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Abstract Reconstruction by irregular sampling and
sampling at rates below the Nyquist rate are impor-
tant issues for the experimental characterization of dy-
namical systems. For the space of functions that can
be approximated by chirps, we prove a reconstruction
theorem by random sampling at arbitrary rates.

Keywords Random sampling - Chirps

1 Introduction

Reconstruction of functions from observation of a dis-
crete time series is the typical method for the experi-
mental characterization of the dynamical systems oc-
curring in Nature [1-3]. For functions that contain

E. Carlen

Department of Mathematics, Hill Center, Rutgers
University, 110 Frelinghuysen Road, Piscataway,
NJ 08854-8019, USA

e-mail: carlen@math.gatech.edu

R. Vilela Mendes

IPFN, EURATOM/IST Association, Instituto Superior
Técnico, Av. Rovisco Pais 1, 1049-001 Lisboa, Portugal
url: http://label2.ist.utl.pt/vilela/

R. Vilela Mendes (X)

CMAF, Complexo Interdisciplinar, Universidade

de Lisboa, Av. Gama Pinto, 2, 1649-003 Lisboa, Portugal
e-mail: vilela@cii.fc.ul.pt

no frequencies higher than €2, regularly spaced sam-
pling at rates above % (the Nyquist rate) provides an
asymptotically rigorous reconstruction through Shan-
non’s theorem or its extensions [4—6]. However, sam-
pling at irregular intervals is sometimes imposed by
the nature of the phenomena being observed, as in
the case of geological measurements, anemometry
or radar signals. Reconstruction of the signal from
such measurements poses special problems, because
the usual spectral estimation methods are designed
to work with equidistantly spaced time series. Spe-
cial methods have therefore been developed to deal
with the problem of irregular sampling of band-limited
functions [7-13].

Another problem, in the reconstruction or inter-
polation of signals, occurs when the sampling rate
is below the Nyquist rate, especially in view of the
Beurling-Landau density theorem [13, 14]. In this case
irregular sampling of an appropriate type, instead of
being a nuisance, may be of help for the asymptot-
ically exact reconstruction of signals. This occurs in
the space A of almost periodic functions.

Recall that f is almost periodic [15, 16] if it is uni-
formly continuous and if Ve > O there is A(g) such
that any interval [a,a + A(g)], contains a number
7(a, €) such that

sup| f(x +7(a, ) — f)] <e. )
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Given f(x) almost periodic, Ve > 0 there is a trigono-
metric polynomial g approximating f uniformly; that
is, there are Bi(¢), ..., B,(¢) such that

gx) =) Brem @)
k=1

and,

suﬂglf(x) —g()| =e. 3)

The reconstruction result in the space of almost peri-
odic functions is:

Theorem 1 (Collet [17]) Let x,, = nA + X, with X,
a sequence of i.i.d. random variables uniformly dis-
tributed in [0, \]. Then, almost every configuration
{x,} of the point process has the property that if
f is any complex almost periodic function satisfying
f(xp)=0,Vn €Z, then f =0.

The approximation by trigonometric polynomials
and Collet’s theorem provides a basis for asymptoti-
cally exact reconstruction algorithms at rates much be-
low Nyquist’s rate.

The choice of the appropriate basis is an impor-
tant issue when reconstructing signals from limited
data, and specifically for the reconstruction from non-
uniform sampling. In particular, if the local signal fre-
quencies vary in time, as for example in density mea-
surements by reflectometry [18], the approximation
by trigonometric polynomials is not very convenient.
A more general chirp basis would be more appropri-
ate. The use of a chirp basis for the signals is closely
related to the use of the fractional Fourier transform.

Let £ be the Fréchet space of infinitely differen-
tiable functions, with a topology defined by a family
of norms

lro), = sup|t" fR @], nk=0,1,2,.... 4
teR

Then, the Fourier operator F is defined for f € L as

1 * —iwi
(flf)(w)=F(w)=W[w€ "fnydr, (5)
the inverse transform being

1 OO i
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In the time—frequency plane with orthogonal axes
t and w, the Fourier transform has a geometrical in-
terpretation as a rotation of the signal by a; = 7.
The fractional Fourier transform (FrFT) [19-21] cor-
responds also to a rotation in —® plane, but now by a
non-integer multiple of 7, o, = b7 ; namely

(Fp )= Fp(&)

o~ 5 (sgn(sinap) g —ap)

(27 |sina |)1/2

i i 24,2
Xf oSy T ot (4 ))f(t)dt

—00

with inverse F_p.

