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Abstract

A general framework is presented which unifies the treatment of wavelet-like,
quasidistribution and tomographic transforms. Explicit formulae relating the
three types of transforms are obtained. The case of transforms associated with
the symplectic and affine groups is treated in some detail. Special emphasis
is given to the properties of the scale-time and scale—frequency tomograms.
Tomograms are interpreted as a tool to sample the signal space by a family of
curves or as the matrix element of a projector.

PACS numbers: 03.65.Wj, 03.65.Ta, 42.65.Re

1. Introduction

Several types of integral transforms [1,2] are used for signal processing in physics, engineering,
medicine, etc. In addition to the traditional Fourier analysis [3], wavelet analysis has been
extensively developed in the last two decades [4-6]. These two types of transforms are
linear transforms. In addition, the Wigner—Ville quasidistribution [7, 8], a bilinear transform,
provides optimal energy resolution in the joint time—frequency domain. A jointtime—frequency
description of signals is important, because in many applications (biomedical, seismic, radar,
etc) the signals are of finite (sometimes very short) duration. However, the oscillating cross-
terms in the Wigner—Ville quasidistribution make the interpretation of this transform a difficult
matter. Even if the average of the cross-terms is very small, their amplitude may be greater than
the signal in time—frequency domains that carry no physical information. To profit from the
time—frequency energy resolution of the bilinear transforms while controlling the cross-terms
problem, modifications to the Wigner—Ville transform have been proposed. Transforms in the
Cohen class [9] make a two-dimensional filtering of the Wigner—Ville quasidistribution and
the Gabor spectrogram [10] is a truncated version of this quasidistribution.
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Recently, a new type of strictly positive bilinear transforms has been proposed, namely the
Radon—-Wigner transform [11, 12] or, more generally, the noncommutative tomography [13]
which, in addition to the time—frequency domain, also applies to other noncommutative pairs
like time—scale, frequency—scale, etc. It is this last class of transforms that will be called
tomograms in this paper. The tomograms are strictly positive probability densities, provide a
full characterization of the signal and are robust in the presence of noise.

Developing a general operator scheme, we show how linear transforms, like Fourier
transforms or wavelets, are related to the quasidistributions and the tomograms. Explicit
general formulae are derived relating the three types of transforms. The time—frequency plane
is then briefly discussed because most of the material has been treated before [13]. Special
emphasis is, however, given to the transforms associated with the affine group, namely to the
time—scale and frequency—scale tomograms. To clarify the physical meaning of the tomograms,
we also propose an interpretation as a sampling of the signal space by families of phase-space
curves or as the action of a projection operator.

2. Wavelet-like transforms, quasidistributions and tomograms

We present a unified general construction of three types of transforms used in signal analysis.
The first class consists of wavelet-type transforms, the second of quasidistributions, and the
third class of tomographic transforms. Quasidistributions are transforms like the Wigner—
Ville one [7, 8] or the P-quasidistributions of Glauber and Sudarshan [14, 15]. Husimi—Kano
positive quasidistributions [16, 17] will be discussed as well. These types of quasidistributions
are unified in the class of s-ordered quasidistributions [18].

In quantum mechanics, quasidistributions describe a quantum state in terms of phase-
space quasiprobability densities. In signal analysis, quasidistributions describe the structure of
analytic signals in the time—frequency plane. There also exist quasidistributions characterizing
the signal structure in the time—scale plane [19-22]. We refer to quasiprobability densities
because the corresponding functions are not conventional probabilities, being either complex
or nonpositive. In the case of positive quasiprobabilities like the Husimi—Kano function, an
interpretation as a joint probability distribution is also not possible because the two arguments
of the function are not simultaneously measurable random variables. The corresponding
observables do not commute and the uncertainty relation prevents the existence of a joint
probability distribution function for noncommuting observables. Time f and frequency @,
time and scale % (c?)f + fcb) or frequency and scale are common examples of such pairs of
noncommuting observables.

