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R —
Stochastic solutions of pde's

@ Stochastic solution = a stochastic process which, when started from
a particular point in the domain, generates after time t a boundary
measure which, integrated over the initial condition at t = 0, provides
a solution of the equation at x and time t.

RVM (CMAF, IPEN) 3 /56



R —
Stochastic solutions of pde's

@ Stochastic solution = a stochastic process which, when started from
a particular point in the domain, generates after time t a boundary
measure which, integrated over the initial condition at t = 0, provides
a solution of the equation at x and time t.

o Example: the heat equation

deu(t,x) = ;aaxzzu(t,x) with u(0,x) = f(x)

the process is Brownian motion, dX; = dB;, and the solution

u(t, x) = Exf(X;) (1)
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R —
Stochastic solutions of pde's

@ Stochastic solution = a stochastic process which, when started from
a particular point in the domain, generates after time t a boundary
measure which, integrated over the initial condition at t = 0, provides
a solution of the equation at x and time t.

o Example: the heat equation
du(t) = 2 u(tx)  with  u(0.x) = F(x)
cu(t, x —2aX2u . X wi u(0,x) = f(x

the process is Brownian motion, dX; = dB;, and the solution
u(t, x) = Exf(X;) (1)

@ The domain here is R x [0, t) and the expectation value in (1) is the
inner product (u,, f) of the initial condition f with the measure i,
generated by the Brownian motion at the t— boundary.
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R —
Stochastic solutions of pde's

@ Using the heat kernel the solution is

u(t,x) = 2&%/11{\}%@@ (—(thy)) f(y)dy

Integration over the domain versus "integration" over paths.
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R —
Stochastic solutions of pde's

@ Using the heat kernel the solution is

u(t,x)=

2
1 / 1 (x—y)

—— [ —exp| ———— | f(y)d

NG, SV ( 2t (v) dy
Integration over the domain versus "integration" over paths.

@ Even for linear problems, the stochastic solution approach provides a
way to express exact solutions in a way that is not possible with
kernels and integral representationS'

d

Z aU B,Jf Zb,(X)a,f(X)

’J 1 i=1
(L+v(x))u(x) = —g(x) with u=0 on oD
u(x) =X | [ g(Xs)e Jo v(Xr)dr gg
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R —
Stochastic solutions of pde's

@ Using the heat kernel the solution is

u(t,x)=

2
1 / 1 (x—y)

—— [ —exp| ———— | f(y)d

NG, SV ( 2t (v) dy
Integration over the domain versus "integration" over paths.

@ Even for linear problems, the stochastic solution approach provides a
way to express exact solutions in a way that is not possible with
kernels and integral representationS'

d

Z aU B,Jf Zb,(X)a,f(X)

’J 1 i=1
(L+v(x))u(x) = —g(x) with u=0 on oD

u(x) =E* | [;° g(X X;)elo vXi)dr g

o Classical results for linear pde's. Recent work in nonlinear pde's:

KPP, Navier-Stokes, Poisson-Vlasov, MHD, etc. /
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Stochastic solutions: What are they good for?

@ New exact solutions
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o New exact solutions

@ New numerical algorithms
Deterministic algorithms grow exponentially with the dimension d of
the space, roughly N? (ﬁ the linear size of the grid). The stochastic
process only grows with the dimension d.
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@ New numerical algorithms
Deterministic algorithms grow exponentially with the dimension d of
the space, roughly N? (ﬁ the linear size of the grid). The stochastic
process only grows with the dimension d.

@ Provide localized solutions

@ Sample paths started from the same point are independent.
Likewise, paths starting from different points are independent from
each other.
The stochastic algorithms are a natural choice for parallel and
distributed computation.
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o New exact solutions

@ New numerical algorithms

Deterministic algorithms grow exponentially with the dimension d of

the space, roughly N? (ﬁ the linear size of the grid). The stochastic

process only grows with the dimension d.

Provide localized solutions

Sample paths started from the same point are independent.

Likewise, paths starting from different points are independent from

each other.

The stochastic algorithms are a natural choice for parallel and

distributed computation.

@ Stochastic algorithms handle equally well regular and complex
boundary conditions.
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Stochastic solutions: What are they good for?

o New exact solutions

@ New numerical algorithms

Deterministic algorithms grow exponentially with the dimension d of
the space, roughly N? (ﬁ the linear size of the grid). The stochastic
process only grows with the dimension d.