Another way to look at the Fourier transform equa-
tion (4) is as a decomposition of f into a combination
of harmonics (the basis functions {e "'“’}). As a result,
the Fourier transform is a convenient way to code the
signal when it is a superposition of a (small) number
of harmonics.

Instead of e/’ the kernel of the FrFT is a linear
chirp e 1@~ with w = Sin{ab and ¢ = § cota. This
indeed suggests that a more general basis to expand
the signal, with arbitrary features in the w—t plane, is
a basis of chirps.

In this paper, we provide a generalization of Col-
let’s theorem to a space of functions that may be ap-
proximated by chirps. It contains, as a particular case,
the space of almost periodic functions. Notice, how-
ever, that whereas the FrFT is defined in the whole
Fréchet space L, both Collet’s theorem and our result
reconstruct functions in the more restricted setting of
almost periodic and linear chirp functions.

2 A uniform approximation result for random
sampling in chirp space

Instead of (1), the approximation by trigonometric
polynomials ((2) and (3)) provides an alternative,
and equivalent, characterization of almost periodic
functions. Likewise, we define the space LC of lin-
ear chirp functions as the space of functions f such
that Ve > 0 3 a finite number of real number sets

(w1, c1, a1, BY), ..., (wk, Ck, ok, By) such that
k
g(x)ZZBjel{wj-i-Cj(x—aj)}x (7)
j=1
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and
sup| f(x) — g(x)| <e. 8)
xeR

The space of almost periodic functions corresponds to
the ¢ = 0 case.

The space LC of linear chirp functions is strictly
larger than the space of almost periodic functions. It
suffices to consider e/*". If it were an almost periodic
function, there would exist £ such that

. 2 22
Ix+E)7 _ plx |<8, —00 <X <00

le

with ¢ < 1. Choose x* = kﬂzgéz and k odd. Then

A 2 2 %2
|el(x +£) — X

=2>¢;

a contradiction.
For functions in £C we prove the following:

Theorem 2 Let x, = nk + X, with X,, a sequence

of i.i.d. random variables uniformly distributed in [0, A].

Then, almost every configuration {x,} of the point
process has the property that if f is a function in the
linear chirp space satisfying

f(xy,) =0, VneZ,
then f =0.

For the proof one needs the following theorem.

Theorem 3 For almost every configuration {x,} of the
random process, one has

ei (wxp +cx,%) -0

1
;
L 2L+ 1 2

—L<n<L

Jor real w and ¢ with @ # 0.

The proof may follow in a similar vein as the proof
of Proposition 5 in [17]. A simpler argument uses the
invariant measure properties of the random dynamical
system in the circle

1) c

Yn==—(nA+X,) + =— i+ X,)* (mod 1). (9)
2r 2

Let first ¢ =0, w # 0 and (without loss of general-

ity) A = 1. What the dynamical system (9) does is to
cover the circle with intervals of length % and, in each

one, to choose a point at random. Because X, has uni-
form distribution in each interval, the distribution of
Vn is also uniform. Therefore, by the ergodic theorem,

1 Z SO — (ez'2zryn)s1 =0 (10)

lim 3 1
L—oo 2L + Ll

for generic sequences {X,,}.

For ¢ and w # 0, the proof is more delicate. At each
step n of the random dynamical system (9), the inter-
val where the random point is chosen is

2 2 Lt S mr1)? (11)
2 2r 2w 2 ’

For all

2r —w 1

2c 2’

n>n*=

the interval in (11) wraps one or more times over the
circle. In the interval (11) the distribution of the ran-
dom points would be

2
pn(y) = ———.
Vw?+8rcy

When the interval wraps around the circle, the maxi-
mum possible deviation from uniformity of the density
is

2

App = .
Va? + 4c(wn + cn?)

