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Abstract

Lorentzian and quantum mechanics are obtained from Galilean and classical mechanics by stabilizing deformations of two
unstable algebraic structures. Likewise, the deformation of relativistic quantum mechanics makes the space-time coordinates
non-commuting observables and introduces a parameter with dimensions of length. In this paper some of the consequences
of the deformed algebra of observables are explored, in particular the construction of representation spaces in quantum
mechanics. Some remarks are added concemning the geometry of non-commutative space-time.

1. Deformations and the instability of relativistic
quantum mechanics

It is probable that all physical theories, developed
so far, are mere approximations to nature. Therefore
the theories that have the higher probability of having
a wider range of validity are those that do not change
in a qualitative manner for a small change of param-
eters. Such theories are called stable or rigid. It is
unlikely that properties that are too sensitive to small
changes in the theoretical model (i.e. that depend in a
critical manner on particular values of the parameters)
will ever be observed. Alternatively if a fine tuning
is needed to reproduce some natural phenomenon, the
model is basically unsound and its other predictions
are unreliable. It is therefore a good methodological
point of view to concentrate on the robust properties
of the models or, equivalently, on models which are
stable.

I E-mail: vilela@alf4.cc.fc.ul.pt.

In general, a mathematical structure is said to be
stable (or rigid) for a class of deformations if any de-
formation in this class leads to an equivalent (isomor-
phic) structure. The idea of stability of the structures
provides a guiding principle to test either the valid-
ity or the need for generalization of a physical theory.
Namely, if the mathematical structure of a given the-
ory is not stable, then one should try to deform it until
one falls into a stable one, which has a good chance
of being a generalization of wider validity. The math-
ematical theory of deformations developed along sev-
eral lines, the most developed branches being the de-
formations of analytic structures, the deformations of
algebraic manifolds and the deformations of algebras
[1-3].In all cases the cohomology groups play a key
role in characterizing the stability of the structures.

The stable-model point of view had a large impact
in the field of non-linear dynamics, where it led to the
notion of structural stability [4,5]. As emphasized by
Flato [6] and Faddeev [7] the same pattern seems to
occur in the fundamental theories of nature. In fact,
the two most important physical revolutions of this
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century, namely the passage from non-relativistic {0
relativistic and from classical to quantum mechanics,
may be interpreted as the transition from two unstable
theories to two stable theories. From non-relativistic
to relativistic mechanics one notices that the second
cohomology group of the homogeneous Galileo group
does not vanish and has a deformation leading to the
Lorentz algebra which, being semisimple, is stable.
In turn, the transition from classical to quantum me-
chanics may be regarded as a deformation of the Pois-
son algebra of functions on phase space to the stable
Moyal-Vey algebra [8]. I will refer to these two sta-
bilizing deformations as the 1/¢ deformation and the
h deformation. The deformed algebras are all equiv-
alent for non-zero values of 1/c and %. Hence rela-
tivistic mechanics and quantum mechanics might have
been derived purely from considerations of stability of
their algebras, but the exact values of the deformation
parameters are fundamental constants to be obtained
from experiment. In this sense not only the deforma-
tion theory is the theory of stable theories, it also is
the theory that identifies the fundamental constants.

A review of the deformation theory and of the tran-
sitions from non-relativistic to relativistic and from
classical to quantum mechanics as the deformation-
stabilization of two unstable theories is contained in
Ref. [9]. Also, it is shown there that both deformations
may be studied in the context of finite-dimensional Lie
algebras, which is simpler than the usual treatment of
quantum mechanics as a deformation of an infinite-
dimensional algebra of functions. The algebra that re-
sults from the 1/c¢ deformation is the Lorentz alge-
bra and the one coming from the # deformation is the
Heisenberg algebra. When the two deformed algebras
are put together one ends up with

[M/wv Mp(f] = i(M/.urgvp + Ml'pg,u.rr

~Mos8up — Mupguo), ()
(M, PAY = i(Pugoa — Prgua), (2)
[M s xa) = 104801 — Xu8ua)s (3)
[Py, P, ] =0, (4
[xu. %] =0, (5)

[P;uxv] =ig,lLVI‘ (6)

Velocities and actions are here measured in units of
¢ and A(that is ¢ = A = 1) and I is the identity
operator. The algebra Ro = {M,,. P, x,, T} defined
by Eqgs. (1)-(6) is the union of the Lorentz and the
Heisenberg algebras together with the compatibility
relations (2), (3), stating the four-vector nature of
coordinates and momenta. R generates the algebra of
observables of relativistic quantum mechanics (as this
theory is understood today). Before internal quantum
numbers are introduced, all local observables are in the
closure of the polynomial algebra generated by Ry.