Provide localized solutions

Sample paths started from the same point are independent.
Likewise, paths starting from different points are independent from
each other.

The stochastic algorithms are a natural choice for parallel and
distributed computation.

@ Stochastic algorithms handle equally well regular and complex
boundary conditions.

Domain decomposition using interpolation of localized stochastic
solutions and then, in each small domain, a deterministic code.

Avoids the communication time problem. Fully parallel.
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The probabilistic domain decomposition (PDD) method

(J. Acebron, A. Rodriguez-Rozas, R. Spigler )

u(0,t) =u(L,t) =0,

o
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The probabilistic domain decomposition (PDD) method

w, = Du,, —u+ u°,
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o
The probabilistic domain decomposition (PDD) method

1 1
wy = (2% 4+ Vg, + [2+ sin (2)|u, — u + 5152 + 51;:3,

u(z,0)=1for 0 <z <1, and u(z,0) =0 elsewhere on the line
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R —
Stochastic solutions: Two construction methods

@ McKean’s method: a probabilistic version of the Picard series.
First the differential equation is written as an integral equation and
rearranged in a such a way that the coefficients of the successive
terms in the Picard iteration obey a normalization condition
Then the Picard iteration is interpreted as an evolution and branching
proces.
The stochastic solution is equivalent to importance sampling of a
normalized Picard series.
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R —
Stochastic solutions: Two construction methods

@ McKean’s method: a probabilistic version of the Picard series.
First the differential equation is written as an integral equation and
rearranged in a such a way that the coefficients of the successive
terms in the Picard iteration obey a normalization condition
Then the Picard iteration is interpreted as an evolution and branching
proces.
The stochastic solution is equivalent to importance sampling of a
normalized Picard series.

@ The method of superprocesses: constructs the boundary measures
of a measure-valued stochastic process and obtains the solutions of
the differential equation by a scaling procedure.
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R —
The KPP equation: McKean's formulation

— =tV v v (0,x) = g (x)
@ G (t,x) = Green's operator for heat equation d;v(t, x) = %%v(t,x)

2
G (t,x) = e?tse
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R —
The KPP equation: McKean's formulation

— =+ Vi v (0,x) = g (x)
e G (t,x) = Green's operator for heat equation d;:v(t, x) = %%v(t,x)
G (t,x) = et®sz
o KPP in integral form
v(t,x) = e G (£, x) +/ G (t—sx)v2(s,x)ds (2)

Denoting by (¢, I1x) a Brownian motion starting from time zero and
coordinate x, Eq.(2) may be rewritten as

v(tx) — {e te (&,) +/ 2 (5,8, S)ds}

- feg @+ [ e5v2<t—s,¢s>ds}
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R —
The KPP equation: McKean's formulation

@ The stochastic solution process: a Brownian motion plus branching
process with exponential holding time T, P (T > t) = e~ ‘. At each
branching point the particle splits into two, the new particles going
along independent Brownian paths. At time t > 0 one has n particles
located at x; (t),x2 (t),---x, (t). The solution is obtained by

v(t,x) =E{g (x(t)) g (x(t) -8 (a(t)}

lg (x)] <1
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R —
The KPP equation: McKean's formulation

@ The stochastic solution process: a Brownian motion plus branching
process with exponential holding time T, P (T > t) = e~ ‘. At each
branching point the particle splits into two, the new particles going
along independent Brownian paths. At time t > 0 one has n particles
located at x; (t),x2 (t),---x, (t). The solution is obtained by

v(t,x) =E{g (x(t)) g (x(t) -8 (a(t)}

lg (x)] <1

@ An equivalent interpretation: a backwards-in-time process from time t
at x. When it reaches t = 0 samples the initial condition. Generates
a measure at the t = 0 boundary which is applied to g (x) = v (0, x).
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The KPP equation: McKean's formulation
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Poisson-Vlasov equation (Cipriano, Floriani, Lima, RVM)

i | . & . L —
bV V= £V, @V, f=0 3)

ACD——47T{Ze,/ X, V, t v} (4)
Fourier transforming Eqgs.(3) and (4), with

F(Et) = (2;)3 nf (7, ) e

n= (;7) and ¢ = ({?152) = (&;,¢,), one obtains

aFi ! z i / /
R TR TR

RIS CED
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R —
The Poisson-Vlasov equation

