Stochastic solutions of nonlinear PDE’s and
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Abstract. Stochastic solutions provide new rigorous results for nonlin-
ear PDE’s and, through its local non-grid nature, are a natural tool for
parallel computation. There are two different approaches for the con-
struction of stochastic solutions: MacKean’s and superprocesses. Here
one shows how to extend the McKean construction to equations with
derivatives and non-polynomial interactions. On the other hand, when
restricted to measures, superprocesses can only be used to generate so-
lutions for a limited class of nonlinear PDE’s. A new class of superpro-
cesses, namely superprocesses on signed measures and on ultradistribu-
tions, is proposed to extend the stochastic solution approach to a wider
class of PDE’s.
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1. Introduction: Stochastic solutions and measure-valued
processes

A stochastic solution of a linear or nonlinear partial differential equation is
a stochastic process which, starting from a point x in the domain generates
after time ¢ a boundary measure that, sampling the initial condition at ¢ = 0,
provides the solution at the point  and time ¢. For illustration consider the
McKean [1] construction of a stochastic solution for the KPP equation
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and write the KPP equation in integral form
¢
v(t,z) =e 'G(t,z) g(x) + / e EIG (t — s,2) 02 (s5,2) ds (1.2)
0

Denoting by (&, II;) a Brownian motion starting from time zero and coordi-
nate x, Eq.(1.2) may be rewritten as

v(t,z) = I, {e_tg(gt)+/0te_(t_s)v2 (s,Et_s)ds}
t

= ety (& e v (t—s,&,)ds .
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FIGURE 1. The McKean process

The stochastic solution process is a composite process: a Brownian mo-
tion plus a branching process with exponential holding time T', P (T > t) =
e~t(Fig.1). At each branching point the particle splits into two, the new par-
ticles going along independent Brownian paths. At time ¢ > 0, if there are n
particles located at z; (t),z2 (t),-- -z, (t), the solution of (1.1) is obtained
by

v(t,z) =B, {g(2:() g (22(1)) - - g (xn(t))}

An equivalent interpretation, that corresponds to the second equality in (1.3),
is of a process starting from time t at x and propagating backwards-in-time
to time zero. When it reaches ¢ = 0 the process samples the initial condition,
that is, it generates a measure p at the ¢ = 0 boundary which yields the
solution by (1).

The construction of solutions for nonlinear equations, through the sto-
chastic interpretation of the integral equations, has become an active field
in recent years, applied for example to Navier-Stokes [2] [3] [4] [5] [6], to
Vlasov-Poisson [7] [8] [9], to Euler [10] to magnetohydrodynamics [11] and to
a fractional version of the KPP equation [12]. In addition to providing new
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exact results for nonlinear PDE’s, the stochastic solutions are also a promis-
ing tool for numerical implementation, in particular for parallel computation
using for example the recently develop probabilistic domain decomposition
method [13] [14] [15]. This method decomposes the integration domain into
subdomains, uses in each one a deterministic algorithm with Dirichlet bound-
ary conditions, the values at the boundaries being obtained by a stochastic
algorithm. This minimizes the time-consuming communication problem be-
tween subdomains and allows for extraordinary improvements in computer
time.

There are basically two methods to construct stochastic solutions. The
first method, which will be called the McKean method, as illustrated above, is
essentially a probabilistic interpretation of the Picard series. The differential
equations are written as integral equations which are rearranged in a such
a way that the coefficients of the successive terms in the Picard iteration
obey a normalization condition. The Picard iteration is then interpreted as
an evolution and branching process, the stochastic solution being equivalent
to importance sampling of the normalized Picard series. The second method
[16] [17] constructs the boundary measures of a measure-valued stochastic
process (a superprocess) and obtains the solution of the differential equation
by a scaling procedure. For a detailed comparison of the two methods refer
to [18].

