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Abstract

Using a quantumlike description for light propagation in nhonhomogeneous optical fibers, quantum information processing
can be implemented by optical means. Quantumlike bits (qulbits) are associated to light modes in the optical fiber and quantum
gates to segments of the fiber providing an unitary transformation of the mode structure along a space direction. Simulation of
nonlinear quantum effects is also discusse@001 Elsevier Science B.V. All rights reserved.

PACS 03.67.Lx

1. Introduction entangled states, the latter having no correspondence
in the space of: classical bits. Third, quantum evolu-
I- tion operates simultaneously in the &ates, implying
intrinsic exponential parallelism of quantum computa-
tion. To extract the result from a quantum computation
one has to observe the system, that is, to project it in
one of the exponentially many states, thus losing most
of the exponential amount of information generated by
the unitary evolution. However, it is possible to take
advantage of the exponentiality of quantum computa-
tion using the interference mechanism characteristic
of quantum mechanics. In short, it is the combined ef-
fect of entanglement, exponential parallelism andin-
terferencethat may allow the full potential of quantum
computation to be realized [4].

According to the Church thesis, a classical Turing
machine can simulate the computation of any com-
putable function. Therefore a classical computer can

"G . simulate any computation of a quantum computer. The
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E-mail addresses; mmanko@sci.lebedev.ru (M.A. Man'ko), problem is how long the simulation will take to run.

vilela@cii.fc.ul.pt (R. Vilela Mendes). In particular, it is know that some problems that are

The quantum computer idea [1-3] uses the possibi
ity to code numerical information by vectors in Hilbert
space. In the simplest case, a two-dimensional Hilbert
space is said to codegabit. A physical realization of a
gubit might be a spin-A2 particle or a two-level atom.
Calculations are carried out by unitary time-evolution
transforming an input state vector into a final state
vector in Hilbert space. Several characteristic features
distinguish the quantum computation paradigm from
classical computation. First, because of the superposi-
tion principle, the qubit space contains all the complex
linear combinations, rather than just two states as in a
classical bit. Second, in a quantum space: @fubits
(of dimensionality 2) there are both factorized and
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computed in exponential time by classical computers hardware. This may be physically more convenient

might be solved in polynomial time by quantum com- than to control a sequence of operations each time the
puters. Therefore, to take full advantage of the quan- gate is operated.

tum computation algorithms, one requires physicalde-  Abrams and Lloyd [9] have suggested that a stronger
vices obeying quantum laws. computation model would be obtained with nonlinear

There are many classical systems that physically terms in the quantum evolution. So far, all experimen-
implement some of the features of quantum compu- tal evidence favors strict linearity of quantum mechan-
tation [5-8]. For example, electromagnetic waves may ics. However, this is not so in quantumlike systems
be linearly superimposed and interfere. Nevertheless, where nonlinear effects may easily be introduced. Ac-
given the qualitative differences between classical tual implementations of nonlinear quantum computa-
and quantum mechanics, no classical systetrere tion might therefore use quantumlike systems.
computations correspond to evolution in real time,
may ever implement simultaneously all the features
of quantum computation. Otherwise we would have 2. Quantumlike systems
proved the physical equivalence of classical and quan-
tum mechanics. More than half a century ago, Fock and Leontovich

Notice, however, that quantum computatiemot have shown that paraxial beams of electromagnetic
guantum mechanics. Quantum computation is a math- radiation in the parabolic approximation can be de-
ematical algorithm that uses all the mathematical fea- scribed by a Schrodinger-like equation [10,11]. The
tures of quantum mechanics. In particular, it is irrele- role of time in this equation is played by the spa-
vant for the algorithm how the Hilbert space is physi- tial (longitudinal) coordinate of the light beam, the
cally implemented and whether the unitary evolution role of Planck’s constant is played by the light wave-
is taking place along a real time direction or along length, and the role of potential energy by the refrac-
some other coordinate. It is here that quantumlike sys- tive index of the medium. Thus, the paraxial beam of
tems may play a role. Quantumlike systems are clas- light, a purely classical object, is a quantumlike sys-
sical systems which obey equations formally identical tem obeying equations formally identical to those of
to the Schrodinger equation, but where the role of time guantum mechanics.
is played by a space coordinate. Therefore, insofar as  Given the Helmholtz equation for a component
they obey equations mathematically identical to those of the electric field, obtained for a fixed frequency,
of quantum mechanics, they may implement all the neglecting media dispersion and polarization:
quantum computation operations, provided the unitary 2
evolution is interpreted not as evolution in time, but 9°E  OE +k2n%(x,7)E=0 (1)
as evolution along a space coordinate. Because of this 9x2  9z2 ’
exchange of the role of the coordinates, there is no (we use the planar configuration,= 27 /k is the
contradiction with the nonequivalence of classical and wavelength in vacuum, andthe longitudinal coordi-
guantum mechanics. nate).

In Section 2 we give an overview of quantumlike Introduce the complex functiogr (x, z), which is
systems and then, concentrating on fiber optics phe-the slowly varying amplitude of the electric field in
nomena, we discuss how quantum information may be .
coded in the fiber and the kind of nonhomogeneities —1/2 .
and interactions needed to implement a set of univer- £ 2) =1 "~ (¥ (x. 2) eXp[’k/”O(E)dg}' @)
sal quantum gates. Here we have concentrated on har- 0
monic light modes. An alternative scheme might be Ansatz (2) reduces the Helmholtz equation (1) to a
developed based on soliton propagation in the fibers. Schradinger-like equation

The fact that the unitary evolution needed for a ) )
quantum gate is obtained by setting up a nonuniform ,, ¥ (x.2) A% 9% (x.2)
refractive index profile along the fiber, means that the 9z 4dno(z)  9x2
unitary evolution becomes permanently coded in the +U(x, )¢ (x, 2), 3)
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U (x, z) being an effective potential related to the re-
fractive index of the mediumy(x, z),

T
no(z)
andno(z) = n(0, z) the refractive index at the beam

axis. In deriving this equation, second-ordederiva-
tives of ¢ and derivatives of the functiomy(z) were

Ux,2) = [n3(z) — n?(x,2)],
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as quantumlike systems as well, due to the waveguide
structure of their active region [21,22]. As remarked
in [23], the variety of quantumlike classical systems
provides a wide range of possibilities for perfect
simulation of quantum computation operations by
classical means.

neglected. This is justified for slow variation of the 3 M odesand gatesin optical fibers

refractive index along the beam axis over distances of

order of one wavelength:
A |dno(z)

nd(z)| dz
The Fock—Leontovich approximation is a basis for

the description of light-beam propagation in optical
fibers [12—15] leading to

0
i Y(x,y,2)
0z

o 22 (82w(x,y,z) N 321ﬁ(x,y,Z)>
T 4mng(z) dx2 dy?
" %@[ng(z) —n?(x,y. 9)]¥(x.y.2) (4)

which is Schrédinger-like for a wave function depend-
ing on the transversal coordinatesand y. The lon-
gitudinal z coordinate plays the role of time in the
Schrddinger equation. The unitagyevolution of the
electromagnetic complex amplitude is described by
the evolution operatal/ (z),

Uz, 20¥ (x, y,20) = ¥ (x, Y, 2),

associated to the Hamiltonian
Y]

H@=(ﬁ+

with p, = —ix(d/dx), py = —iA(3/dy) and a poten-
tial function

2mno(z) U .2)

T
no(z)

Other quantumlike systems are reviewed in [16,
17]. An important example is sound-wave propagation
in acoustic waveguides [18]. Acoustic waves in the
paraxial approximation are well described by a Schro-
dinger-like equation. Charged-particle beams were

Ux,y,z)= [n%(z) —n?(x,y, 2]

In an optical fiber, the light modes, being solutions
of the Schrédinger-like equation (4), have all the prop-
erties of quantum-mechanical wave functions includ-
ing the entanglement phenomenon.

Light modes in the fiber are used to code quan-
tumlike bits Qulbits). How many qulbits may live in
one optical fiber? In the simplest case, which is con-
sidered here, light modes with a fixed frequency are
considered. But, in the same optical fiber, light of dif-
ferent frequencies may be used. The Helmholtz equa-
tion holds for each frequency, with a refractive in-
dex profile that may be different for different frequen-
cies. Hence, in the same optical fiber, one may store
many qulbits simply by exploiting the propagation of
light beams with different frequencies. Interaction of
photons with different frequencies may provide useful
computation effects.

The Fock-Leontovich approximation is obtained
from the Helmholtz equation for the components of
the electric or magnetic field. This equation is a scalar
approximation which neglects the tensorial structure
of the dielectric constant and the polarization. Also
neglected are time and space dispersion, related to the
nonlocal linear response of the medium to electromag-
netic perturbations. Taking into account these effects
would provide an even richer framework to accommo-
date qulbits in the fiber.

We consider now the scalar fixed frequency situa-
tion described by Eq. (4). When the refractive index
profile has the form of an inverse well, the optical fiber
traps discrete modeg,,.,(x, y,z), n1 andn, being
integer labels.

With light modes in a fiber and the unitary
evolution associated to Eqg. (4) one may perform
quantum computation over continuous variables in a
way similar to the one proposed for time evolution in

also recently discussed as quantumlike systems [19,Ref. [24]. All the physical interactions needed for the
20]. Light beams inside diode lasers have been treatedconstruction of polynomial Hamiltonians are available
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by the choice of the appropriate refractive profile and
by Kerr interactions. Also, as explained below, by
restricting oneself to finite-dimensional subspaces of
excitations, one may perform the same operations as
in quantum computation with discrete variables.

There are several ways to code information by light
modes in a fiber which may be useful for quantum
information processing, in particular those associated
to different choices of basis in SELFOC potentials.
The important SELFOC case is associated to quadratic
potentials of the form

U(x,y,2) =a(2)x®+ b(2)y* + d(2)xy + e(z)x

+ f(x0)y +1(2), (6)

and in this case, an explicit solution may be obtained
for the fourz-dependent integrals of motion [15,25]

. A\ Ay
( ) =U(z, z0) <§)) U™ (z, z0),

Xo(z)
yo(z)

(Ijm(z)) =U(z, z0) (sz> U7z 20 )
Pyo(z) Py
Defining the boson integrals of motion
(a(z) ) _ 1 ()?o(z) +iﬁxo(z)>
a'@) " V2 \ k@) —ipx0(2) /)’
( b(z) ) _ 1 (9o(z) ~I—i13y0(2)) ®)
b'2)) " V2 \Fo() —ipyo(x) )’

several basis may be constructed. The discrete Fock-

state modes are solutions to the eigenvalue equation

a'(2)a(z)|n1, n2,z) = n1ln1, n2, z), 9)
b (2)b(2)|n1, n2, z) = n2ln1, n2, 2),
ni,n2=0,1,2,.... (10)

The Fock-state modes are obtained from the funda-
mental modeO0, 0, z) by
a;" ()b (2)

vnilno!
A spin-like description of the Fock-state modes is

related to SU (2)-subgroup of the Weyl-symplectic

group in two dimensions. This is related to the Jordan—

Schwinger map

J1(2)=a"(2)b(),

J-@)=b"()a(2),

1
J3(z) = 5(a*(z>a(z> —-b'(2)b(2).

Ini,n2,z) = 10,0, z). (11)

(12)
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Irreducible representation spaces for this subgroup are
spanned by state$n, no, z); n1 + np = N} for each
fixed N.

On the other hand, coherent modes in the optical
fiber are labelled by two complex numbersindg,

la, B, z) = eXF{aaT(z) — a*a(z)]

x exd pbT(z) — *b(2)]10,0,2).  (13)
Using this basis, the SELFOC fiber could be consid-
ered a Gaussian channel for numerical information.
For arbitrary choices of the complex numberandg

this is an overcomplete set. However, choosing the
numbers on the von Neumann lattice [26]

1
Qmy,ng = ﬁ(nl +i2mm1),
1
:Bmz,nz = 72(1’12 ~|— le‘[mz) (14)

and excluding two pairs (for example;; = n1 =

my = np = 0) one obtains a discremmplete set of
coherent modes, which might provide a basis for the
coding of a large amount of quantumlike information
in the fiber.

We now analyze the question of what unitary trans-
formations may be obtained by evolution of the light
modes along the fiber. The simplest possibility is by a
change of the refractive index profile. From Eq. (4) we
may write a path integral representation for the evolu-
tion of the light mode along the fiber,

Y y.2) = / G x. x0. . 0. ¥ (x0. Yo, 0) dxodyo.
(15)
with
(x,y,2)
d’

(x0,¥0,0)

G(x,x0,y,50,2) =

x exp{ } (16)

£ being a two-dimensional vector in the fiber sections
and
b

UE.2) = = 6@ —n*(E.2) ]

One sees from Eq. (16) that adjusting the refractive
index profile changes not only the potential but also

%fdr [7no(2)E%(2) — U(E,2)]
0

17)
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the coefficient of the kinetic term. Let us consider
a SELFOC quadratic potential and define, as before,
a',a andb’, b to be creation and annihilation opera-
tors for harmonic modes along theandy-directions,
respectively. For simplicity, we drop theargumentin

the operators. Then, changing the refractive index pro-
file gives us direct access to the generators

ala+b'; a'+a; (@' +a)% bt b (0T D)%
(@' +a)(b" +b). (18)

By a simple reasoning using the Baker—Campbell—
Hausdorff formula one concludes that by a nonuni-
form change of the refractive index one may obtain
in Eq. (16) all the operations of the Weyl-symplectic
group in two dimensions. This group is not com-
pact. Therefore the unitary representations of the full
group are not finite-dimensional. This might be ex-
plored for information manipulation schemes were an
unbounded number of states is manipulated. However,
for operations on a finite number of qulbits, it is the
compact subgroups that are important. In particular, a
useful subgroup is th8U (2) group described before

in Eq. (12). Finite-dimensional irreducible spaces for
this subgroup are

aTanm|0>,

n+m=2k, (19)

for k =0,1/2,1,3/2,2,... with dimension 2 + 1.

In this finite-dimensional spaces all unitary operations
may be implemented in the fiber by changing the
refractive index profile.

To perform universal quantum computation it is
necessary, at least, to have arbitrary unitary transfor-
mations on a single qulbit and a CNOT operation on
two qulbits [27]. According to the discussion above
the|0], |1] qulbit states may be coded, for example, as
follows:
01=5"10).

111=a"l0), (20)

This being a = 1/2 two-dimensional representation,
all unitary transformations may be performed in this
space by theU (2) subgroup.

For the CNOT operation we may code tHig-state
of the control bit as the application of two energy
guanta along the-direction and thgQ]-state of the
control bit as the application of two energy quanta
along they-direction. For the target bit we use the

M.A. Man'ko et al. / Physics Letters A 288 (2001) 132-138

same coding as in (20). Therefore

1011 =a2%10),
1001 = b"3)0),

111 =a3)0),

110] = a5 1?0, (21)

the first label in«B] being the label of the target qulbit
and the second the label of the control qulbit. The sub-
space spanned by (21) is a four-dimensias@l(2)-
irreducible subspace. Therefore all unitary transforma-
tions may be implemented in this subspace and, in par-
ticular, the CNOT operation.

We have therefore proved that, with this coding, the
SELFOC fiber is capable of universal quantum com-
putation. With higher-order potentials many other pos-
sibilities would be available. For example, an inter-
acting term of the forryatab's appears in the Kerr
Hamiltonian. This allows to perform phase operations
ona'’ modes gated by the' excitations. For example,
by coding the target qulbit as

1

0=
|0] 7

|1]=%(1—aT)|0), (1+4")0)

and the control qulbit as

111=5"10),  |01=0),

the operator expratab’™s) implements the CNOT
gate.

The SELFOC fiber is a versatile medium to code
quantumlike information and this is the reason we
have emphasized the existence of several light mode
basis. In Eq. (20) above, a quibit is coded using modes
in the x- and y-directions. We might as well have
used x-modes only and coded the qulbit using the
quadraturest and p,. Then, light propagation with
the symmetric SELFOC Hamiltonian corresponding
to the operator

U = il(P2/2+E%/2)1n/4

yields
Px 1 <ﬁx+£>
N — —= N N 3
<x) V2 \pi—2%

a Hadamard gate transformation. Observation of such
transformation can be done measuring the position and
direction of rays in the optical fiber for Gaussian wave
packets.
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4. Conclusions

(1) Classical systems that are quantumlike, in the
sense that their evolution along a space direction is de-
scribed by a Schrddinger equation, possess a high po-
tential for information processing including quantum
computation. A promising system of this type con-
sists of a light beam propagating along an optical fiber.
It should be noticed, however, that similar possibil-
ities exist with other systems, for example, acoustic
waves propagating along an acoustic waveguide. Prac-
tical implementation problems to be addressed are the
choice of the optical fiber and the definition of a cod-
ing standard for the qulbits. The variety of materials
used and a fairly well developed optical fiber technol-
ogy give us hope that the model Hamiltonians needed
for the operations of quantum computing may be phys-
ically implemented in this medium.

(2) The fact that the unitary evolution of the quan-
tumlike systems is associated to a space dimension,
means that the unitary transformation is implemented
in the hardware, rather than requiring a precise se-
guence of temporal operations. Also and this might be
useful for mass production purposes, once a nonuni-
form refractive index profile is set up in the material,
many different gates may be obtained simply by cut-
ting fiber segments of different lengths.

(3) A basic requirement for the development of
guantum information applications is the possibility to
scale up the devices to many qubits. A standard possi-
bility is, of course, to pile up one- and two-qubit gates
which, as itis known [27], implement amyqubit gate
to arbitrary precision. The quantumlike optical sys-
tems, proposed in this Letter, also provide the possi-
bility to implement more than two qubit operations at
the individual device level. The simplest way is to use
optical modes corresponding to higher-order represen-
tations of theSU (2) subgroup (Eg. (12)) of the Weyl-
symplectic group. Another possibility is to use light
beams of different frequencies and polarizations in the
fiber.

(4) Finally, we should also point out the easy pos-
sibility to imitate nonlinear quantum mechanics by
means of the nonlinear media response to the electro-
magnetic radiation. This might provide, as suggested
in [9], even more powerful quantum computation al-
gorithms.
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