

0, 1 = BB (X) (13)

@ The same problem in a bounded domain D with u3(x,0) = f3(x) and
u3(x,0) =0inadD

lus(x,t) = EX[A(X;); t < 1p]

e For the Schrédinger operator L+ v(x)

(L+v(x))us(x) =0  with us = fa on oD  (14)

us(x) =EX |fy (XTD)efo Xs)

(15)

(http://label2.ist.utl.pt/vilela/) February 3, 2008 6 /33



Stochastic solutions of linear equations: Examples

@ and

(L+ v(x)) us(x) = —g(x) with us =0  on oD (16)

us(x) = B[ [ g(X,)eld *0)% s

(17)
@ The Cauchy problem for the Schrédinger operator

drup(x, t) = (L+ v(x)) us(x, t) with us(x,0) = fe(x) (18)

us (x, ) = B | fo(X;)elo v(Xe)ds

(19)
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Stochastic solutions and numerical codes

New exact solutions and also new numerical algorithms

@ When is a stochastic-based algorithm competitive with other
algorithms? No general answer. However:
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@ Deterministic algorithms grow exponentially with the dimension d of
the space, roughly N9 (ﬁ the linear size of the grid). A stochastic
simulation only grows with the dimension of the process, typically of
order d.
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Stochastic solutions and numerical codes

New exact solutions and also new numerical algorithms

@ When is a stochastic-based algorithm competitive with other
algorithms? No general answer. However:

@ Deterministic algorithms grow exponentially with the dimension d of
the space, roughly N9 (ﬁ the linear size of the grid). A stochastic

simulation only grows with the dimension of the process, typically of
order d.

@ Deterministic algorithms aim at obtaining the solution in the whole
domain. Then, even if an efficient deterministic algorithm exists, the
stochastic algorithm is competitive if only localized values of the
solution are desired. For example by studying only a few high Fourier
modes one may obtain information on the small scale fluctuations
that only a very fine grid might provide in a deterministic algorithm.
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Stochastic solutions and numerical codes

@ Each sample path is independent. Likewise, paths starting from
different points are independent from each other. The stochastic
algorithms are a natural choice for parallel and distributed
computation.

February 3, 2008 9/33
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Stochastic solutions and numerical codes

@ Each sample path is independent. Likewise, paths starting from
different points are independent from each other. The stochastic
algorithms are a natural choice for parallel and distributed
computation.

@ Stochastic algorithms are appropriate for domain decomposition and
handle equally well regular and complex boundary conditions.
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Stochastic solutions of nonlinear partial differential

equations

@ The basic idea: One notices that in the linear partial differential
equation case, once the relevant stochastic process is identified, the
process is started from the point x where the solution is to be
computed, and the solution is a functional of the exit values of the
process (from a space D or a space-time D x [0, t| domain)
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Stochastic solutions of nonlinear partial differential

equations

@ The basic idea: One notices that in the linear partial differential
equation case, once the relevant stochastic process is identified, the
process is started from the point x where the solution is to be
computed, and the solution is a functional of the exit values of the
process (from a space D or a space-time D x [0, t| domain)

@ Conjecture: For the nonlinear equations the relevant process has a
diffusion, propagation or jump component associated to the linear
part of the equation plus a branching mechanism associated to the
nonlinear part. The solution will be a functional of the exit measures
generated by the process.

@ The construction: Rewrite the equation as an integral equation.
Give a probabilistic interpretation to the integral equation. In the end
the stochastic solution is equivalent to a sampling evaluation of the
Picard series.
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Stochastic solutions of nonlinear partial differential

equations

Existing results

@ The KPP equation (McKean)
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Stochastic solutions of nonlinear partial differential

equations

Existing results

@ The KPP equation (McKean)
@ Diffusion equation with u* (« € [0, 2]) nonlinearities (Dynkin)

@ The Navier-Stokes equation (LeJan, Schnitzman, Waymire,
Ossiander, Batacharia, Orum)

The Poisson-Vlasov equation (Cipriano, Floriani, Lima, R. V. M.)
The Euler equation (Cipriano, R. V. M.)

A fractional version of the KPP equation (Cipriano, Ouerdiane, R. V.
M.)