12)

Therefore, we have a sequence {y,} of independent
random variables with values in [0, 1] and each one
has a density p,(y) with

Pn(¥) =1+71,(y)

where

sup |r,,(x)’ =ay,.
x€0,1]

We are interested in the case in which
lim a, =0 as (1/n) (13)
n— 00
and we want to check whether

N
.1 . :
Nl;n;oﬁzgsm(zmxj):o, (14)
j=
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and also to relate the speed of convergence in the sec-
ond limit to the speed of convergence in the first limit.
For each n, define Y, by

Y, =sin2r X,,) (15)

and let i, be its mean. Define Sy by

N
Sv=3 Y. (16)
n=1

Also, define M,,(¢) by
M, (&) = E(5M). (17)
By Jensen’s inequality,
M, (§) = ehr.

The following lemma is a simple variant of a well-
known estimate of Cramer. The variation, probably not
new, is that our sequence of random variables, {Y,}, is
not identically distributed.

Lemma 1 Suppose that for each N there is a convex
function ® (&) such that

N
Y InM,(E/N) < Oy (E). (18)

n=1

Let Iy (y) denote the Legendre transform of ®y; i.e.,

IN(y) = sgp(ys — DN (8)). (19)
Also, let

1 N
my =~ gu (20)

Then, for any number y > my,
In(Pr(Sn/N > y)) < —In(y). (2D

Proof By the generalized Bienaymé—Chebychev in-
equality, for all £ > 0,

Pr(Sy/N > y) < efyéE(eéSN/N).

But by the independence,

N
E(eSVN) =[] Mu(e/N),

n=1

@ Springer

and so

N
In(Pr(Sy /N > y)) < =&y + Y InM,(§/N).  (22)

n=1

Since In M, (§) > & u,, for each n and &, it follows that
myé < ®y(&). Then

y§ —On() =yE —myE <0

for each £ <0 and y > my. Then

In(y) = 21113(}’5 — Dy (&)).

Therefore, (21) follows from (22).
The same way of reasoning shows that for any num-
ber y <my,

In(Pr(Sy/N < y)) < —In(y).

We now apply this in the following setting. From
(13) we may deduce estimates on each In M,, (&) of the
form

In M, (§) < pn& + CE2.

Then,

N
Y InM,(€) < N(myé +CE).

n=1

In this case, we can apply this very lemma with

C
Dy (E) =myk + st.

Computing the Legendre transform, we then have

N 2
In(y) = E(mN -y

Now, define by by

bz_SClnN
NT=T N

Then
Pr(Sy /N > my + by) < e~ VEN/AC = N2,

Since this is summable, the probability that Sy /N >
my + by infinitely often is zero. This large deviation
estimate implies (14). A similar reasoning applies for
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the cosine series. This completes the proof of Theo-
rem 3. O

Proof of Theorem 2

Let f(x,) =0, VYn € Z, and g(x) be its g-approxi-
mation by linear chirp polynomials. Then

3 ety

lim
L—oo 2L +1

—L<n<L
. 1 —i{wx,+ex?)
= Lli)m L1 Z e nTEn (g(xn) — f (xn))
o —L<n<L

<e
for all w and c. Inserting now (7) in the left-hand side
of the above equation, one obtains

k

Z Z Bjei{(wj 7Cja_,~7w)x,,+(c_,~7c)x,21}
—L<n<L j=1

lim
L—oco 2L +1
<eE&.

Choosingw =w; —cja; , c =c; and using Lemma 1,
one concludes that for almost every configuration {x,},

|Bj|<e

for all j in the linear chirp approximation.

Because this result holds for all ¢ and the lin-
ear chirp basis functions are kernels to the fractional
Fourier transform, one concludes that the function f
has zero fractional Fourier spectrum. Therefore, it is
the zero function.

As in the case of functions in the almost periodic
space, the above result may be used to estimate func-
tions in the linear chirp space by random sampling. If
from a time series /(x,) one obtains, by the appropri-
ate algorithm, a linear chirp approximation g(x) coin-
ciding with the sampled function on a typical sequence
{x,}, that is

S xn) =gxn) — h(xy) =0,

then, in the above defined space, one knows that
g(x) = h(x) for all x. [l

3 Nonlinear chirps
By a nonlinear chirp, we mean a linear combination

of functions of the form ¢!”*) where p is a real poly-
nomial of some degree m > 2. As before, let ¢ denote

the leading coefficient. The analysis leading to The-
orem 3 easily extends to include nonlinear as well as
linear chirps. Although these nonlinear chirp functions
have no connection with the fractional Fourier trans-
form, it is of interest to see how far one may extend
the analysis, especially as the extension requires very
little modification.