The Fourier transformed equation

Changing variables to
=7 (l&]) ¢

v (|&5]) is a positive continuous function satisfying

v (62]) =1 if 1G] <1
v (182]) > 185 if 6o > 1

dF; (¢, 3 f / ’
S0 = VeRen - e (5 -t
68,
X —25 20 Ze ¢,0,T
(e |a] 7 {80
With(i:%-
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The Poisson-Vlasov equation

The Fourier transformed equation
Stochastic representation written for the following functions

_ ereFi(@.8.7)
Xi(61 6 ) = e MR

with A a constant and h(¢;) a positive function to be specified later.

Define
(Jei] "ren) = feife] n(e-a)n (@)

af (e -a)n ()

p(Clvgll) = <§, _1h h>
1 *
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R —
The Poisson-Vlasov equation

The Fourier transformed equation

Xi (81,62 T)

(16l heh) (@)
_ | ¢q 0) - 8rre (
& (51 SR (A} °> mA h(E)

x/OTd/ch’lp (& /1/>,x,- (51 —5’{,52+57(%2D,r—5>

< (‘:2 |§2| ) 6/1 dejeurfs)xj (C,l/v 07— S) (5)

7(}§2+5m> j

Notice: Bifurcation occurs at t' = () and time rescaling always
2

depends on the second argument
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R —
The Poisson-Vlasov equation

The Fourier transformed equation

(ﬁl',O, T 1)

(& l—ﬁ 1.!(3, T

time

)
3

&, %0

4

I _
3 @t

& l—é'l,lcl , 151)

1—& 1’K2' Ty)

o
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R —
The Poisson-Vlasov equation

The Fourier transformed equation

Eq.(5) has a stochastic interpretation (an exponential process plus
branching and Bernoulli processes).
e~ = survival probability during time T of the exponential process
Ae*$ds = the decay probability
p ([;’1 (,‘,1/) d3¢, = branching probability of & mode into <§1 — ,1', ,1’)
X (81,85, T) computed from the expectation value of a multiplicative
functional
Convergence of the multiplicative functional:

Fi(81,82.,0)
(A) |52 ] < 1

(B) (’C;)_l h * h> (&) < h(E&,), satisfied, for example,

for h(¢1) Zm(l—O(\ﬁll—M)) and c

IA
gl
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The Poisson-Vlasov equation

The Fourier transformed equation

The multiplicative functional of the process X (&;, {5, T) is the product of:
- At each branching point where 2 particles are born

;-1
. ! - _ (T—S)Sne"e' < h h) (&) (62 T S50aD \Cz\ ) Cl
8ij ((?1,61,5) e m,‘AJ h (&) 7<‘§2+5m‘>

- When one particle reaches time zero and samples the initial
condition

goi (&1.&,) = ’::(51(50)

X (€1.8,,T)=E {H (gog(; . ) (gi/g;; - ) (gdg;j e )}

RVM (CMAF, IPEN)
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R —
The Poisson-Vlasov equation

The Fourier transformed equation

@ Choose A > ‘ ?:? ef} and ¢ < e Atm L 1 — the absolute value of

all coupling constants is bounded by one. Ty, is an upper bound for T
in the successive branchings

_ (Mt+9(1&D)°
B 4M

@ The branching process, identical to Galton-Watson's, terminates with
probability 1 = no. of inputs to the functional is finite a. s.

@ With the bounds on the coupling constants, the multiplicative
functional is bounded by one in absolute value almost surely.

@ Th. 1 - The stochastic process X (&;,¢,, T), above described,
provides a stochastic solution for the Fourier-transformed
Poisson-Vlasov equation F; (&, (,,t) for any arbitrary finite value of
the arguments, provided the initial conditions at time zero satisfy the
boundedness conditions (A).
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R —
The Poisson-Vlasov equation

The Fourier transformed equation

@ Instead of renormalizing the time one may write

_t)e, Fi (81,850 t)

O, (6116271.):6 h(‘:l)

p (‘:1 (;"1) and the conditions on h () are the same as before.
The main difference is the survival probability, namely e %l and
dsI1(&;,¢,,s) the dying probability in time ds

(t—s)[Go+s81 |t
(7w
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R —
The Poisson-Vlasov equation