As developed in the past, both methods lead to boundary measure-
valued processes which are used to integrate a boundary function. As rep-
resentations of solutions of the nonlinear equations of physical interest both
methods have serious limitations. For the McKean method it is not clear how
to handle nonpolynomial interaction terms and terms with derivatives. For
the measure-valued superprocesses, in addition to these problems, they can
only be applied to a limited class of nonlinear partial differential equations.
In this paper both problems will be addressed, namely how to handle deriva-
tives and nonpolynomial interactions in the McKean construction and how to
extend superprocesses from measure-valued to ultradistribution-valued pro-
cesses.

2. Stochastic solutions with derivatives and non-polynomial
terms

To extend the construction of stochastic solutions to cases more general
than those dealt with in the past, techniques must be developed to handle
derivatives and nonpolynomial interactions. Sometimes the direct handling
of derivatives may be avoided if the derivative of the propagation kernel is
smooth. This is the case in the configuration space Navier-Stokes equation
[5], where by an integration by parts the derivative of the heat kernel is
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controlled by a majorizing kernel and absorbed in the probability measure.
However, in general this is not possible.

Sometimes the nonpolynomial interaction case may be reduced to the
polynomial case by expanding the interaction term in a Taylor series and
normalizing the coefficients to obtain a probabilistic interpretation. Again,
this is not always possible.

Here the solution of both problems (derivatives and non-polynomials) is
illustrated in the example of the SOLEDGE2D equations [19] which describe
plasma dynamics in the scrape-off layer. Other examples and details may be
found in [20]. One deals with the Cauchy problem, namely the equations are
defined in the full space with initial conditions at ¢ = 0. This is the most nat-
ural setting when the McKean approach is used. Spatial boundary conditions
are easier to implement through the superprocess formulation, with or with-
out a scaling limit (see [18]). Here the nonpolynomial and derivative terms
will be treated as operator labels at the branching points of the process.

The SOLEDGE2D equations are [19]

DOZN

1
4N + =0T + XN
q 1

1 r2 X 2
8,51—‘4—5(1—)()69 — +N +5(F—Fo) vo;T (2.1)

N
where T' and N are the dimensionless parallel momentum and density, (r, 6)
are the radial and poloidal coordinates and the mask function y equals one
in a region where an obstacle is located and zero elsewhere.

To construct a stochastic representation for the solution one needs to
identify a stochastic process associated to the linear component (to the full
linear component or part of it) and then, through an integral equation, con-
struct the branching mechanism representing the nonlinear part.

2.1. The x =1 case
In the x =1 case the system (2.1) is linear

1 1
N + 56(,1“ + EN = D&N

vd’T (2.2)

1
AT + (I~ To)

the solution being

(1) - ol
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with B and C the matrices

p=(v o) e=(50)

2.2. The x =0 case
The linear part of the system for x = 0 is:

1
ON + 0T = DO2N

aT + éa,,zv V2T (2.4)

N (0,7,6)
r(0,r,0)

N(ta r, 0) — 1 2 N(OaTa 0)
( T (t,r.0) ) —expt{—aAﬁquB@T} < T (0,r,6) (2.5)
A being the matrix
01
(1)

However, for the construction of a stochastic solution to the nonlinear equa-
tion, through a probabilistic interpretation of the integral equation, it is con-
venient to have a stochastic process that operates in a simple way on the
arguments of the functions. Therefore, instead of the full linear part, only
the diffusion associated to the first term in (2.4) will be used. It also provides
an easier handling of the 0y derivative.

Given the initial conditions at time zero ( ) the solution of this

system is

For the nonlinear equations one writes

t
N(tr0) = etDafN(OmG)—é / dre™P2 9,0 (t — 7.1, 0)
0
2 1 [t 2 2
T (t,r6) = et"arl"(O,r,G)—a/ dTeT”arag{N+N}(t—T,r,0)
0

(2.6)

Denote by ng) and §§F) two Brownian motions in the r—coordinate with
diffusion coefficients v2D and +/2v. Then the equations (2.6) may be reinter-
preted as defining a probabilistic processes for which the expectation values
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are the functions N (t,r,0) and T (¢,r,0), that is

_ Ly (0. 6™ g) — 1 /tl—P e
N(t,r0) = Egyng [ppN(o,gt 9) e A ardyT (¢ = ,6™,0)