Two algebras, obtained through deformations that
stabilize previously unstable theories, are put together
in Egs. (1)-(6). A natural question is whether the
whole algebra is now stable or whether there are still
non-trivial deformations leading to qualitatively dif-
ferent theories. The answer is that the algebra Ry is
not stable because there is a two-parameter deforma-
tion leading to

[Mp,zu Mpﬂ'] = i(M,u(rng + Mupg/.ur

= Myo8up — Myup8us), (7
[M/.wsPA] =i(P;LgVA_PVg,u/\)~ (8)
[M,u.lnx/\] =i(x,u.gw\_xvg/.m)» (9)

€
[P;uPu] =_1FM}LV7 (]0)
[ Xy, %] = —iel*M ,, (11)
[P;Lsxu] =ig,uVI~ (12)
€
[P,.T] =~ tu (13)
[x..Z] =i€l’P,, (14)
(M,.,T] =0. (15)

The algebra R¢ g, defined by Eqs. (7)-(15), is not
equivalent to the one in Eqs. (1)-(6) and, being iso-
morphic to the conformal algebra, it is stable. The al-
gebra Ry g is obtained from Ro by a €’/R? deforma-
tion and a ef* deformation, R and ¢ being length pa-
rameters and €, €’ plus or minus signs. Notice also that
the operator Z which previously was a trivial center of
the Heisenberg algebra becomes now a non-trivial op-
erator. Therefore if, once more, the stable-theory point
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of view is adopted we are led to postulate that Ry ¢
has a wider range of validity than Ro. Hence R, x or
some approximation thereof, should be adopted as the
“true” algebra of relativistic quantum mechanics.

To understand the role of the two deformation pa-
rameters consider first the Poincaré subalgebra p =
{M,, P.} of Ro. It is well known that already this
subalgebra is not stable and may be deformed [6,10]
to the stable simple algebras of the De Sitter groups
O(4.1) or O(3,2). This is the deformation that leads
to the commutation relation (10). This instability of
the Poincaré algebra is, however, physically harmless,
at least before general relativity effects are taken into
account. It simply means that the flat space is an iso-
lated point in the set of constant curvature spaces. As
long as the Poincaré group is used as the kinematical
group of the tangent space to the space-time mani-
fold, and not as a group of motions in the manifold
itself, it is perfectly consistent to take R — oo and this
deformation goes away. In contrast, the €¢? deforma-
tion is not removable by any such considerations. In
conclusion: the algebra R/ o, defined by

[M,mn Mp(r] = i(M;urng + Mupg,u.u

~ Mys8up — Mpupguo). (16)
[(Mpuw. Px] =1(Pugun — Pogua). (17)
(M. xa] =1(Xxu8ur — X0 8ua). (18)
[P,.P,]=0. (19)
[xu.x,] = —ie€2M,“,, (20)
[Pu.x,] =iguZ, (21)
[P,.T]1=0, (22)
[x,T] =i€f’P,, (23)
(M, T]1=0 (24)

seems to be a minimal candidate for a stable algebra
of relativistic quantum mechanics, because it contains
the smallest changes that are required if the stability of
the algebra of observables (in the tangent plane) is a
good guiding principle. The main features are the non-
commutativity of the x,, coordinates and the fact that
T, previously a trivial center of the Heisenberg algebra,

becomes now a non-trivial operator. The algebra Ry o,
is isomorphic to the algebra of the pseudo-Euclidean
groups E(1,4) or E(2,3), depending on whether ¢ is
—1 or +1. In Sections 2 and 3 one explores some
of the consequences of R, as an algebra of ob-
servables, in the construction of quantum mechanical
spaces. In Section 4 some remarks are added concern-
ing geometric aspects. A full study of the geometry
of non-commutative space-time and its implications
for gauge theories and gravity is, however, deferred to
another publication [ 11].

2. Representations of the deformed canonical
commutation relations

The first step to characterize the properties implied
by R¢. is to construct the Hilbert space representa-
tions of a set of bounded operators formed from the
unbounded generators. This is the same procedure as
when, in ordinary quantum mechanics, one constructs
the (unique) unitary irreducible representations of the
canonical commutation relations. Let us consider only
one of the space dimensions and the modified canoni-
cal commutation relations following from (16)-(24),
namely

[p.x} =~iZ, (25)
(p.I] =0, (26)
[x,T] = ief?p, (27)

which imply the modified Weyl relations
eitp eix_\' — ei.\‘( v+Zt) eilp’ (28)

ial isv

e e - ei.\'(.\+£lzap) eiaI ) (29)

The unitary representations of (28), (29) are ob-
tained by noticing that (25)-(27) is isomorphic to the
Lie algebra of the Euclidean (or pseudo-Euclidean)
group in two dimensions and the representations of
this group are easily obtained by the induced represen-
tation method. p and 7 are generators of translations
in a two-dimensional space (£,m) and x is the gen-
erator of rotations (e = —1) or hyperbolic rotations
(e =+1) in the (£,m) space.

To obtain the representations of (28), (29) con-
sider a basis of simultaneous generalized eigenstates
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of p and 7, which may be realized as exponentials of

(&),

|7TV> - ei(1r§+my) .

The generalized eigenstates |7v) are dense on the
Hilbert space of square-integrable f(£,n) functions.
One has two classes of unequivalent representations,
those associated to 7 = v = 0 (class A) and those
for which 7 or » # 0 (class B). In the first case the
isotropy group of |00} is exp(isx) which acts as

'™ |00u) = e |00w) (30)

and in the second case the isotropy group of |7v) is
the identity, exp(isx) acting on |7v) by

|mv) — |7'v'),
with

7’ =arcos(v/—els) — # sin(v/—els),

v' =/ —esin(v/—els) — vcos(v/—els).

One concludes that the most general representation of
the commutation relations (25)—(27) is

.0 . d a
p= —1%, x= —16(5% +67]53) + 43,
I=~i€-{9—.
m

% being the phase operator associated to the represen-
tations of class A.
By the unitary transformation

0 —c et

one obtains

d

P=‘l%’ (31

wetrit(el penl) sos (32)

- ar Ve =

T-1+it2, (33)
an

which reduces to the usual representation of the
Heisenberg algebra in the £ — O limit. In this nota-
tion, representations of class A act on vectors of the

type exp(—in/f)|u) and those of class B on func-
tions exp(—in/€) f(£,7). When £ = 0, 7 cannot have
a zero eigenvalue and the representations of class A
cannot exist. Therefore for £ = 0 there is (up to unitary
equivalence) only one type of representation, consis-
tent with the von Neumann uniqueness theorem. For
¢ # 0 Egs. (31)-(33) contain the most general rep-
resentation of the commutation relations. In this case
there are several non-equivalent unitary irreducible
representations. The non-uniqueness is associated to
the phase operator 3. A second source of freedom, in
the implementation of the modified canonical com-
mutation relations, is the topology of the (£,7) space.
£ 1s associated by (31)-(33) and the £ = 0 limit to
the “coarse grained” topology of the physical config-
uration space, but the 7 coordinate is not constrained.
In particular we may distinguish the compact and the
non-compact cases for the n coordinate.

The representation (31)—(33) is easily generalized
to the full algebra R, o, as follows,

.0 .

Pp=1{9§—’u’+lDP‘,» (34)
. a a

M,uv =1(§/La_§,, _fl/@) ’*‘le’ (35)

. 0 J ,

Xp=&u+ 1l §”¢?_§T‘—6§48§-’_# + 42,4, (36)
) .