The general setting for our construction is as follows.

Signals f(¢) are considered to be vectors |f) belonging to a dense nuclear subspace
N of a Hilbert space H with dual space N* (and the canonical identification N' C N*).
{U(a) : o € I} is a family of operators defined on N*, and a fortiori on N by the canonical
identification N' C A*. In many cases, the family of operators U (&) generates a unitary group.
However, this is not a necessary condition for the consistency of the formalism, provided the
completeness conditions discussed below are satisfied.

In this setting, three types of transforms are defined. Consider a reference vector h € N'*
chosen in such a way that the linear span of {U (a)h € N* : a € I}is dense in N*. This means,
in particular, that, out of the set {U («)h}, a complete set of vectors can be chosen to serve as
a basis. Two of the transforms considered are

WP (@) = (U (@) hl ) (1
Q@) = (U (@) f1f). )
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If U («) is a unitary operator generated by B (7) = «aqt +1iap d/dt and £ is a (generalized)
eigenvector of the time-translation operator, W}h) (o) becomes a Fourier transform. With the

same B (@) plus the parity operator, Q s () would be the Wigner—Ville transform. Similarly,
for B (@) = D +iay d/dt, where D is the dilation operator

W}h) (o) is a wavelet transform and Q ;(«) the Bertrand transform.

We will denote the transforms of the W}h)-type as wavelet-type transforms and those of
the Q s-type as quasidistribution transforms.

In general, if U («) are unitary operators, by Stone’s theorem, there are self-adjoint
operators B («) such that

Wi (@) = (hle® @ f) 3)
0'7 (@) = (f1e" @1 ). €5

In this case, because B («) has a real valued spectrum, another transform may be defined,
namely

MP(X) = (£18(B (@) = X)| £). )

The delta operator 8(B () — X ) is to be interpreted in terms of the spectral theorem for
unbounded operators [23]:

o0
§(B (@) — X) = / 5(h—X) drP® (6)
—00
dP,\(“) being the projection-valued measure associated with B («):
B(a) = / rdr. (7
—0oQ

Equation (5) defines what we call the tomographic transform or tomogram. In contrast to
the quasiprobabilities, the transform M;B)((x) is positive and, as we will see below, it can be
correctly interpreted as a probability distribution. Therefore, it benefits from the properties
of the bilinear transforms, without being plagued by the interpretation ambiguities associated
with the quasidistribution transforms.

For a normalized vector | f),

(fIfy=1 (®)
the tomogram is a normalized function:
f MP (X)dX =1 ©

and, therefore, it may be interpreted as a probability distribution for the random variable
X corresponding to the observable defined by the operator B («). The tomogram is a
homogeneous function:

MEP(x) =1 plMP (pX). (10)

The three classes of transforms are mutually related:

MP(X) = % / 0% (o) e dk (11)
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and
0P (@) = / MPP (X)X dX. (12)
Wavelet-type transforms, quasidistributions, and tomograms are related by the formulae
0P (@ =W (@) (13)
W () =1 / eX[ M7 (X) —iMP(X) — M (X) +iMD (X)]dX  (14)
where
|f1) = 1h) +1f) If3) = 1h) —1f)
|f2) = |h) +il f) |fa) = |h) —ilf).
Another important case concerns operators U (), which can be represented in the form
U(a) = e?@ pye @ (15)

Py, being a projector on a reference vector |/#). This creates a quasidistribution of the Husimi—
Kano type

H () = (fIU @) f).

In the following sections, we show how known examples of wavelet-like and
quasidistribution transforms are described within the framework presented above. We will
consider quasidistributions such as Wigner—Ville [7, 8], Bertrand and Bertrand [19] and
Husimi—Kano [16, 17]. We reformulate the standard wavelet analysis in terms of this general
scheme using an operator U (&) belonging to the two-dimensional affine group. Tomographic
transform schemes for time—frequency, time—scale and frequency—scale pairs [13] will be
studied within the framework of the general approach. Inversion formulae are obtained for the
tomograms as well as the explicit connection of the wavelet transform to the time—scale and
frequency—scale tomograms.