_ l T) 2t /tl—p 11‘2 1 (r)
T(t,r,0) = Byno [ppr(o,gt 6) o) T sy Y (t-7.60.0)

E;,r9) denotes the expectation value of a backwards-in-time stochastic pro-
cess started from (¢,r,6). The processes that construct the solution at the
point (¢,7,0) are backwards-in-time processes that start from time ¢ and prop-
agate to time zero. With probability p the process reach time zero and the
contribution to the expectation value is %N (O, &M, 0) (or %F (0,§§F), 0) ).
With probability (1 — p) the process is interrupted at a time 7 chosen with
uniform probability in the interval (¢,0). For the process associated to N,
the process changes its nature, becomes a I' process and picks up a factor
—ﬁ. For the case of the process I', with probability %, this process either
changes to a N process or branches into a N and a I' process. In both cases
it picks up a factor —ﬁ.

Notice that the propagation process acts only on the r—coordinate.
Therefore the derivative 8y, the square in I'? and the quotient in %2 may
all be treated as operators which are kept as labels at each branching point.
When all the lines of the process reach time zero, the initial condition is
sampled at the arrival ro—coordinate. This initial condition is not simply a
number but a function of 6 (I (0,79, 0) or N (0,79, 8)). It implies that both the
initial condition and all its derivatives at the argument # must be provided.
This initial functions are then backtracked throughout the sample lines, the
multiplicative factors are picked up at each 7 interrupt and the operators
applied whenever a labelled branching point is reached. This provides the
contribution of each sample path to the expectation value. Figure 2 displays
an example of a sample path, where the operators picked up along the way
are denoted by flags.

Notice the order of the operators at each branching point. For example,
at the leftmost d— labelled point the operation is

r2 (0,r§",6)

Y\ v (00)

2.7)
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FIGURE 2. A sample path of the N — I" stochastic process

and the whole contribution of this sample path to the N—expectation value
is
I? (o,r(‘)l),e) o Ayt
%3 |00 ————% 1| {ar(0.18.0)}
N (0, r®, 9)

. 1 3 4t‘r1‘r22
times the factor (5) A=
The branching, being identical to a Galton-Watson process, has a finite
number of branches almost surely. Therefore, with a uniform unit bound on
the quantities at each branching vertex, one obtains almost sure convergence

of the expectation value. In conclusion:
Proposition 2.1 - If the initial conditions ‘I;V—Z, N, I“ and all its derivatives

are bound by a constant M, the above described process provides a solution
to the SOLEDGE2D equations up to time ¢t < {7 a.s.
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This bound, which is obtained by a worst case analysis, is in practice
too severe because the probability of the generated trees is a fast decreasing
function of the number of branches.

3. Superprocesses

A superprocess describes the evolution of a population, without a fixed num-
ber of units, that evolves according to the laws of chance. Given a countable
dense subset ) of [0, c0) and a countable dense subset F of a separable metric
space E, the countable set

n
Mlz{Zaiém:xl---mnEF;al---aneQ;nZI} (3.1)
i=1

is dense on the space M (E) of finite Borel measures on E (theorem 1.8
in [21]). This is at the basis of the interpretation of the limits of evolving
particle systems as measure-valued superprocesses. On the other hand the
representation of an evolving measure as a collection of measures with point
support is also useful for the construction of solutions of nonlinear partial
differential equations as scaling limits of measure-valued superprocesses.

However, as far as representations of solutions of nonlinear PDE’s, su-
perprocesses constructed in the space M (E) of finite measures have serious
limitations. The set of interaction terms that can be handled is limited (essen-
tially to u® (x) with a < 2) and derivative interactions cannot be included as
well. The first obvious generalization would be to construct superprocesses on
distributions of point support, because any such distribution is a finite sum
of deltas and their derivatives [22]. However, because in a general branching
process the number of branches is not bounded, one really needs a framework
that can handle arbitrary sums of deltas and their derivatives. This require-
ment leads naturally to the space of ultradistributions of compact support.