I=1 +1€a_§4+lwf“’ (37)

where, for convenience, I have replaced n = £* and
€n = &4 The set (2,,,3,4) is an “internal spin”
operator for the groups O(4,1) (ife = —1) or O(3,2)
(ife = +1) and Dp, and Dy, are derivations operating
in the space where (3,,, X,4) acts.

3. Some consequences of the commutation
relations

In this Section I discuss some direct observable con-
sequences of the commutation relations of the new
kinematical algebra R .. Notice that the effects of
the non-zero fundamental length £ can only be consis-
tently discussed in a quantum framework and not in
the classical limit & — 0. Reintroducing explicitly the
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Planck constant £ in the commutation relations (20),
(23) one obtains, for example

[2 p2
—ie—M,,, x,, L] =ie—P,.

h I [ [ ] h M
Then for £ # 0 the right-hand side of these commu-
tators in undefined in the i — 0 limit.

The non-commuting operator Z, that in the alge-
bra Ry .creplaces the center of the Heisenberg alge-
bra, has no familiar physical interpretation. However,
the following commutators and double commutators
involve only familiar measurable observables,

[x,u,sxv] =

(X0 X, ] = —i€l’M,,, (38)
[(Pu.x0) . Xa) = €28 Pa, (39)
([X0, %01, %] = €07 (guaXy — 8uaXs). (40)

I have already mentioned in Ref. [9] that, by taking
the expectation value of Eq. (39) in a normalized
state ¢y for w = v = 1,2 or 3, one obtains a dipole
momentum-type sum rule,

/ dk K[| (@ x|K) P — Re (@[ k) (Kl
= Jel2(Y|ply), (41)

where generalized momentum eigenvectors were used
for the decompositions of the unit [ dk |k)(k|. If the
state ¢ has a large momentum component, the right-
hand side becomes large and this sum rule may lead
to observable effects.

Similarly, on a basis of angular-momentum eigen-
states, one obtains from Eq. (38)

21Im Z(m|x'|m’>(ml|x21m) = —el’m, (42)

n’

m being the quantum number of angular momentum
along the three-axis.

Bothin (41) and (42) the deviations from the usual
quantum mechanical results depend on the magnitude
of the length parameter £ and are expected to be very
small. Therefore it would be interesting to look for ef-
fects which are not explicitly dependent on the size of
£ but only on the fact that ¢/ # 0. For this purpose one
starts by discussing the eigenstates of the coordinate
operators x*.

Notice that, because of the non-commutativity
in Eq. (38), only one of the components of x*
may be sharply defined each time. Consider a space
component x' and take, for definiteness, € = —1.
In the representation (32), acting on functions
exp(—in/?) f(&,m), the eigenstates of x' are

|x) = [n€) = exp [i (n tan™"' % - %)} (43)

the eigenvalue being nf (x‘|nf) = nf|nf)). By unicity
of the angle in the (£',m) plane, n can only take inte-
ger values and the spectrum of the position coordinate
is discrete. This happens because, for € = —1, x' con-
tains a rotation in the (£,7) plane. For the time co-
ordinate x°, one has a hyperbolic rotation and there is
no discreteness constraint in the spectrum. Conversely,
for € = +1, it is the x° coordinate that will have a dis-
crete spectrum and the position coordinates a continu-
ous spectrum. In a fully relativistic treatment the dis-
crete eigenvalues of the coordinate components may
actually be either an integer or a half-integer multiple
of 4.

Because of the discreteness of the spectrum the lo-
calized states ||x') (localized in one coordinate only)
may be normalized. Taking the expectation value of
the commutators (38)—(40) in such a state one ob-
tains

0 =€2(xi|M;j|xi>. (44)
0 = 2(x'|PY|x", (45)
0 =Xy, k# i (46)

That is, when a particular space coordinate { is sharply
localized, the resulting state has vanishing expectation
values for the angular momenta along the directions
orthogonal to {, for the momentum along i and for
the other space components. These conclusions do not
depend on the magnitude of ¢, depend only on ¢ being
different from zero. In the case ¢ = 0 there are no
similar restrictions on the corresponding expectation
values.