3. Time—frequency transforms

Here we discuss the case where the operator B (7) , o = (u,v)is
B® (a) = uf +vd

(with @ = —i9/0¢t) or is equal to this one plus a parity operator. The wavelet-like transform in
this case is just the Fourier transform and we discuss only the tomograms and quasidistributions.
For the tomogram, that is,

MP (X, ., v) = (f18 (uf +vé> — X) | ) (16)

using equation (6) or, equivalently, a Fourier transform representation of the delta-operator,
one obtains [13]

2 .
o = o o5 -5 Jrow

The tomogram (17) is normalized if (f|f) = 1

2

7)

/M}S) (X, 1, v)dX = 1.
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From the tomogram M}S) (X, u, v), the signal f(¢) may be recovered up to a phase

1 t
@O0 =5 / M (X yexp [ i( X —p ) | dXdp. (18)
2 2
According to the general scheme, the corresponding quasidistribution is
0 (. v) = (f1eP70| f) = / MO (X, . v)eX dX (19)
or
0% (u,v) = / f* (t — K) f (l + E) e ds. (20)
d 2 2

This quasidistribution is called the ambiguity function in the signal processing literature [24].

The tomogram (17) and this quasidistribution are related by equations (11) and (12).
The tomogram (17) is also related to another quasidistribution, namely to the Wigner—Ville
quasidistribution WV (t, w) [7,8] by

M (X, pw,v) = /ex [~ ik(X — pow —vD) WV (1, ®) dk do dz 1)
R H U enr

The Wigner—Ville quasidistribution is given by the formula

WV (z, Q) = / f (r + %) I (r - %) e 1% gy, 22)
The unitary operator U (z, €2), which determines the Wigner—Ville quasidistribution by

WV(r, Q) = (flU" (. If) (23)
is

U(WV) (T, Q) — eZi(QtA—Tﬁ))eiﬂ(lAzﬂf)z—l)/Z (24)
the generator being

. m(P+o?—1
BV, Q) =2td — 201 + ( ). (25)

4. Wavelets and quasidistributions in the affine group

4.1. Wavelets

The wavelet transform of a signal f(¢) is a linear integral transform decomposing the signal
into a set of basis functions:

WO (s, ) = / FUO RS () dr. (26)

The wavelets £, . (¢) are kernel functions generated from a basic wavelet #(t) by means of a
translation and a rescaling (—oo < 7 < 00, s > 0):

1 t—t
hy (1) = —=h . 27
5,7 (t) 7 ( " > (27)
Using the operator
U (1, s) = exp(itd) exp(ilog sD) (28)
where
1 . s a1 . . .0
D=—-(o+ot) =0t+ = with o =—1—
2 2 ot
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equation (27) can be represented in the form

hs (1) = UM (1, )h(1). (29)
For normalized %(¢), the wavelets & . (¢) satisfy the normalization condition

f e (O di = 1. (30)
The basic wavelet (reference vector) may have different forms, for example,

h(t) = L o g2 31)

JT

or

h(t) = (1—t})e"/? (32)

called the Mexican hat wavelet.
The inverse of the wavelet transform W;-A )(s, T)is

(A) — T dr ds

f@ =N Wi (s, f)—h . e (33)

with
H(w)? .
N, = f | |(w|)| dw H(w) = /h(r) e ' dr. (34)
1)
One has the property
drd
f W o T = N, / O dr. (35)
: S
Let us consider the operator (28), with the parameters i and v being
1
v =logs M:r ogs' (36)
s—1

We obtain for the unitary operator (28)

UWT(I, $) = U (u,v) =exp (iud) + ivD) (37)
and the operator B(a) becomes

BY = pud+vD. (38)

According to the general scheme with the operator (38), the wavelet transform (26) can be
rewritten in the form (1)

WD (s, 7) = (WUD (1, v)]| ). (39)
The commutation relation for the operators @ and D is
[&, D] = —id. (40)

The commutation relations (40) define the Lie algebra of the affine group. Therefore, the
wavelet transform is the nondiagonal matrix element of a unitary irreducible representation of
the affine group. The parameters p and v are the group parameters and the Hermitian operator
BfA) belongs to the Lie algebra of the affine group.
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4.2. Quasidistributions

The diagonal matrix elements of the irreducible representation determine a quasidistribution
for the signal f(z)

0 s, 1) = (fle P ) (41)

with u and v expressed in terms of shift and scaling parameters by equation (36).
Defining the action on the vector | f) as

WD f (1) = F(p,v.1) (42)
the quasidistribution (41) may be rewritten

0P (s. 1) = f F*(—p, —v, t)F (i, v, 1) dt. (43)

Using the known kernel (Green function) of the operator (37) [25], one obtains for the
quasidistribution (43) the following expression in terms of the parameters T and s:

o= r (f }2/ 2) F(V3(+7/2) dr. (44)
The wavelet transform (26) may also be written in a similar form:
LfT—T/2
W}A)(s, 7) = /h <T) f(\/E(t + 'L’/Z)) dr (45)

as follows from equation (13).
The relation between wavelets and the corresponding affine group quasidistributions is
also treated in [26], where the approach of [27,28] is extended for general Lie groups.

4.3. Relation of wavelets to time—frequency tomograms

In view of (33) and (17), one relates the wavelet transform to the time—frequency tomogram:

1 /W}A)(s, 0 h(t)

MP X, pv) = —— —
4 27 ||| Np|? Is|/5

. X 2
X exp {;ﬁ(s%z #2s1T 4 72) — (st + 1:)} ds dr dr (46)
vV v
The inverse transform is
(st +
W (s, 7) = ﬁ/h*(r)M}”(x, st myexplix — PO gy 4y ar 47)
2nD 2
where
1 A 1/2
D=|— [ MP&X, pn,00e¥dXxdu| .
2 f

For the Mexican hat wavelet (32), with the admissibility condition

/h(t)dt =0

one has the explicit form

2

1
/W}A>(s, Ky (s, 7, n, v, X)dsdr (48)

MP X, ) = ——s
P X = N
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where
— ips? —32 (spt —sX)?  ius?
KM(S,T,M,V,X)Z 2r s — —— 2 . 2 -1
v V2 —iuvs v
(spt —sX)? ipt?  iXt
xexp|— . + - —

2w —ipvs?)  2v v

and

N, = / lwlPe™ dw = 1.
The inverse transform for the Mexican hat wavelet is
Wi, 1) = / R(s. 7, X, p, )M (X, 1, v) dX dpdv (49)

the kernel being

1 -1\ i fv—1) iwy
R(S’T’X’M’V):ij'Dﬁ 1-— B exp _E s _T‘FIX .

4.4. Tomograms. Frequency—scale and time—scale

The tomogram associated with the operator BfA) = u® + v D has been computed in [13]. Tt is
2

1 f () (1 s
M(Am) L, — / d _ — ——1
s s v) 7l ) w NG exp i vw 5 ogw
1 f (@) (u s > ’
dw exp| —il —w — —log|w 50
27100 | Jueo ™ Vi@l p[ veT el 0
f (w) being the Fourier transform of the signal f(¢).
The tomogram corresponding to the operator
B;A) = ut+vD
was also computed, namely
! f@  [(w s ?
M (s, u,v) = / dr —t — —logt
P = ol o T SR e
1 f(® [ (u s ?
— dr ——exp|i| —t — —log|?| . ShH
27T|V| t<0 \/Tt| v v