Ultradistributions may be characterized as Fourier transforms of distri-
butions of exponential type [23]. However, the representation of ultradistri-
butions by analytical functions is actually simpler and also more convenient
for practical calculations. Let S be the Schwartz space of functions of rapid
decrease and U/ C S those functions in & that may be extended into the
complex plane as entire functions of rapid decrease on strips. U’, the dual of
U, is Silva’s space of tempered ultradistributions [24] [25].

Let first E = R. Define B,, as the complement in C of the strip Im (2) <
n

B, ={z:Im(z) > n} (3.2)
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and H,, the set of functions which are holomorphic and of polynomial growth
in By,

p(2) € Hy=3IM,a:|p(2)| < M |2|*,Vz € B, (3.3)
Let H, be the union of all such spaces

H, = nLZJOH" (3.4)
and in H, define the equivalence relation IT by
%) 2 ¥ if ¢ — 9 is a polynomial
Then, the space of tempered ultradistribution is
U =H,/lI (3.5)

The relation to ultradistributions as entities f (x) in R is obtained by the
generalized Stieltjes transform

0 (2) = ”25;,) / - (x{ ((;”)_ Sda+P () (3.6)

p(z) being a polynomial such that f/p ~ O (t7!) and P (z) an arbitrary
polynomial. In this sense one may say that [¢] € H,, /I is the Stieltjes image
of the ultradistribution f. Operations with f (z) are performed using their
analytical images. For example f is integrable in R if there is an yo and a
© (z) in the Stieltjes image such that ¢ (z + iyo) — ¢ (x — iyo) is integrable in
R in the sense of distributions.

An ultradistribution vanishes in an open set A € R if ¢ (x +iy) —
p(x—1y) = 0 for x € A when y — 0 or, equivalently, if there an analyt-
ical extension of ¢ to the vertical strip Rez € A. The support of f is the
complement in R of the largest open set where f vanishes.

All these notions are easily generalized to R™ [25] by considering prod-
ucts of semiplans as in (3.2) and the corresponding polynomial bounds. For
the equivalence relation II one uses pseudopolynomials, that is, functions of
the form

Z A k
p zl’...7zj7...7zn Z]
J.k

zAj meaning that this variable is absent from the arguments of p.
An ultradistribution f in R™ has compact support if there is a disk D
such that any ¢ in the Stieltjes image has an analytic extension to (C/D)".
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For our purposes, the most important property of ultradistributions of
compact support is the fact that any such ultradistribution has a represen-
tation as a series of multipoles

oo oo
F@ =3 e d ™) (2= a)
r1=0 rn=0
a being a point in the support of f. This result follows from the fact that for
compact support one may apply to the Stieltjes image the Cauchy theorem
over a closed contour. The space of tempered ultradistributions of compact
support will denoted as U.

Let the underlying space E be R™. Denote by (X, P,,) a branching
stochastic process with values in U and transition probability Fp , starting
from time 0 and v € Uj). The process is assumed to satisfy the branching
property, that is, given v = vy + vs

PO,V = PO,Vl * PO,VZ (3-7)
After the branching (X}, Py, ) and (X?, P ,,) are independent and X} +

X? has the same law as (Xt, Po,v). In terms of the transition operator V;
operating on functions on ¢ this would be

(Vefvi +v2) = (Vef, 1) + (Vaf,ve) (3.8)
with V; defined by e~ (V+f») = PO’Ve*(f,XJ or
<V;5f7 V> = _IOgPO,V67<f’Xt> (3.9)

feu,veld.

Underlying the usual construction of superprocesses, in the form that
is useful for the representation of solutions of PDE’s, there is a stochastic
process with paths that start from a particular point in E, then propagate
and branch, but the paths preserve the same nature after the branching. In
terms of measures it means that one starts from an initial d, which at the
branching point originates other §’s with at most some scaling factors. It is to
preserve this pointwise interpretation that, in this larger setting, one considers
ultradistributions in U], because, as seen above, any ultradistribution in 4
may be represented as a multipole expansion at any point of its support.
Therefore an arbitrary transition in the process X; in Ujj may be associated
to a branching of paths in E and along these new paths new distributions
with point support will propagate. As a result the construction now proceeds
as in the measure-valued case.