© 00
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The Poisson-Vlasov equation

S+ vV Vi - AV, @V, f =

(20)
Axd :—47T{Ze,/ X V.t) v} (21)
Fourier transforming Eq.(20) and (21), with
Fi(Et) = ( nfi (17, t) € (22)
= (X V) and = (ii) = (&,.&,), one obtains
0o = Y _gviRey (23)

AT g (8- 2 tt) 5

Gl
(http://label2.ist.utl.pt/vilela/)
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The Poisson-Vlasov equation

The Fourier transformed equation

Changing variables to
=7 (l&]) ¢ (24)

v (|&,]) is a positive continuous function satisfying

v (I6]) =1 if 1G] <1
v (1821) > 185 if 6o > 1

F(ET) _ & o |
It a (|éz|) Ve Fi(6T) - m; /d3€1’:f ((:1—‘31'52,T>
5 51
SN I Ze C,OT (25)
(il 8] T (&07)
3
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The Poisson-Vlasov equation

The Fourier transformed equation

Stochastic representation written for the following functions

Xi (81,80, 7) = e_AT’:i(/€1(,(§(§12).T) (26)

with A a constant and h({;) a positive function to be specified later.

Define
1 ,
( h*h> - /d3§1

o)L ENE

&

al h(@-a)e(@) e
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The Poisson-Vlasov equation
The Fourier transformed equation

Xi (81,85 7)
= ey, <€1v‘:2+7

& ) eme (1617 heh) @)
7(|¢2|>')‘m,n h(E)

X /OT d/digllp (61'611,)9(,- <C1 —&lg, +sry(|€é2|),r— 5)

(62t |¢|>' | o, (#
X 2l) dejeA(T s) i 0, T—s (29)
(e T T mlE o)
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The Poisson-Vlasov equation

The Fourier transformed equation

Eq.(29) has a stochastic interpretation (an exponential process plus
branching and Bernoulli processes).
e~ = survival probability during time T of the exponential process
Ae*$ds = the decay probability
p (‘:1: C;’) d3¢, = branching probability of & mode into (Cl —&, /1'>
X (&1, G, T) computed from the expectation value of a multiplicative
functional
Convergence of the multiplicative functional:

Fi(€1.62.0)
(®) [HR5] <1

B) <’(,‘,1‘1 h h> (&1) < h(&y), satisfied, for example,

— <
for h(¢;) = (1+|§1| ) and c < 37r
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time _ @l't’ﬂ

- ek T
(gl,ol‘r,l) (5_.1 ﬁ]"cl' 1‘.l
‘ j
&'-&x.TY [(£0,T) -
1133103 &0 B ErE K Ty)
i i i i
o 4 J} o Fourier

mode
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The Poisson-Vlasov equation
The Fourier transformed equation

The process X (&;,,, T) is the limit of the following iteration
A (N )
= (gl G+ T—m (|§2|) ) 1[S>T]+gﬁ (gllgllis>
(k) SG1 ) ") (&
X X; —Cq,06p + T—5s | X 0, T—5) 1jgeqly =
; (51 & & ) (51 ) s<7]1[,=0]

o (0 8) X (66t o o) X0 (B0

XLgr =1

(http://label2.ist.utl.pt/vilela/) February 3, 2008 18 / 33



The Poisson-Vlasov equation

The Fourier transformed equation

The multiplicative functional of the process X (¢, 5, T) is the product of:
- At each branching point where 2 particles are born

_ Mo 5)87'Ce,ej (‘C;‘_lh*h> (&) (€2+S |§2 ) 61
mjA h(Gq) 7(‘62 +sm‘>

- When one particle reaches time zero and samples the initial
condition

gi (21.215) =

Xi (81,62, T)=E {H (gogé o ) (giig;i B ) (g,'jg,;- : )}
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The Poisson-Vlasov equation

The Fourier transformed equation

8eje; T1
@ Choose A > ‘mln,{m }‘ and c < e™ —n — the absolute value of all

coupling constants is bounded by one.
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The Poisson-Vlasov equation

The Fourier transformed equation

8eje;

@ Choose A > ‘mln,{m
coupling constants is bounded by one.

@ The branching process, identical to a Galton-Watson process,
terminates with probability one = number of inputs to the
functional is finite (with probability one).

}‘ and ¢ < e T 1 — the absolute value of all
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The Poisson-Vlasov equation

The Fourier transformed equation

8eje;

@ Choose A > ‘
mln,{m
coupling constants is bounded by one.

@ The branching process, identical to a Galton-Watson process,
terminates with probability one = number of inputs to the
functional is finite (with probability one).

@ With the bounds on the coupling constants, the multiplicative
functional is bounded by one in absolute value almost surely.

}‘ and ¢ < e T 1 — the absolute value of all
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The Poisson-Vlasov equation

The Fourier transformed equation

@ Choose A > ‘m?:?;’}‘ and ¢ < e T 1 — the absolute value of all

coupling constants is bounded by one.

@ The branching process, identical to a Galton-Watson process,
terminates with probability one = number of inputs to the
functional is finite (with probability one).

@ With the bounds on the coupling constants, the multiplicative
functional is bounded by one in absolute value almost surely.

e Theorem 1. The stochastic process X ({1, G,, T), above described,
provides a stochastic solution for the Fourier-transformed
Poisson-Vlasov equation F; ({;,(,, t) for any arbitrary finite value of
the arguments, provided the initial conditions at time zero satisfy the
boundedness conditions (A).
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The Poisson-Vlasov equation

The Fourier transformed equation

Instead of renormalizing the time (Eq.(24)) one may write

o—tles Fi (61,82, 1)

O; (61,62,1'): h(gl)

p (51, C;) and the conditions on h () are the same as before.
The main difference is the survival probability, namely e t/¢2| and

dsIT (¢, C,, s) the dying probability in time ds

(t—5)|82+s81]—t1G,]
11 (51' 62'5-) = ‘62 ha SC;V| (e(:l’ 621 t)

1 ‘ —s s&|—
N(é‘lyéz,t)szo ds &, + 5| elt—2)Etstil—tia]
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The Poisson-Vlasov equation

The configuration space equation

G (?,7, t)

e (;_tv,v,o)_zz[%e'ef/ dfheAY) | oME=s)
J

0) (7 ﬂ)
Px.v, X, u - -
></d3x/d3 e Gj(x',u,t—s) (x—sv—x’)
v

. ! (Vot59.) 9, (X —1v.7) G (X —sv, vt —5)

o, (5 —tv.v)
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The Poisson-Vlasov equation

The configuration space equation

. qy(x’—u(t—s),?)
AY = / &x'dPu

2
— — -

X —sv —x'

The simplest choice for ¢, (; 7) is @, (? 7) =f; (? 7,0)
The probabilistic interpretation requires finiteness

of AU = d3x/d3u6(Xl_U(t_S)’uvo>

x,v,t,s
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The Poisson-Vlasov equation

The configuration space equation

(")

space
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The Poisson-Vlasov equation

The configuration space equation

Contributions to the multiplicative functional:
- The coupling constants at the creation of each new particle is
2¢; €€ AU)

v,

gij(x v, ts)= — Al
1

Alt—s
(o€ (t—s)

- The terminal contribution of a particle that in the course of its evolution
has received the labels s1, 55,5, is

f( L )(vv+slvx)---(vv+s,,vx)f,-(}—rv,v,o)

x —tv,v,0

bel2.ist.utl.pt/vilela/) February 3, 2008 25 /33



The Poisson-Vlasov equation

The configuration space equation

@ Convergence of the multiplicative functional in the stochastic solution
requires

2eie; ()
_ A
‘min (mi) A msax< XVt

<1 (30)

1
f(x—t770>

(Vo +51V) - (Vo +5.V) F (? —tv, v, 0) <1

(31)
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The Poisson-Vlasov equation

The configuration space equation

@ Convergence of the multiplicative functional in the stochastic solution

requires
2eje; () At—s)
_ <
‘ min (m;) A max (AX""t's) ¢ st (30)
1 — — —
—— (Vv+51VX)---(VV—|—s,,VX)f,-(x—tv,v,O) <1
f; (X —tv, Vv, 0)

(31)
@ Theorem 2. The stochastic process Y X, u, t), above described,

provides a stochastic solution for the configuration space
Poisson-Vlasov equation provided the initial conditions satisfy the
constraints (30) and (31).
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A fractional nonlinear equation

A fractional version of the KPP equation, studied by McKean

’tDi‘u (t,x) = ;XDgu (t,x) + v (t,x) —u (t,x)‘

(32)
+D% is a Caputo derivative of order «
thf(t):{ dm fO (tTa+1m m—1l<a<m (33)
St (t) x=m

XDg is a Riesz-Feller derivative defined through its Fourier symbol

FLDJF (0} (k) = 4 (k) F (£ (0} (k) (o)
with zp%( ) = ’k|ﬁ i(signk)om/2.