The Fourier transformed equation

@ Instead of renormalizing the time one may write

, ot Filn 6 t)
O (1,85, 1) = e 1T T

p (‘:1 ‘:,1) and the conditions on h () are the same as before.
The main difference is the survival probability, namely e %l and
dsI1(&;,¢,,s) the dying probability in time ds

(t—s)[Go+s81 |t
(7w

@ Solutions also for Poisson-Vlasov in an external magnetic field
(Fourier and configuration space)

RVM (CMAF, IPEN)
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-
The SOL equations (non-polynomial interactions)

(Ph. Ghendrih, RVM)
Transport and turbulence in the scrape-off layer (SOL) region

IZD SOL interchange

Ax=19.72p,
At =600/,

r
Defining a Density Front

Ballistic motion M, ~ 0.04 [RRIET( Xl

=h~4%L,? (A~24m!) 140 160 180 200
([- a)"‘j Ps
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R —
The SOL equations

SOLEDGE
1
QN+ 9T +AN = DN
q n
1 Ir? X
0L +=>(1—x)dp(—+N)+Z(T—-Ty) = voT
Tt a0 () e Eror) =
I and N are the dimensionless parallel momentum and density, (r,0) the

radial and poloidal coordinates and the mask function x equals 1 in a
region where an obstacle is located and zero elsewhere.

TOKAM2D
%n = S—{¢,n}—one®?+ DA n
SN P = o(1—eM ) +uAZp— {4> AL} —Lgayn
n= Nﬂ is the normalized density field and ¢ = €Y the normalized electric

potentlal Poisson brackets: {f,g} = 0, f0x,8 — 8X2 fox, g, with
x1 = (r —a) /p, the minor radius normalized by the Larmor radius
p2 = T./m; and xo = afl/p,, a being the plasma radius.

T RVM (CMAF, IPFN) ]
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R —
The SOLEDGE equation

Dealing with non-polynomial terms: Taylor expansions and operator labels

at the branching points
SOLEDGE (x = 0)

t
N(tr0) — efDaflv(o,r,e)—;/ dte™#3T (t — 1, r,0)
0

¢
I'(tr0) = e“’aEF(O, r,0) —;/ dTewa289 { N + N} (t—1,r,0)
0

Denote by é’gN) and é‘g) two Brownian motions in the r—coordinate with

diffusion coefficients /2D and 4/2v. Then the equations may be
reinterpreted as defining probabilistic processes for which the expectation

values are the functions N (t, r,0) and T' (¢, r,6)
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The SOLEDGE equation

1
N(t.r0) = Egq,o [pp/v(o,gﬁm,e)

1
I(tr6) = Egqrg [PPT (Ov(fgr):f’)
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The SOLEDGE equation

time__

| T

2
I N
g 2
r ‘N r

I N©O) 1)
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R —
The SOLEDGE equation

The contribution of this sample path to the N—expectation value is

2 (a0 1) 2

3 2
times the factor (l) HTT,
P) q*(1-p)*

If the initial conditions ’% N, F‘ and all its derivatives are bound by a

constant M, a worst case analysis implies that almost sure convergence of
the expectation value is guaranteed for

t
-M <1
q
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R —
Fractional processes (F. Cipriano, H. Ouerdiane, RVM)

A fractional version of the KPP equation

’tDi‘u(t,x) = %){Dgu(t,x)—l—u2 (t,x)—u(t,x)‘ (6)
+D¥ is a Caputo derivative of order «
1 t M (r)dt _
tDEF(t) = F(r;n—ﬁ) 0 (t—)*Ft=m m—l<a<m
%f (t) x=m

XDg is a Riesz-Feller derivative defined through its Fourier symbol

F D (0} (k) = 9 (k) F {F ()} (K)

with 1/1% (k) — |k|/5 el (signk)om/2

Physically it describes a nonlinear diffusion with growing mass and in our
fractional generalization it would represent the same phenomenon taking
into account memory effects in time and long range correlations in space.
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R —
A fractional nonlinear equation

The first step towards a probabilistic formulation is the rewriting of Eq.(6)
as an integral equation.Take the Fourier transform (F) in space and the
Laplace transform (L) in time

s*u (s, k) = s 1u (0%, k) — %l[)% (k) u (s, k) —u (s k) + /Ooo dte L F (1)

where

u(t k) = F (u(t,x)) = /°° % u (£, x)

—00

T(six) = £ (u(t.x)) = /Ow et (t,x)

This equation holds for 0 < & <1 or for 0 < a < 2 with %u (0T, x) =0.