In M = [0, 00) x E consider a set  C M and the associated exit process
&€ = (&, 1y ,) with parameter k defining the lifetime. The process stars from
z € E carrying along an ultradistribution in U} with support on the path. At
each branching point of the & —process there is a transition ruled by the P
probability in /) leading to one or more elements in . These U elements
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are then carried along by the new paths of the & —process. The whole process
stops at the boundary 9@, finally defining a exit process (Xq, Fy,,) on U. If
the initial v is §, one writes

u(z) = (Vof,v) = —log Po,we_”’x‘?) (3.10)
(f, Xq) being computed on the (space-time) boundary with the exit ultra-
distribution generated by the process.

The connection with nonlinear PDE’s is established by defining the
whole process to be a (£,1) —superprocess if u (z) satisfies the equation

u+Goy (u) = Kqf (3.11)
where G is the Green operator,
Gof(rz)= HO,z/ f(s,6)ds (3.12)
0
and K¢g the Poisson operator
’Qf (x) = I—[0,:c1‘r<oof ('g‘r) (3.13)

¥ (u) means ¢ (0, z;u (0,z)) and 7 is the first exit time from Q.
The superprocess is constructed as follows: Let ¢ (s, x; 2) be the branch-
ing function at time s and point z. Then for e~ (%) = Py e~ {fX@) one has

Pyye—Xa) £ gmuw02) T, [e—kre—f(nﬁf) + /T dshe ™" (5,6 e—w(r—s,m)]
0
(3.14)

T is the first exit time from @ and f(7,&) = (f, Xq) is computed with
the exit boundary ultradistribution. For measure-valued superprocesses the
branching function would be

0 (s,9;2) =c Y _pn(s,y)2" (3.15)
0

with ) pn, = 1 and c the branching intensity, but now it may be a more
general function.

For the interpretation of the superprocesses as generating solutions of
PDE’s, an essential role is played by a transformation of Eq.(3.14) that uses
Jy ke7*sds =1 —e7*" and the Markov property Ilo o 1s<,Il5 ¢, = IozLs<r.
This is lemma 1.2 in ch.4 of Ref.[16]. Because it only depends on the Markov
properties of the (&, Il ;) process it also holds in this more general context.
A proof is included in the Appendix with the notations used in this paper.

Using the lemma, Eq.(3.14) for e=*(%:2) is converted into

e~ w(0,2) — I , |:e_f(7'7£‘r) + k/T ds [<P (s,&s;e_W(T_s’§5)) _ e—w(r—s,ﬁs)]]
0
(3.16)
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Eq.(3.11) is now obtained by a limiting process. Let in (3.16) replace w (0, z)
by Bwgs (0,z) and f by Bf. § is interpreted as the mass of the particles and
when the /g-valued process Xq — $Xq then B, — Py.

e Puw02) =1y, [e—ﬁf(r,sf) + kﬂ/ ds [% (sjgs;e—ﬁw(T—S,Es)) _ e—ﬁw(T—S,Es)H
0
(3.17)

Two scaling limits will be used in this paper. The first one, which is the one
used in the past for superprocesses on measures, defines

uP) = (1—e Py /8 5 f = (1—e ) /8 (3.18)
and
k
zbg) (O,x;ug)) = Fﬁ <<p (O,x; 1-— ﬁug)) -1+ ﬂug)) (3.19)
one obtains from (3.17)
ug) (0,2) + Mo, / dsvf) (s.65uf)) =Moo £ (&) (320)
0
that is
) +Gouy (u)) = Koff" (3.21)

When 8 — 0, fél) — f and if ¢g goes to a well defined limit ¢ then ug
tends to a limit u solution of (3.11) associated to a superprocess. Also one
sees from (3.18) that in the 8 — 0 limit

u(ﬂl) — wg = —log Py ze{fXe) (3.22)

as in Eq.(3.10). The superprocess corresponds to a cloud of ultradistribution
"particles” for which both the mass and the lifetime tend to zero.

3.1. Measure-valued superprocesses and nonlinear PDE’s
Here one restricts oneself to measure-valued superprocesses, that is, in terms
of paths, to §'s propagating along the paths of the (&,IIp ) process and
simply branching to new § measures at each branching point. Let us construct
a superprocess providing a solution to the equation
ou _10%
ot 20z
for 1 < a < 2. Comparing with (3.11) one should have
¥ (0,2;u) = u®

—u® (3.23)
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Then from (3.19) and (3.15), with z = 1 — ful}’ one has

B (1)a B (1—2)*
0,2;2) = Pt =z + —ul )=y 2L
¢ (0,;2) ; il —
a(a—1) ala—1)(a—-2)

(3.24)

Choosing kg = 2=t the terms in z cancel and for 1 < o < 2 the coefficients of
all the remaining z powers are positive and may be interpreted as branching
probabilities. It would not be so for o > 2. Then

n
Pozl; p1=0; - pnz( o) (a) n2>2 (3.25)

@ o n
with ° p, = 1. With this choice of probabilities p, for branching into new
0 measures and with kg = % and 8 — 0 one obtains a superprocess which,
through (3.10), provides a solution to the Eq.(3.23). a = 2 is an upper bound
for this representation, because for a > 2 some of the p/,s would be negative
and would not be interpretable as branching probabilities.

For the particular case
ou 10%
= 2
ot 20z (3:26)

1 2
=0; =pa==; kg=— 3.27
n Po = p2 57 "B 3 ( )
When 3 — 0, the solutions are given by (3.10) and the superprocesses corre-
spond to the scaling limit of processes where both the mass and the lifetime
of the particles tend to zero and at each bifurcation point one has probability
po of dying without offspring or creating n new § measures with probabilities
Pn.
Superprocesses are usually associated with nonlinear PDE’s in the scal-
ing limit 8 — 0 of (3.19)-(3.20). However other limits may also be useful. For
example with with p, = d,2, 8 =1 and kg = 1 one obtains

zbg) (0,x;ug)) = % (cp (O,x; 1- 6u(ﬁl)) -1+ ﬁug))

_ %ﬁ (Xpn (1-8u0)" =1+ puf))
g 1o
Z_u (3.28)

1
S
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Therefore, in this case, one is led to the KPP equation

ou  10%

ot  20z2
However in this case, because 8 = 1 instead of 8 — 0, the solution is given by
(1 — e~ ™) instead of (3.10). Because of the natural stochastic clock provided
by the linear u term, a stochastic solution for the Cauchy problem of the
KPP equation may be constructed by the McKean method [1], as seen before.
However, the interpretation as an exit measure, allows for the construction
of solutions with arbitrary boundary conditions.

—u’ +u (3.29)

3.2. Superprocesses on signed measures and ultradistributions

When superprocesses are generalized from measures to ultradistributions of
compact support, a general aim would be, of course, to characterize all the
admissible transition kernels and branching mechanisms compatible with the
new formulation. I will leave this for future work and just present a few exam-
ples of transitions and branchings which provide stochastic representations
for a wider class of nonlinear PDE’s.

Although the scaling limit 8 — 0 of measure-valued superprocesses al-
lows the construction of solutions for equations which do not possess a natural
Poisson clock, it has the severe limitation of requiring a polynomial branch-
ing function ¢ (s,z;z). This automatically restricts the nonlinear terms in
the pde’s to be powers of u. In addition, these terms must be such that all
coefficients in the 2™ expansion in Eq.(3.15) are positive to be interpretable
as branching probabilities. As seen before, it was this requirement that led
to the restriction 1 < o < 2 in (3.23).

The variable z that appears in ¢g (s, 2;2) is in fact z = e Pulr—sts) —
Py e BF:X) When restricting the superprocess to measures, the delta mea-
sure, at each branching point, may at most branch into other deltas (with
positive coefficients) and therefore ¢ (s, z; 2) must be a sum of monomials in
z. When one generalizes to U} ultradistributions of compact support, changes
of sign and transitions from deltas to their derivatives are allowed. In the end,
the exponential e~ ¥/X) will be computed by evaluation of the function on
the ultradistribution that reaches the boundary. To find out the equation
that is represented by the process one needs to compute the g (0, z; ug) of
Eq.(3.19) for the corresponding ