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@ 2D problems: Geophysics and plasmas

@ Persistent coherent structures: Euler 2D and Scrape-off layer equation
in Tokamaks

© Noise-stable invariant measures: The Euler 2D equation
@ A two-field model of the SOL: Travelling waves.
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Persistent structures in (quasi) 2-dimensional fluid motions

Jupiter red spot




Persistent structures in (quasi) 2-dimensional fluid motions

Jupiter red spot

RVM (CMAF)



Persistent structures in (quasi) 2-dimensional fluid motions

Large-scale vortices in the oceans
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Persistent structures in (quasi) 2-dimensional fluid motions

Large-scale vortices in the oceans
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Mesoscale vortices and the paradox of the plankton

A. Bracco'”, A. Provenzale' and I. Scheuring’
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Persistent structures in (quasi) 2-dimensional fluid motions

The SOL (scrape-off layer): Jets and blobs
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Persistent structures in (quasi) 2-dimensional fluid motions

The SOL (scrappe-off layer): Jets and blobs
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Persistent structures in (quasi) 2-dimensional fluid motions

The SOL (scrappe-off layer): Jets and blobs
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o The 2D Euler equation

g‘;: —(v-V)v—=Vp
divv=20

(Periodic boundary conditions)
Since div v = 0 there is a function ¥(x, t) such that

V= VJ_IP = (_aX2¢v aXllIJ)

and the Euler equation becomes

0:Ap=-V'y - VAY

e Solutions on the 2-dimensional torus T2 = [0, 27t] x [0, 27t] subjected
to periodic boundary conditions

P(0, x2, t) = (271, x2, t), P(x1,0,t) = P(x1, 27, t)

Let ex(x) = ste'**, k € Z? be the eigenfunctions for —A with
eigenvalues k% = k? + k3. Are a complete set in L?(T?).
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Since ¢ is a real function assume fT2 Pdx = 0, then w_j = Wy

Plxt) = ) wi(t)ex(x),

keZ?

Z2 denotes the set {k € Z?: ky >0, ko € Z or ky =0, ky > 0}.
P = {wk}kezi and introducing the operator

d
B(w) = {B@)}iez; = L Blw)-
1
Bk(w) = — Z /(L -h hzwhwk,h
27rk? Tk ( )
hkez?

where k- = (—ky, k1), the 2D Euler equation becomes the following
infinite-dimensional ordinary differential equations system

]%wk:Bk (w) k € Zi 9By
awk

=0
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The SOL equations (Two-field model)|

gi =V9- V'L g3 (L= )4 D (V2L + |VLE) — o et
00 — ’—V¢'VLA¢—g32L\+vN¢+a” [1 — e(A*‘P)] .

Conservative component

%

ot

eYAN
ot

= —V¢-ViL—gd(L—¢)

= —V¢ VAP —gorl
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Two equations, two problems

@ 2D Euler equation: Persistent large-scale structures
2-field SOL equation: Coherent structures travelling from the core
to the wall

e Solutions 7
2D Euler equation: Stochastic stability of invariant measures
2-field SOL equation: Travelling wave solutions
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Stochastic stability of invariant measures

@ Physical measure (or SBR measure) and stochastically stable measure
are closely related notions.
M a state space, f : M — M a smooth dynamical system and y a
positive Borel measure on M such that

n—1
lim 1Y 9 (7 () /. odu

j=0

for a positive measure set A of initial points x and any continuous
function ¢ : M — R. (Means that time averages are given by
u—spatial averages, at least for a large set of initial states x).

@ For uniformly hyperbolic systems there is a complete theory

concerning existence and uniqueness of physical measures and partial
results for non-uniformly hyperbolic and partially hyperbolic systems.
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Stochastic stability of invariant measures

@ Consider the stochastic process f, obtained by adding a small random
noise to the deterministic system f. Under general conditions, there
exists a stationary probability measure y, such that, almost surely,

n—1

Y ¢ (F(x) — /qum

1
lim —
n—oo N =0
Stochastic stability of the measure means that p, converges to the
physical measure u when the noise level € goes to zero. (uniformly
hyperbolic maps, Lorenz and Hénon strange attractors and also
results for partially hyperbolic systems).
Existence and uniqueness of the invariant measure y, under general
conditions provides a powerful tool to obtain the physical measure of
f, by randomly perturbing it and letting the noise level ¢ — 0.
That this might also be useful for infinite-dimensional systems is the
source of inspiration for this work. It might contribute to the
understanding of the large-scale structures in geophysical phenomena.

RVM (CMAF)



Infinitesimally invariant measures of PDE's

@ ¢, the flow of a partial differential equation and ¢ the push-forward
semigroup acting on measures. A measure y is invariant if

¢ () =
and infinitesimally invariant if
/ Body =0

B being the generator of the flow ¢,. Equivalently B*1 = 0.
@ Let the generator B be a first or second order differential operator on
a discrete set of coordinates w = {w;},

02 J
B= Zu” () dw;dw; + Zbi () Jw
iJ ! i

and consider a measure of the form

dy = R(w)Hdw;

(1)

i
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Infinitesimally invariant measures of PDE's

e To obtain the invariance condition [ (B¢) R (w)I]; dw; =0,
compute the adjoint of B obtaining

B* = 21 Zi(Rb.)_Zi(R i)
- R F an,' ! i aw,-awj Y

1 0 d 02

—bi+ 5 ) —— [R(uj i v i

+Z,:{ +R;8wj[ (UJ—’_UJ)]}BCU,'—F;UJB(U,@(UJ'
Therefore, to have B*1 = 0, the first term should vanish leading to

A generator B of the form in Eq.(1), uj and b; being differentiable

functions, has dy = R (w)I1; dw; as an infinitesimally invariant measure
iff

X oo (R) ~ ¥ 50— (Ruy) =0
; aw,- ! i aw/an' J
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Invariant measures of the 2D Euler equation

e With ujj (w) = 0, the invariance condition is simply

9
;aw, (RB;)) =0

or
0 d 0 d
XI:B,a—w’_R = Z,:Ew’aT;,-R = R=0

@ In conclusion: any constant of motion of the Euler equation
generates an (infinitesimally) invariant measure. Among them the
energy E = %Zk k2wi and the enstrophy S = %Zk k4w%<

@ However, the Poisson structure of the Euler 2D equation being
degenerate, there is an infinite set of Casimir invariants,

¢ = / F(AP) dPx

f being an arbitrary differentiable function. Therefore there are
infinitely many invariant measures for the 2D Euler equation.

The enstrophy is the Casimir invariant for f (x) =x2.
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Stochastic stability of 2D Euler invariant measures

o Consider the following infinite dimensional Ornstein-Uhlenbeck
operator €Q

£0f(w) = e X {au (@) 3 (@) + (w)zj’;mw)}

k k

Lf(w) = eQf (w +ZBk (w)

is the infinitesimal generator for a stochastically perturbed Euler flow.

e With W(t) =Y, ﬁbk(t)ek a normalized brownian motion, by (t)
being independent copies of a complex brownian motion, the
following perturbed Euler equation is obtained

Xe(t) =X (0) + [y {Bc (X (s)) +£a(Xu(s))} ds

+ Jo V260, (Xi(5))dby(s), Vk € Z2
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Stochastic stability of 2D Euler invariant measures

If du = R (w) 1, dw; is an invariant measure for the unperturbed Euler
equation, then this is also an invariant measure for the perturbed equation
if ak (w) and oy (w) in satisfy

a(Tk oR aak 820'k 82R _
;{(k Qawk)a”(@ 902 ) Teaar [ =

As an example the Gaussian measure constructed from the enstrophy
dus =e 2 3 L kg [1; dw; remains invariant if a, = —k?wy, and 0y =
However, we are not onIy adding noise but also modifying the
deterministic part, actually adding noise to a Navier-Stokes equation

1
k2

9AY = Vi VAP +eA?y
= —(v-V)v+eAv—Vp

These are NOT the stochastically stable measures_of 2D Euler.
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Stochastic stability of 2D Euler invariant measures

Instead, consider noise perturbations without changing the deterministic
part (ax (w) = 0). Use Galerkin approximations of arbitrary order N

1

Bl@) =5z L (kh) RPawc,
21k 0<|h|<N
0<|k—h|<N

The equation for the density R (w) of the invariant measure becomes

0 02
BY —R eok——R =0
Z k kawi
Two cases are of physical interest, 0y = 1 and oy = % However, by the

change of variables z;, = |k| wy and B} (w) = K| BN (w) the second
case becomes identical to the first one and we have to deal with
/ 82
2 BY ( —R —R=0
E)zk
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Stochastic stability of 2D Euler invariant measures

This is an elliptic regularization of a first order Hamilton-Jacobi equation
(e = 0) which has at least as many solutions as the number of constants
of motion of the N—Galerkin approximation of the Euler equation. Hence,
existence and uniqueness of a stochastically-stable solution for R is
equivalent to the establishment of a viscosity solution for this
Hamilton-Jacobi problem, in its vanishing viscosity modality.

Associated to the uniformly elliptic equation there is a diffusion process X;
with diffusion coefficient v/ and drift B)Y' (). In each bounded domain D
of z—space (~ RV) the drift, being a quadratic polynomial, is uniformly
Lipschitz continuous. Therefore the Dirichlet problem has a unique
solution with stochastic representation

R(z)|p =B {f (X (1))}
f being the boundary condition at dD and T the first exit time from D
For the unbounded z—space we may consider a sequence of nesting open
domains {D,}, with boundary functions fnlaD,,- Then in each D,\D,_1
domain one has a unique solution.
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Stochastic stability of 2D Euler invariant measures

For a bounded smooth boundary condition the solution R is bounded and
continuous on compact subsets of D. Then, when ¢ — 0 R, converges
locally uniformly to a function R. This function is not necessarily a
classical solution of Y, BY (2) %R = 0, but a standard construction
shows that it is a viscosity solution, in the sense that, given a C* function
g, if R — g has a local maximum at a point zy then

Y BY () %g (z0) <0 and if it is a local minimum

Y« BY (20) %g (z0) > 0. Hence

For each choice of boundary conditions in z— space and noise level (),
one has a unique invariant measure density R (z), solution of (7).
Furthermore, in the e — 0 limit, R, converges to a viscosity solution of
i B (2) 2R =0.

dzy
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Stochastic stability of 2D Euler invariant measures

So far we have dealt with N-dimensional Galerkin approximations of the
2D Euler equation. When N — co several modifications are needed. It
makes no sense to define R (w) as a density of the non-existent flat
measure in infinite dimensions. Instead, R (w) should be defined as the
Radon-Nykodim derivative for some other measure, for example the
Gaussian enstrophy measure. Then the equation for the density R (w)
would be

¥ { B w) g~ Kanfi (@) | R (w) =0

k
an Hamilton-Jacobi equation in infinite dimensions. Such equations have
been extensively studied and given the appropriate boundary condition, for
example R (w) — 1 when |w| — oo, the construction of the density as a
limiting viscosity solution of

E{Bk (w) Soor — k*wy By (w) _gawf(} R(w) =0

k

would follow similar steps as in the finite dimensional case.
Y ETS) - T




Travelling wave solutions of the SOL equations

@ With the transformation

L(xi,x2,t) = L(xi,x,t)—gxi
¢ (a0 t) = ¢(xxot)—gx
becomes
oL ISR
5% —V¢-V-L
YA ~ ~ - _
Bt(P —V§- VAP — gdoL + g A.

@ Look for travelling-wave solutions to this system

Z(Xl,Xz,t) = L(Xl—vlt,XQ—Vzt)
a(X]_,XQ,t) = %(xl—vlt,XQ—vzt)
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Travelling wave solutions of the SOL equations

Several classes of travelling wave solutions were constructed:

(]
L(Xl,XQ,t) = D{[¢(X1,X2,t)—v2(X]_—V1t)+V1(X2—V2t)]
+(a—1)&x
(P(Xl,XQ,t) = (VQ—{-g’—F%) (X1—V1t)—V1<X2—V2t)—g’X1

+Acos [k (x1 —vit) + ko (x2 — wot)]
+ Bsin [k (x1 — vit) + ko (x2 — vot)]
+Co + G cos [k (x1 — vit)]

+Gsin [k (x1 — vit)].
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Travelling wave solutions of the SOL equations

o
L(Xl,XQ, t) = « [4) (X1,X2, t) — W (Xl — Vlt) +wvi (XQ — Vgt)]
+(a—1)gxt
49
(P(Xl,XQ, 1.') = (VQ +g— 7?) (Xl — Vlt) — Vv <X2 — VQI') —&x1
_I_Ae[kl(levlt)+k2(X27VQt)] + CO
_|_C1ek(X1—V1t)+ C2e—k(X1—V1t)
]
L(x1,%,t) = _'),Ae*“r[(xl*Vlf)2+(X2*V2t)2]/2
X {2 - |:(X1 — V1t)2 + (X2 — Vgt)z] } — g1
¢ (le X0, t) — Ae—ﬂ(xl—V1f)2+(X2—V2t)2]/2 + v (Xl _— t)

—vi (x2 — vat) — gx1
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Travelling wave solutions of the SOL equations
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Travelling wave solutions of the SOL equations
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