~

Solving for u (s, k) one obtains an integral equation

u(s k) =

—st

5 » g e
——u (0" k +/ dt———————
s+ 39 (k) SRR st + 29 (K)

RVM (CMAF, IPEN) 29 / 56
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A fractional nonlinear equation

Taking the inverse Fourier and Laplace transforms

u(t, x)

- /_0; dyF ! (Em (_ gj(é_t:%)(k» tw)) (x—y)u(0,y
+ /Ot dd(t =0 Eva (= (t=1)")
/_O:Odyffl (EM <_ <1+2%( )> - )) (x—y)u* (T.y)

Eva (= (t=1)")

Eyp is the generalized Mittag-Leffler function £y, (z) = Y2 I( pg+p)

+/ dr (t—1)"! Eva (—(t—17)") =1
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R —
A fractional nonlinear equation

We define the following propagation kernel

R (E (- (1+ 398 0) ra)) .

Eyp (—t%)

u(t,x)

= i) |7 gyl (tx =yl (o)
P s - G i)
0
/ " Gl (t =T x = Y)iP)(z, y)

Ex1(—t%) and (t — 1) ' Eya (— (t—1)") = survival probability up to
time t and the probability density for the branching at time T (branching
process By)

RVM (CMAF, IPEN) 31 /56



A fractional nonlinear equation

Ty
IT(ct,co) x+&2

— # 83
—® x+ &4
_ e, TI(ce,1)

X —— 2 g y+ES

He,0)l__g x+ 6
Ti(e,1)

RVM (CMAF, IPEN)
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A fractional nonlinear equation

u(t,x) = Ex (9190, 9,)
with
/dyl d)/2 dy/Ei—)1dY/Ei) Gocﬁ,oc (T1.x —») Gf,uc (T2 —y2) -
eGP (Th 1 Vi — i 1)Gﬁ (Tks yi—1 — yi) u (07, i)

with 2 _1 Tj = t, k — 1 being the number of branchings leading to
particle i

The propagation kernels satisfy the conditions to be the Green's functions
of stochastic processes in IR:

u(t,x) =y (u(0+,x—|—§1)u(0+,x+§2) e u(0+,x+6n))
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R —
A fractional nonlinear equation

Denote the processes associated to Gﬁ1 (t,x) and GM (t, x), respectively
by Hﬁ 1 and Hﬁ

Proposmon The nonlinear fractional partial differential equation (6),
with 0 < a <1, has a stochastic solution, the coordinates x 4 ¢; in the
arguments of the initial condition obtained from the exit values of a
propagation and branching process, the branching being ruled by the
process B, and the propagation by 1_[5 1 for the first particle and by Hf,a
for all the remaining ones. ’

A sufficient condition for the existence of the solution is

lu(0t,x)] <1

RVM (CMAF, IPEN) 34 / 56



The Green’s functions and characterization of the
processes

The processes Hf,l and Hga

Eus (— (1 + 1y (k)) t"‘)
Eyq (—t%)

Flelu(t0}(t0) = un (- I(:_i:(%_ll:%)(k)) )

For a propagation kernel G (t, x) to be the Green's function of a
stochastic process, the following conditions should be satisfied:
(i) G(O,x—y)=0(x—y)or F{G} (0,k) =1 Vk

(i) [dxG (t,x) =1Vtor F{G}(t,0) =1

(iii) G (t, x) should be real and > 0

FL&l (tx)} (6 k) =

RVM (CMAF, IPEN) 35 / 56



R —
The Green’s functions and characterization of the
processes

For the processes HfJ and I—IEIX

. B Eun B 0) _
() F{GE } (0.k) = £2F = 1and F {6l } (0.6) = £} =1
(i) {601} (1.0) = B2 = 1and F {6l } (1,0) = B2 =
(i) If F{G} (t,—k) = (F{G} (t, k))" then G (t,x) is real.
Because 1,[]% (—k) = <¢’95 k ) it follows