Physically it describes a nonlinear diffusion with growing mass and in our
fractional generalization it would represent the same phenomenon taking
into account memory effects in time and long range correlations in space.

(http://label2.ist.utl.pt/vilela/)

February 3, 2008 27 / 33



A fractional nonlinear equation

The first step towards a probabilistic formulation is the rewriting of
Eq.(32) as an integral equation.Take the Fourier transform (F) in space
and the Laplace transform (£) in time

~

su (s, k) = L (0, k) — %lpg (K) u (s, k) — 11 (5, K)+ /Ow dte *t F (u2)

where
o0

u(t k) = F (u(t,x)) :/ e u (t, x)

(s, x) = £ (u(t,x)) = /0°° et (t, x)

This equation holds for 0 < & < 1 or for 0 < a < 2 with %u (0, x) =0.

Solving for u (s, k) one obtains an integral equation

—st

u (0+, k) —l—/o dtm.}" (u2 (t,x))

< socfl

L —
U(S ) szx+%¢%(k)
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A fractional nonlinear equation

Taking the inverse Fourier and Laplace transforms

u(t, x)
- /_0; dyF (EM (_ (E:;r(é_li:%)(k» tw)) (x=y)u(0,y

0
/_c:dy}"*1 (EW <_ <1+2%( )> S )) (x—y)u* (T,y)

Eyp is the generalized Mittag-Leffler function £y, (2) = Y72 T aj+p)

+/ dr(t—1)"" ! Eva (—(t—17)") =1
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A fractional nonlinear equation

We define the following propagation kernel

(B (- (1 2 0) )
sz,p (_ta) (X)

Gl (t,x) = F

u(t, x)
= BT [ gyl (tx vl (o*
+ [ ot = s (2 (=)

/ dyIGa,rx —TXZY |uE](T,y)

Een (—t%) and (t —7)* " Eye (= (t — 7)%) = survival probability up to
time t and the probability density for the branching at time T (branching
process By)

(http://label2.ist.utl.pt/vilela/) February 3, 2008 30 /33



A fractional nonlinear equation

TI{ce,c)| —eXt £2

TI(ce,cx)
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A fractional nonlinear equation

u(t,x) = Ex (9190, 9,) (35)
with
¢, = /dyl(i)d}’z(i) e dy,f’;)ldyk(") Gf,a (T1,x—y1) Gf,a (T2, y1—y2) -+
o Gf,a (Th—1, Yh—2 = Yk—1) G,fl (T Y1 = yi) u (07, yi)  (36)

with Y5, T; = t, k — 1 being the number of branchings leading to
particle i

The propagation kernels satisfy the conditions to be the Green's functions
of stochastic processes in IR:

u(t, x) = By (u(07, x +1)u(0", x + &) - u(0", x+8,)) (37
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A fractional nonlinear equation

Denote the processes associated to G£1 (t,x) and Gf,a (t,x), respectively
by TT° | and IT£,

1
Theoar’em 3: The nonlinear fractional partial differential equation (4), with
0 < a <1, has a stochastic solution, the coordinates x + ¢; in the
arguments of the initial condition obtained from the exit values of a
propagation and branching process, the branching being ruled by the
process B, and the propagation by Hg,l for the first particle and by va,x
for all the remaining ones.

A sufficient condition for the existence of the solution is

lu(0™, x)| <1 (38)

(http://label2.ist.utl.pt/vilela/) February 3, 2008 33 /33



	The notion of stochastic solution
	Stochastic solutions of linear equations: Examples
	Stochastic solutions and numerical codes
	Stochastic solutions of nonlinear partial differential equations
	The Poisson-Vlasov equation
	A fractional nonlinear equation