The quasidistribution Q}B) (u, v) related to the above tomogram is constructed from the affine
group. It was discussed in [19]. To compare signal analysis based on the time—scale tomograms
and based on wavelets, it is useful to write the tomogram M ;A’) (s, u, v) in terms of the wavelet

transform W;A) (s, 7):

1
M (s, v) = ———-

drdrd t—
t>0,5>0 ts 52 s v v
drdr ds t—1 N S1
+ ——h Wy(s, t)exp|i| —t — — log ||
1<0,5>0 ~/]t]s 82 s ‘ v v

2

2
}. (52)
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The tomographic transform is invertible, that is, the signal may be recovered from the
tomogram, namely

(1) = [ f M (s, . 1) e d,uds] / M (s, ., 1) €7 dpeds (53)
and

By 1 (Ay)
P07 = s [ M )

/

t+1

X €XP {i|:s — U® — Vo +w(t—t/)i“ |w| dpe dv dew ds. (54)

5. Meaning of the tomograms

5.1. Sampling the phase space

In the time—frequency space, the tomogram
MP (X, ., v) = (f18 (uf +vé — X) | ) (55)

is the expectation value of an operator delta function in the state | ). The support of the delta
function in (55) is a line in the time—frequency plane:
X = ut +vo. (56)

Therefore, M}S) (X, wu, v) is the marginal distribution of the variable X along this line in the
time—frequency space. The line is rotated and rescaled when one changes the parameters p
and v. In this way, the whole time—frequency space is sampled and the tomographic transform
contains all information on the signal.

It is clear that, instead of marginals collected along straight lines on the time—frequency
plane, one may use other curves to sample this space. For the tomograms associated with the
affine group, one has

An . tO+af
M (S1, s v) = (fI8 | wr +v =St 1f) (57)
and
(Aw) "~ i\é\) + d\)i\
My (52 o v) = (fI6 | o +v—s— =5 ] [f). (58)
The curves in the time—frequency space, defined by
S1 = ut +vtw S = pw +vtw 59)
are hyperbolas. This becomes clear using the system of coordinates
1 1
=—(t —w) = — (t+w). (60)
q /2 p 72

In the new coordinates, the curves are
2 2
[ I 25,
pt—) —\9——F—) = —
\/Ev \/Ev v
) ) 61)
<p+L> _ (Q+L> _ 2%
\/zv ﬁv v

which are equations for a parametric family of hyperbolas. This means that for the tomograms
M™) (S;, w, v) and M“) (S,, u, v) the probability distribution is collected not on straight
lines but on hyperbolas. Other generalizations are obvious. One might use marginals on
ellipses, parabolas or any other algebraic curves.
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5.2. Operator delta function as a projector density

While constructing tomograms, the non-negative operator
8 (B(a) — X) (62)

plays an essential role, B(«) being an Hermitian operator with nondegenerate continuous
spectrum. The random variable X takes values on the spectrum of B(«). Considering a set of
generalized eigenstates (in N*) of B(«), one obtains for the kernel

(Y18 (B(a) = X)|Y) =8(Y' = X)8(Y —Y') = (Y|X)(X|Y'). (63)
Therefore, we may identify §(B(«) — X) with the projector |X)(X]|
§(B(a) — X) = |X)(X| = Py. (64)

From this, it follows
MP = (fI8(B@) — X)If) = (fIXNX|f) = (X|f)? (65)

displaying the positivity of the tomogram. This means that there is always a basis in N/*
such that, by projecting on this basis, the tomogram is the product of two complex conjugate
functions. By a unitary transformation S, B(«) may be transformed to

SB(@)ST = B'(x). (66)

Then if {|Z)} is the set of (generalized) eigenvectors of B’ («), {ST |Z )} is a set of eigenvectors
for B. Therefore

MP(Z) = (fI18(B(a) — Z)If) = UZISIF)IP = (fIST1Z)(ZIS|f).  (67)
In this case, the operator U («) in the general scheme described in section 2 would be

