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Abstract Based on criteria of mathematical simplic-
ity and consistency with empirical market data, a
model with volatility driven by fractional noise has
been constructed which provides a fairly accurate
mathematical parametrization of the data. Here, the
model is formulated in terms of a fractional integra-
tion of stochastic processes.
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markets · Stochastic models

1 Introduction

Among the man-made dynamical processes, a most
interesting one is the market process. Interesting not
only because its role and impact in the economy has
considerably changed in the course of time, but also
because rather than being a featureless random process
as the “efficient market hypothesis” might imply, it
displays a number of nontrivial structures. In liquid
markets, the autocorrelation of price changes decays
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to negligible values in a few minutes, consistent with
the absence of long term statistical arbitrage. How-
ever, nonlinear functions of the returns exhibit sig-
nificant positive autocorrelation and long memory ef-
fects. There is volatility clustering with large returns
expected to be followed by large returns and small
returns by small returns. In particular, the existence
of long memory effects excludes the simple geomet-
ric Brownian motion model still used in most math-
ematical finance calculations. On the other hand, the
interplay of short linear correlation and long nonlinear
correlations makes it hard to model the process either
by a Gibbs measure or even by chains with complete
connections [1]. Using a function of the returns as a
metric, one also finds a small geometric dimension for
the markets [2] and considerable geometrical changes
during market crisis [3].

Recently [4], using both a criteria of mathemati-
cal simplicity and consistency with market data, a sto-
chastic volatility model was constructed with volatility
driven by fractional noise. It appears to be the mini-
mal model consistent both with mathematical simplic-
ity and the market data. The model has been used to
compute the price return statistics, asymptotics and de-
viations from the classical Black–Scholes result. Ex-
tensive comparison of this fractional volatility model
with market data (both daily and high-frequency data)
on what concerns scaling properties and statistics of
returns is included in [4]. It was also compared with
agent-based models [5].

mailto:vilela@cii.fc.ul.pt


R. Vilela Mendes

The fractional volatility model is briefly described
in Sect. 2, with some emphasis on the leverage effect.
Then in Sect. 3, the fractional calculus interpretation
of the model is developed. The model with leverage,
when formulated with two stochastic integrals of the
same Brownian motion may be considered as an illus-
tration of Podlubny’s beautiful geometric interpreta-
tion of fractional integration [6].

In a series of papers, several authors [7–12] have
used the continuous-time-random-walk (CTRW) mod-
el, first introduced by Montroll and Weiss [13] in sta-
tistical mechanics to describe the probability distri-
bution of returns at random times p(x, t) (x = log-
price). With a factorized joint density and a mem-
ory function with power law decay, the master equa-
tion of the CTRW model becomes an equation of the
Kolmogorov–Feller type [14] with the time derivative
replaced by a (Caputo) fractional time derivative. In
the diffusion limit [10], this equation becomes a frac-
tional diffusion equation with a Riesz space-fractional
derivative. The model has been compared with data in
future prices [8] and high-frequency stock prices [9].
From the conceptually point of view, the use of frac-
tional diffusion equations to describe the market fluc-
tuations has the problem of not distinguishing between
the almost memoryless nature of the linear correla-
tion of returns and the memory properties of nonlinear
functions. Nevertheless, the CTRW model is not di-
rectly comparable with the fractional volatility model
studied here because in its present version, waiting
times play no essential role.

In the fractional volatility model, fractional calcu-
lus comes into play through integration of a white
noise process with normal integration for the price
process and (right-sided) Riemann–Liouville frac-
tional integration for the volatility. In this way, the
different memory qualities of the processes are put
into evidence.

2 The fractional volatility model and leverage

The basic hypothesis for the model construction is that
the log-price process logSt (ω,ω′) belongs to a proba-
bility product space � ⊗ �′ with ω ∈ � and ω′ ∈ �′.
The first one, �, is the Wiener space and the sec-
ond, �′, is a probability space to be reconstructed from
the data. Furthermore, one assumes that for each fixed

ω′, logSt (•,ω′) is a square integrable random variable
in �. This implies [15] that

dSt

St

(•,ω′) = μt

(•,ω′)dt + σt

(•,ω′)dB(t)

where μt(•,ω′) and σt (•,ω′) are processes in �.
The process σt (•,ω′) is then reconstructed search-

ing for its scaling properties from the market data. This
data-reconstructed σt process was called the induced
volatility. Finally, the following fractional volatility
model is obtained

dSt = μSt dt + σtSt dB(t)

logσt = β + k

δ

{
BH (t) − BH (t − δ)

} (1)

k being a volatility intensity parameter, δ the obser-
vation time scale, and H an Hurst parameter found to
lie in the range 0.8–0.9. Notice that the volatility is
not driven by fractional Brownian motion but by frac-
tional noise, naturally introducing an observation scale
dependence.

The following nonlinear correlation of the returns

L(τ) = 〈|r(t + τ)|2r(t)〉 − 〈|r(t + τ)|2〉〈r(t)〉 (2)

is called leverage and the leverage effect is the fact
that for τ > 0, L(τ) starts from a negative value whose
modulus constantly decays to zero whereas for τ < 0,

it has almost negligible values. In the form of (1), the
volatility process σt affects the log-price, but is not af-
fected by it. Therefore, in its simplest form, the frac-
tional volatility model contains no leverage effect.

Leverage may, however, be implemented in the
model in a simple way. For this purpose, it will be con-
venient to use the following integral representation of
fractional Brownian motion [16].

BH (t) = C

{∫ 0

−∞
[
(t − s)H− 1

2 − (−s)H− 1
2
]
dB(s)

+
∫ t

0
(t − s)H− 1

2 dB(s)

}
(3)

Using this representation, the fractional volatility
model may be rewritten as

dSt = μSt dt + σtSt dB(1)(t)

logσt = β + k′
∫ t

−∞
(t − s)H− 3

2 dB(2)(s)
(4)
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Fig. 1 Leverage in the fractional volatility model comparing
the B(1)(s) �= B(2)(s) and the B(1)(s) = B(2)(s) cases

where B(1)(s) and B(2)(s) may be different Brownian
processes. Figure 1 shows the leverage L(τ) computed
for the model (4) with β and k

′
chosen to match the

statistical parameters of the NYSE index daily values
in the period 1966–2000. Both the B(1)(s) �= B(2)(s)

and the B(1)(s) = B(2)(s) cases are considered. One
sees that for B(1)(s) �= B(2)(s), there is no leverage ef-
fect, whereas for B(1)(s) = B(2)(s), an effect is found.
Therefore, identifying the random generator of the
log-price process with the stochastic integrator of the
volatility, at least a part of the leverage effect is taken
into account.

3 The fractional calculus interpretation

The relation of fractional Brownian motion to frac-
tional calculus is easily established [17] starting from
the integral representation (3) which one rewrites as

BH (t) = 1

C(H)

∫

R

{
(t − s)

H− 1
2+ − (−s)

H− 1
2+
}

dB(s)

(5)

the equality meaning “equality in distribution” and

C(H) = �(H + 1
2 )

(�(2H + 1) sinπH)1/2
(6)

The (right-sided) Riemann–Liouville fractional inte-
gral on the line is [18]

(
Iα−φ

)
(s) = 1

�(α)

∫ ∞

s

φ(u)(u − s)α−1 du

= 1

�(α)

∫

R

φ(u)(u − s)α−1+ du (7)

and the (left-sided) Riemann–Liouville fractional inte-
gral

(
Iα+φ

)
(s) = 1

�(α)

∫ s

−∞
φ(u)(s − u)α−1 du

= 1

�(α)

∫

R

φ(u)(s − u)α−1+ du (8)

For sufficiently regular functions, the following frac-
tional integration-by-parts formula holds
∫

R

φ(s)
(
Iα+ψ

)
(s) ds =

∫

R

(
Iα−φ

)
(s)ψ(s) ds (9)

Now, from the fact that

(
Iα−1[a,b)

)
(s) = 1

�(α + 1)

{
(b − s)α+ − (a − s)α+

}
(10)

one obtains

BH (t) = �(H + 1
2 )

C(H)

∫

R

(
I

H− 1
2− 1[o,t)

)
(s) dB(s) (11)

The derivative
•
B(s) of Brownian motion is not

a regular stochastic process. However, it is a well-
defined generalized process in the framework of white
noise analysis [19] as an infinite-dimensional general-
ized function in the Hida space (S∗). Therefore, in the
white-noise analysis setting, it makes sense to write

B(t) =
∫ t •

B (s) ds (12)

Using this in (11) and carrying to the (S), (S∗)
dual spaces the integration by parts formula, one might
rewrite (11) as

BH (t) = �(H + 1
2 )

C(H)

∫ t

0

(
I

H− 1
2+

•
B

)
(s) ds (13)

Notice that although the integral on s is from 0 to t ,
the calculation of the Riemann–Liouville integral is
between −∞ and s.
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One may now rewrite the fractional volatility model
using the integral formulas discussed before. From (1)
and (11), one obtains

dSt = μSt dt + σtSt dB(1)(t)

logσt = β + k

δ

�(H + 1
2 )

C(H)

×
∫

R

(
I

H− 1
2− 1[t−δ,t)

)
(s) dB(2)(s)

(14)

and in the small δ limit, using (13), the result is

dSt = μSt dt + σtSt

•
B

(1)

dt

logσt = β + �(H + 1
2 )

C(H)

(
I

H− 1
2+

•
B

(2))
(t)

(15)

4 Remarks

(1) The stochastic model (4), rewritten in the frame-
work of fractional calculus, puts in evidence the
nature of the memory properties of returns and
volatility. One sees that the stochastic parts of
the log-price and the log-volatility are both driven
by a stochastic integration of white noise. The
difference is that whereas for the log-price, this
is a regular integration, for the log-volatility, it
is a fractional integration. In analogy with Pod-
lubny’s [6] geometrical interpretation of fractional
integration, when B(1)(s) = B(2)(s) one may look
at the role of the unique driving Brownian process
as the same process projecting two distinct shad-
ows on the log-price and on the volatility.

(2) When modeling long-memory processes by frac-
tional differential equations, one has to decide
which type of fractional derivative to use, whether
Riemann–Liouville or Caputo or Riesz–Feller.
Riesz–Feller is useful for a stochastic interpre-
tation in terms of Lèvy processes and Caputo is
thought to be the more appropriate one to de-
fine physical boundary conditions. Nevertheless,
it is also possible, in some cases, to give a phys-
ical meaning to initial conditions in terms of
Riemann–Liouville derivatives [20].

In this paper, however, the relevant mathemat-
ical object is fractional Brownian motion (fBM)
and the relation between fBM and the Riemann–
Liouville integrals ((11) and (13)) is established
without ambiguity.

(3) Market data, either daily or high-frequency, are
discrete processes. The same is true for most ex-
perimentally collected data. When modeling such
data by a continuous process, one is either assum-
ing that some underlying continuous process is
generating the discretely observed data or that the
continuous interpolation is unique. This last situa-
tion has a solid mathematical basis if, in addition,
one restricts the model to some classes of func-
tions, for example, band-limited for Shannon’s re-
construction or almost-periodic in the case of ran-
dom sampling [21].

(4) This paper uses a relation between fractional cal-
culus and stochastic processes as expressed in (11)
and (13), which seems to be the more appropri-
ate one for the market model that is considered.
However, the market process contains some other
stochastic features, in particular, a random distrib-
ution of waiting times, for which other probabilis-
tic interpretations [22–24] of fractional calculus
might be useful.
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