To see how this goes, observe that for large |x|, the
leading term in p(x) dominates, and so thereisan N <
oo such that for all |x| > N,

P’ )| = (Ielm/2) x| > 27, (23)

In particular, for |n| > N, p(x) is monotone on
[n,n+1].

Let 0, (y) be the density for the random variable
y = p(x) with x chosen uniformly in [n,n + 1] for
|n| > N. We may assume without loss of generality
that p(x) is increasing in this interval, and in this case

1
px(y)’

where p(n) <y < p(n + 1), and x(y) is the unique
solution of p(x) = y.

As before, the interval [p(n), p(n + 1)] “wraps”
one or more times around the circle, inducing the den-
sity p,(y) on the circle. The variation between the
maximum and the minimum of p,, is no more than the
maximum value of o, (y). By our assumption (23), this
is no more than 2m/|c|/n™ 1.

Therefore, we have that

on(y) =

on(y) =1+r,(y)
with

sup |rn(x)’ =a, = O(nm_l).
x€[0,1]
This is an improvement over (13), and from here, the
proof of the analog of Theorem 3 proceeds as before.

4 Remarks and conclusions

Although referring to a different space, that is almost-
periodic instead of band-limited, Collet’s result [17]
considerably extends the practical range of reconstruc-
tion by sampling, in the sense that it shows how as-
ymptotic reconstruction of stationary signals is pos-
sible at any rate, provided the sampling is random. As
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emphasized by several authors, variable frequency sig-
nals are ubiquitous in Nature, from Doppler-shifted
signals to bat echolocation, from bird song to hu-
man language, from critical phenomena to EEG sig-
nals, etc. Chirps are everywhere [22]. Therefore, ex-
tension of the random reconstruction result to chirp
spaces seems to be of practical interest.

Reconstruction by random sampling may be carried
out by the following algorithm:

(1) Compute

N

% Zs(t,,) exp{—i(27rftn + ct,%)}

n=1

F(f, C) =

for the random sampled signal s(7).

Find the dominant maximum of | F'(f, ¢)| in the
(f, ¢) plane. Let (f1,c1) be the location of this
maximum and

A1 =F(f1,c1).
(2) Subtract Ay exp{i (27 fit + ct*)} from the signal

si(ty) =s(t,) — Ay exp{ (27rf1t +cqt )}

(3) Repeatstep (1) for s1(¢) looking for another domi-
nant maximum away from (f1, ¢1). Let (f2, ¢2) be
the location of this maximum and Ay = F(f2, ¢2).

Fig. 1 The power of

random sampling:

Comparison of the overlap 1
function |F(f, c)| for a
3-chirp signal. Random
(upper plot) versus regular
(lower plot) sampling at the
same average rate 0
(174 Nyquist’s of the 0.02
smallest frequency):

f1=10, =15, f3 =20,

c¢1 =0.01, ¢ =0.005, c
c3 = —0.01. Signal

duration =100 s

0.5

IF(f,c)l

IF(f,c)l

0 ey
0.02

@ Springer

(4) Compute
$2(tn) = 51(ty) — Az expli (27 fot + c2t?) }.

Repeat the process until no new maxima appear.
Then repeat the whole process starting from (1) until a
stable estimate of s(¢) is obtained.

This, of course, is the kind of procedure that one
naively expects to lead to an estimate of the signal in
chirp space. What our result improves upon is not on
this or similar algorithms but on the guarantee of the
asymptotic convergence of the random sampling ap-
proximation.

Actually, the power of random sampling may be il-
lustrated by a simple example. Let

3
s(t) = ZAi exp{i(27rf,-t + Cil‘z)}

i=1

be a 3-chirp signal. When the function |F(f,c)| is
computed either by random or regular sampling above
Nyquist’s rate, the identification of the maxima in
the (f, c)-plane is quite similar. However, for (aver-
age) sampling rates below Nyquist’s the difference
is quite remarkable. Figure 1 compares the behavior
of |F(f,c)| for random and regular samplings at the
same average rate, equal to % of the Nyquist rate. The
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accurate identification of the chirp parameters by ran-
dom sampling is quite impressive, whereas for regular
sampling the result is pure nonsense. What one sees in
the regular sampling case is the beatings between the
signal frequencies and the sampling frequency. Notice
that to make the regular sampling as unbiased as pos-
sible we have randomized the initial time of the se-
quence.
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