Ua) = ST1Z)(Z|S (68)
which, in this case, is not represented as an exponent of an operator. The form (68), with the
presence of a projector operator P; = |Z)(Z|, also shows the relation of the tomograms to
transforms of the Husimi—Kano type. Notice, however, that, for example, the time—frequency
Husimi—Kano transform

0, ®) = [(BIf)I? B =

t+iw
V2

where |B) is a coherent state, does not describe a joint probability distribution in the
time—frequency plane, because time and frequency do not commute and a joint probability
distribution of two noncommuting observables cannot exist due to the uncertainty relation.
Therefore, the correct way to interpret the Husimi—Kano quasidistribution is not as a joint
time—frequency probability but as a unitarily transformed tomogram.

(69)

6. Discrete spectrum

In the case where the operator B(«) has a discrete spectrum, one uses a Kronecker delta
function 8k (B(a) - n) and associates to the operator the Fourier integral on the circle. For
example, for the number operator

1 [ .

Sx(ata —n) = —/ eiela'a=n) 4o n=0,1,273... (70)
2 0

and the matrix elements of this operator in the Fock basis |m) are

(m'18x (@"a — n)|m) = 8pmSmn m,m =0,1,2,3... (71)
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which equal the matrix elements of the projector
Py = n)(n|. (72)
This means that, also in the discrete-spectrum case, the Kronecker delta function of the operator

B(w) is reduced to a projector. The tomogram associated with the Wigner—Ville function by
this method is given by the so-called photon-number tomography [29-31], i.e.

w(n, B) = (fID'(B)In)(n| D(B)| )

1 2 9y g
_ —(t2/2)+iv2tIm B
= = /dt e H,(t)f(t +~2Re )

where the complex number g is a linear combination of the parameters w and v.
One may also construct a tomogram using a Dirac delta function of the same operator
B(x):

2
(73)

i
27 sin(km/2)

' + t”)] . (74)

MX,Q,1)= /dkdt’dt” dr f(t' + ko) f*(t" — kr)e kX+/2)

—ikQt'+t")

i k
xe exp [—% cot 77t(2t2 +12 41" +

17
sin(km /2)
The inverse of the transform is

T t—t

FO @) = %/M (X -3 )exp [—isz(t+/)+i(x+ %)] dQdXx.  (75)

In this case, the Dirac delta function of B(a) — X is not reduced to a projector density. The
tomogram (74) corresponds to marginals collected from shifted circles in the classical phase
space.

7. Remarks and conclusions

(1) The main result in this work is the formulation of a unified view for some linear and
nonlinear transforms through the operator formulation developed in section 2. The
formulation emphasizes the basic unity of these transforms, which are related by explicit
formulae. Nevertheless, for each particular application, one type of transform may be
more convenient than the others. In particular, when non-ambiguous joint information on
noncommutative observable planes is desired, tomograms seem to be the most competitive
type of transforms.

The formulation applies both to unitary operators or nonunitary ones of the form (15). It

is also an appropriate framework to construct new transforms once a particular aspect of

the signal is defined and this is expressed through the corresponding operator set.

(2) The operators U (&) may belong to group representations or be operators of a deformed
group. In the cases we have considered in detail, the operators belong to the Lie algebra
of the Weyl-symplectic group, which has the following six generators:

Li=1 Ly=6 Ly=1 Ly=1* Ls=&" Le=1(fd+ai).
When it is unitary, the operator U (@) may be considered to be an evolution operator
associated with a Hamiltonian operator formed from the generators of the group.
Quasidistributions evolve the state | f) and project the evolved state on the initial condition.
On the other hand, the tomograms collect the probability density on a family of lines
in phase space. In the cases that were studied, hyperbolas, straight lines and circles
were considered. Other types of tomograms might be considered, for example, those
corresponding to parabolas, that is, X = uuf + vw?. A similar construction might be done
for other groups and other algebraic structures like quantum groups.
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