If ¢ is very small one cannot, in practice, local-
ize a state at a precise x’ value. Therefore, we should
concern ourselves with effects for states localized in
an interval Ax. Consider a plane wave (momentum
eigenstate) |k) = exp(ik&) that will be localized in
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the interval (—%Ax, %Ax), as in a slit diffraction ex-

periment. For simplicity use the representation x =

—i4(£d/dn —nd/I¢), which is unitarily equivalent to

(32).Denote ¢ =tan—'(&/7n), p= /€2 + 1% and by

P,, the projector that filters the states to the interval
——%Ax, %Ax). Then

[Ax/4¢]
PacJk) = Jo(kp) +2 Y Jou(kp) cos(2ng)
n=1
[Ax/40]

+2i > Juyi(kp) sin[(2n + 1) 1. (47)
n=0

[Ax/4¢] denotes the integer part of Ax/4£. The mo-
mentum content of the filtered state is obtained by
projecting on a generalized momentum eigenstate,
(K'|Pay]k) = [ dg exp(—ik'é) Py, |k). Using the addi-
tion theorem for Bessel functions and performing the
integration

2
0 (k] ~ [k
X (Jo(kn) +2) S (k) Toi(K [k)

J=1

<k/|PA.\'|k>=

[Ax/4] oo
+2 ) ) Jz,+.<kn)r,<k’/k)), (48)
n=l j=—o0

where T, (z) =cos[narccos(z)].

For a strictly localized state, the result that the ex-
pectation value of the momentum vanishes should be
recovered from (48). Consider, for example, that the
interval Ax contains only the state localized at x = 0,

2
T Ok~ KD

x (Jo(kn) +2)° .Izj(kn)sz(k’/k)). (49)

J=1

(K'|Polk) =

One sees that, after the localization at x = 0, the in-
tensity of the diffracted wave is the same for & and
k', hence the expectation value of the momentum is
zero. The intensity is peaked both at k = k" and k =
—k’. A backward peak in the momentum distribution
is only expected for a localization in small intervals
Ax. For large Ax, many terms contribute to the sums

in (48) and their interference destroys the backward
peak. When Ax — 0o

Jlim (K |Py, k) = 8(K — k).

Similarly, for the £ = 0 limit (with fixed Ax), one
has the usual quantum mechanical result sin| %(k —
K)YAx]/(k — k') and no backward peak. Hence, the
occurrence of peaks both at k = " and k = —k’ for
small Ax would be a signature of the non-vanishing
of the length parameter £.

4. The geometry of stable relativistic space-time

Here I will discuss the general problems that arise
from the non-commutative nature of the space-time
coordinates. I will be concerned only with the gen-
eral geometric framework, leaving the construction of
specific models to another publication [11].

In the Ry o algebra the space-time coordinates x,,
are no longer a set of commuting variables, there-
fore the geometry of the space-time manifold is a
non-commutative geometry. In quantum theory the
appearance of a non-commutative geometry is not
new because already the phase-space of conventional
quantum mechanics is a non-commutative space. Non-
commutative geometry formulations have recently
provided new insights in solid-state physics [12] and
possibly in particle physics as well [13]. However,
the main reason why the non-commutative nature
of quantum geometry is usually not emphasized is
because the explicit realization of the momentum op-
erators as differential operators puts the emphasis on
the Hilbert space of functions on a (commutative)
configuration space. When the coordinates in config-
uration space are themselves non-commuting entities,
the non-commutative geometry aspect has to come to
the forefront.

Every geometrical property of an ordinary (com-
mutative) manifold M may be expressed as a prop-
erty of the commutative C* algebra Co(M) of con-
tinuous functions on M vanishing at infinity. For ex-
ample, there is a one-to-one correspondence between
the characters of Cp(M) and the points of the mani-
fold M, regular Borel measures on M correspond to
positive linear functionals on Cy( M), complex vector
bundles over M are given by the finite projective mod-
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ules over Cy( M), etc. Similarly in non-commutative
geometry one starts from a non-commutative C* alge-
bra and uses the same correspondence as in the com-
mutative case to characterize the geometric properties
of the non-commutative space [14,15].

In the commutative case the points of the manifold
M play the double role of support of the pure states
and of being in a one-to-one correspondence with
the character representations of the algebra. In non-
commutative geometry the pure states are associated
to the rays in Hilbert space representations, the rays
of unitary representations playing the role of points in
the non-commutative space.

Snyder [ 16] was probably the first to propose a def-
inite non-commuting algebra for the space-time coor-
dinates. After Snyder many other attempts have been
made to endow space-time with a non-commuting or a
discrete structure. An extensive list of references may
be found in Ref. [9]. For more recent work see Refs.
[17,18].

The structure proposed by Snyder for the momen-
tum operators and the Heisenberg algebra is different
from the Ry, algebra defined in Egs. (16)-(24).
However, when restricted to the set Ag = {x,,, Mag},
the commutation relations coincide. Therefore, in the
present context, I will refer to As as the Snyder al-
gebra. Actually, for € = 41 and —1, respectively, the
Snyder algebra is isomorphic to the algebra of the De
Sitter groups O(3,2) and O(4,1). In Ry, the set Ag
is the minimal algebraically closed set containing the
space~time coordinate operators. It is therefore their
representations that define the basic structure of non-
commutative space-time. To have a manifold structure
we need however a family of derivations to play the
role of vector fields. Therefore we should also con-
cern ourselves with the representations of the P, and
7 operators.

The operators in R , are not bounded operators in
a general representation. However, once a representa-
tion of Ry o is obtained, there are standard ways to
construct bounded operators from unbounded ones in
the universal enveloping algebra of R/ . For exam-
ple,

I” — exp(ial’) (50)
or

r— I +1rry-'? (51)

and to construct from the latter, by norm-completion,
the associated C* algebra. Therefore, for simplicity,
the discussion of the representations will be carried
out at the Ry oo algebra level.

Consider the general representation of the operators
given in Eqs. (34)-(37). They are considered as op-
erating in a tensor product Hilbert space,

H={f(&)®m): f(£) € LX(Ms),|m) € Vsoan)}
(52)
where |m) = |msjzsomaimapms my;) is a vector in

the representation space Vsos.1, of SO(4,1) where

X, Y4 ) acts. For definiteness I am considering
€ = —1 and for the representations of SO(4,1) the
notation of Ref. [19] is used.

For simplicity take Dp, = Dy = 0 in Vso(a,1).
L?(Ms) is a space of square-integrable functions in
a five-dimensional pseudo-Riemannian manifold of
local metric (1,—-1,~1,—1,—1). Notice, however,
that the geometry of the non-commutative space-time
manifold is not obtained from the geometry of Ms (by
dimensional reduction, for example) but from the ac-
tion on H of the operators (34)-(37). L2(Ms) is not
irreducible for Ry ., but this is as in the commutative
case where points are associated to irreducible repre-
sentations but the whole manifold is not irreducible
for the algebra.

The elementary geometric entities in the non-
commutative case are the rays in H. From the repre-
sentation space point of view the local points in the
commutative case are generalized states 6" (x — a) €
S, in a Gelfand triplet formulation S’ > H D §. In
our non-commutative case the entity closest to a local
point is also a generalized ray, as in Eq. (43), which,
however, is only localized in one of the coordinates.

Given the representation space H and the explicit
representation (34)-(37) for the basic algebra ele-
ments, one has the necessary elements to construct all
mathematical structures in non-commutative space—
time:

(1) Let us denote by A the universal enveloping al-
gebra of Ry, and by C4 the associative normed al-
gebra of bounded operators formed from the elements
of A by the exponentiation (50). The norm is obtained
from the sup norm of the elements of C, as operators
in H, induced by the Hermitian representation (34)-
(37).
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IT)| = Sup{||Tnl| : n € H,||n)) < 1}. (53)

The non-commutative space-time is the pair X =
{Ca, H}. A probability measure on X is a state, that
is a linear form y : C4 — C such that x(7*T) > 0,
VT € C4 and y(1) = I. The simplest probability
measures are the pure states,

n=(n.Ty), TeCly, [nl =1. (54

(i1) The vector bundle is an important mathematical
structure that corresponds to the physical notion of
quantum fields. In the commutative case a quantum
field is a section of a vector bundle and the space
of sections is a representation space for the algebra
of functions on the basis manifold (more precisely
a projective module). The notion is therefore carried
over to the non-commutative case as follows. Let

nEH,

E={y €cA®RAR...QA:my =y} (55)

The non-commutative version of a section (n-
component quantum field) is an element of the n-fold
tensor product of the enveloping algebra restricted by
the projector relation 7w = 0. (7 — 1)y = 0 is the
equivalent of a field equation.

Example: Scalar field,

b EA: [P, [P P]) —m*S(T?P) =0, (56)

S is a symmetrization operation on the operators of
R0, defined for arbitrary elements of A through term
by term symmetrization of a series expansion. For ex-
ample

S(T*x"x,) = S (T %y + Tx"Txy + Ix"x,T
+x7T%x, + x°Tx,T + x"x,I%), (57)

S(x"x5x"x4) = 3 (xFxyxxy + X" xpx,

+x*x"xux,). (58)

The field equation (56) has the operator solution
exp(ik*x,) with k € C and k*k,, = m*. The solution
that corresponds to the invariant function solution of
the commutative case is

« (—1)" 1\2S ;
7 ¢ m)Kn,) (x*x,)°,

¢(xﬂx,u) = L
_O

(59)
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which may formally be written as

B(x x,) —2S(j‘('"””“)\ (60)
m\/xFx, ]

Similarly free spinor fields are 1o be defined by

W e A® Y P,, 1 —mS(T,) =0 (61)

the Dirac operator,
D =y*[P,,- |, (62)

being the usual one because Ry .. preserves the
Poincaré group structure.

(iii) To aderivation d we can associate a connection
in E; by a linear map V : E;, — E, such that
V(av) =d(a)v +aV(v),

ac A, veEE,

Of particular interest are the connections associated to
the P, derivations. I will discuss this in more detail in
the context of the definition of gauge fields in the non-
commutative space-time. To define parallel transport
and local gauge transformations we need a notion of
displacement in the non-commutative manifold X. The
group generated by the P, operators induces an au-
tomorphism in A that generalizes the (commutative)
notion of displacement. It acts on the x,, operators as
foliows,

e Pux, e P o 4, T, (63)

Let now i € A®" be a n-component field. By defini-
tion an infinitesimai dispiacement in X is

U=ty =t + ia#P;;‘!’» (64)
with P, acting componentwise,

Pay®..8a,=P,, 011 ®...®P,a,], (65)
a; € A.

P, being also an element of A it acts on a; by
commutation. Let now B, be an element of another
algebra F, also acting on A®", which defines parallel

transport in X,
Y — i +ia* A (66)
Similarly one defines gauge transformations by

Y — i+ 1Ay,

with A € F.
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In the non-commutative context a gauge transfor-
mation is said to be local if it transforms non-trivially
under displacements, that is

(14i4a) = (1 +ia*P,) (1 +i4) (1 — ia"P,)
# (14i4), (67)

(1 +1iA,) acts on the displaced field ¢,. Comparing

(1 +1i40) (1 +ia*A)Y = (1 —ia*AL) (1 + A)y

one obtains the transformation of the gauge connection
A, under gauge transformations,

A;‘=A,L+i[P,L,A] ~i[ A, A]. (68)

Although the space-time manifold X 1is non-
commutative, the displacement group (63) is com-
mutative. Therefore the gauge curvature may be
obtained simply by comparing the parallel transport
along the direction u followed by » with » followed
by w, without having to subtract torsion terms. The
result is the gauge field

Fo =i[P,,A)] ~i[P, AL +i[Ay, AL], (69)

as an operator acting on A®”. This construction of
gauge fields in non-commutative space-time is actu-
ally a particular instance of the pointless generaliza-
tion of the Yang-Mills theory discussed by Hong-Mo
and Tsun [20].

(iv) With the above constructions and the definition
of the Dirac operator (62) other mathematical struc-
tures may be defined on X = (C,, H) by the standard
techniques of non-commutative geometry [14]. For
example the distance between two states on Cy

d(x,.) =Sup{lx(a) —{(a)|: a € Ca.
I[D,alll <1} (70)
Concerning integration in X, for trace-class operators

it may be defined as a trace. For operators that are not
trace-class one may use the Dixmier trace.
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