(- (e 30)#) = (5 (- (200) )
(- (14 2 0) ) = (= (_<1+1¢g(k)>ta>>*

implying that both G, (t x) and Gfa (t,x) are real.
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The Green’s functions and characterization of the
processes

Finally, for the positivity, one notices that for 0 < a <1 and p > «,
Exp (—x) is a completely monotone function. Therefore

Evp(—x) = /OOO e ™ dF (r)

with F nondecreasing and bounded. For G,,Ep (t,x) (p =1and p =) one
has

B _ 1 / / f/kx '(1"‘%1179(—’())
tx) = ———— [ dF(r dk b
sz,p( ,X) 27TEa’p (—t“) 0 e
1 —rt® — 1 h(—k)
= - r dke™ 2 7B
27TEIXvP (_tlx) /0 / e

We recognize the last integral (in k) as the Green's function of a Levy
process. Therefore one has an integral in r of positive quantities implying
that Gﬁl (t,x) and Gfﬂ (t,x) are positive.
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The Green’s functions and characterization of the
processes

The process B,
The decaying probability in time dT of this process is
T(X_lEa,a (_sz)

From

t
/ T (1Y) dT =1 — Eyp (—tY)
0
it follows that E, 1 (—t*) is the survival probability up to time t. The

process B, is a fractional generalization of the exponential process.
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Superprocesses

@ S = the Schwartz space of functions of rapid decrease on E

e U C S, functions in S that may be extended into the complex plane
as entire functions of rapid decrease on strips.

o U', the dual of U, (Silva’s space of tempered ultradistributions),
which can also be characterized as the space of all Fourier transforms
of distributions of exponential type

@ Restrict further to the space U of tempered ultradistributions of
compact support.

@ (X:, Py ) a branching stochastic process with values in U/} and
transition probability Py, starting from time 0 and v € U].

@ The process satisfies the branching property if given v = v; +v5

PO,I/ — PO,V1 * PO,I/2

that is, after the branching (X,_il Po,vl) and (th Po ,Vz) are
independent and X! + X? has the same law as (X;, Py ).
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R —
Superprocesses

@ For the transition operator V; operating on functions on U the
branching property is

<th, V1 +U2> = <th,1/1> + <th, 1/2>
with e~ (Vefiv) = py e~ (F.Xe)
(Vef, vy = —log Po e FXi) feu,veu

@ In the usual construction of superprocesses on measures, one starts
from an initial &, which branches into other §’s with, at most, some
scaling factors. The restriction to U] preserves this pointwise
interpretation. Any ultradistribution in U has a multipole expansion
at any point of its support (a series of 6's and their derivatives)

@ In M =0,00) x E consider a set @ C M and the associated exit
process & = (¢, Ip ) with parameter k defining the lifetime. The
process stars from x € E carrying along an ultradistribution in U
with support on the path.
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Superprocesses

@ At each branching point of the ¢, —process there is a transition ruled
by the P probability in U leading to one or more elements in 1.
These U elements are then carried along by the new paths of the
¢,—process. The whole process stops at the boundary 0@, defining a
exit process (Xg, Po,y) on U. If the initial v is d

u(x) = (Vof,v) = —log Po,xe_<’('xQ>

(f, Xg) is computed on the (space-time) boundary with the exit
ultradistribution generated by the process.

@ Connection to nonlinear pde’s established by defining the whole
process to be a (&, ¢)-superprocess if u (x) satisfies the equation

u+ Goy (u) = Kof (7)
Gof (r.x) = I x /OT f(s,E,)ds; Kof (x) = TloxLeceof (Z,)

P (u) means ¢ (0, x; u (0, x)) and T is the first exit time from Q.
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Superprocesses
Construction of the superprocess: Let ¢ (s, x;z) be the branching
function at time s and point x. Then, with Py e~ (f-Xe) = g=w(0.)

T
efw(O,x) — HO,X |:ek’tef(’f,§r) +/ dSkeiks(p (S, gs; eW(TSst)):| (8)
0
T is the first exit time from Q and f (7,¢,) = (f, Xg) is computed with
the exit boundary ultradistribution. For measure-valued superprocesses

¢(s.yiz) = Cipn(sv y)z"

with Y., p, = 1, but now it may be a more general function.
Using fOT ke *ds = 1 — e~*T and the Markov property
o x1s<Ils ¢, = Ip x1s<7 Eq.(8) is converted into

efw(O,X) = HO,x |:ef(T,§T) + k/T ds ( gs (T—s, §SJ> — e*W(Tfs,é’s)}
0
9)
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Superprocesses

@ Eq.(7) is now obtained by a limiting process. Let in (9) replace
w (0, x) by Bwg (0,x) and f by Bf. B is interpreted as the mass of
the particles and when Xo — BXq then P, — P%.
e—,BW(O,X) et
o [e—ﬁf(f,ér) + kg foT ds [(Pﬁ (5v o e—ﬁW(T—s,CS)) — e—ﬁW(T—s,é‘s)H

@ Scaling limit (first type)

ug) = (1—eP) /g s Y = (1-eP) /p
lp/gl) (0, X; ulgl)) = ;{3 (go (0, x;1— ,Bué”) -1+ ,Buél))
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Superprocesses

1 ° 1 1

ug) (0,%) +HO,X/O dsyy) (s,CS;ué )) =T (7.,)

that s D 4 oo ® (4 0
ug + GQl[Jﬁ (u}3 ) = KQfﬁ

When B — 0, fﬁ(l) — f and if {5 goes to a well defined limit ¢ then ug

tends to a limit u solution of (7) associated to a superprocess. Also one
sees from that in the f — 0 limit

(1)

g — wp = — log Povxe_“’XQ>

The superprocess corresponds to a cloud of particles for which both the
mass and the lifetime tend to zero
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Superprocesses on measures

Restrict to measure-valued superprocesses, that is, in terms of paths, to
&'s propagating along the paths of the (¢,, Iy ) process and branching to
new & measures at each branching point. Let us construct a superprocess
providing a solution to the equation

ou 1d%u
Ty
ot  20x?2

for 1 < a < 2. Comparing with (7) one should have

P (0, x;u) =u*

Then, with z =1 — ﬁu[gl) one has

n 1 Y
¢(O’X;Z) = )Y.nPnZ :Z‘f'k%ué )a:Z“‘k%(l,Bvc)

(1 —az+ a(ac;l)zz . ac(acfl?))!(zxf2)z3 4. )

1
=Z+ =
kep* !
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Superprocesses on measures

Choosing kg = # the terms in z cancel and for 1 < a < 2 the

coefficients of all z powers are positive and may be interpreted as
branching probabilities p, into new &'s

_1 G _
PO-&: Pl—ou pn_(x<n>v ;pn—l

With kg = # and B — 0 the superprocess provides a solution to
u 1%,
ot  20x2

a« = 2 is an upper bound for this representation, because for & > 2 some
of the p/;s would be negative. For the particular case

ou 1d%u 2

= _y

ot 20x?

I N

1
p1 =0; Po=p2 =7 kg =
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Superprocesses and a nonlinear heat equation

tl /n 2tn

Stin
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Superprocesses on measures: other limits

Superprocesses are usually associated with nonlinear pde's in the scaling
limit B — 0. However other limits may also be useful. For example with
with p, = 4,2, =1 and k/g = 1 one obtains

o 0x) = % (o (1-pf?)" -1+ p4")
ks

= 5 <‘B2ul(31)2 — ﬁué”) —u?—u

In this case, one is led to the KPP equation

ou 13%u

ot 29 U TH
Because B = 1 instead of B — 0, the solution is given by (1 —e™")
instead of u'!) — wg = — log Povxe*<f'XQ>. Although the solution of KPP

may be obtained by another method, interpretation as an exit measure

allows for the construction of solutions with arbitrary boundary conditions.
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Superprocesses on ultradistributions

@ Superprocesses on measures allows the construction of solutions for
equations which do not possess a natural Poisson clock. It has the
severe limitation of requiring a polynomial branching function
¢ (s, x; z). Restricts the nonlinear terms in the pde’s to be powers of
u (u?). In addition, these terms must be such that all coefficients in
the z" expansion be positive (1 < a < 2).

RVM (CMAF, IPEN) 49 / 56



R —
Superprocesses on ultradistributions

@ Superprocesses on measures allows the construction of solutions for
equations which do not possess a natural Poisson clock. It has the
severe limitation of requiring a polynomial branching function
¢ (s, x; z). Restricts the nonlinear terms in the pde’s to be powers of
u (u?). In addition, these terms must be such that all coefficients in
the z" expansion be positive (1 < a < 2).

@ The variable z in ¢ (s, x;2) is z = e PW(T=s8s) = py e (BFX)
When one generalizes to U, changes of sign and transitions from
deltas to their derivatives are allowed. There are basically two new
transitions at the branching points:
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R —
Superprocesses on ultradistributions

@ Superprocesses on measures allows the construction of solutions for
equations which do not possess a natural Poisson clock. It has the
severe limitation of requiring a polynomial branching function
¢ (s, x; z). Restricts the nonlinear terms in the pde’s to be powers of
u (u?). In addition, these terms must be such that all coefficients in
the z" expansion be positive (1 < a < 2).

@ The variable z in ¢ (s, x;2) is z = e PW(T=s8s) = py e (BFX)
When one generalizes to U, changes of sign and transitions from
deltas to their derivatives are allowed. There are basically two new
transitions at the branching points:

@ 1) A change of sign in the point support ultradistribution

o(BFox) — GBF(x) _, olBfi=0x) — o=BF(x)

which corresponds to
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R —
Superprocesses on ultradistributions

e 2) A change from 6" to £5("") for example

o(BF0x) — oBF(x) _, o(BF£0.) — oFBF ()

which corresponds to
7z — e:FaX log z
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R —
Superprocesses on ultradistributions

@ 2) A change from 5" to £5"Y) | for example
o(BF0x) — oBF(x) _, o(BF£0.) — oFBF ()

which corresponds to

7z — e:FaXIogz

@ Case 1) corresponds to an extension of superprocesses on measures to
superprocesses on signed measures and the second to superprocesses
in Uj.

How these transformations provide stochastic representations of
solutions for other classes of pde's, will be illustrated by two examples
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Superprocesses on ultradistributions: Examples

(P(l) (O,X; Z) _ pleaxlogz + p2e—8x log z + p322

This branching function means that at the branching point, with
probability p; a derivative is added to the propagating ultradistribution,
with probability p, a derivative is added plus a change of sign and with
probability ps the ultradistribution branches into two identical ones. Using
the transformation and scaling limit one has, for small B

7 — eToxlogz _ exax |og(1fﬁuél))
B 2 )
2
22 = <1_f8”/(31)> _1_2/5u + B u
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Superprocesses on ultradistributions: Examples

Computing ll)ﬁ (O,X; uél)) with py = pp = 3 and p3 = 2 one obtains

(1) e ks () ) (1)
by <0.x, g ) B (go (0,x,1 ,Bu ) 1+:B“,5 )
kﬁ 1o (1)
F (8ﬁ <axulg ) + ﬁ u ’+0 (ﬁ )
meaning that, with kg = %

B the superprocess provides, in the B — 0 limit
a solution to the equation
ou 10°%u 1 >
— = —2"— = (0
3t "2 2 (0x)

RVM (CMAF, IPEN)
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Superprocesses on ultradistributions: Examples

For the second example a different scaling limit will be used, namely

=gy =) =gy ()

Notice that, as before, u[gz) — wg and fﬁ(2) — f when B — 0. In this case

with z = P one has

z = —Zﬁﬁ )+ 24/B2ul ﬁ 241

= 2—2/3u +/3u +0(BY

% = 25/3 +2,/ﬁ 241

= 2+2ﬁu +,Bu +0(BY

and
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Superprocesses on ultradistributions: Examples

For the integral equation one has

T
u?) (0,%) + o /0 dsipy?) (s,gs;uff)) =T fy? (1.2,)

v (0.xiu”) =k <21ﬁ <<P (0.x:2) — ¢ (0,x; i)) - ué2)>
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Superprocesses on ultradistributions: Examples

Let now 1

9@ (0.x:2) = p2* + po
This branching function means that with probability p; the
ultradistribution branches into two identical ones and with probability p, it

changes its sign. Therefore, in this case, one is simply extending the
superprocess construction to signed measures.

1 N
l/)é” (0, X; u[(f)) = kg {—p18u[(32) (1 + /32”ﬁ(32)2> + po u[(%2) — uéz) 4+ 0 (,34)

p

1

and with py = 5. p2 = —0 and kg = -2 one obtains in the in the B —0

2p

4’2;2) (0,x; uéz)> — —ué2)3

meaning that this superprocess provides a solution to the equation

w10
Jot  20x?
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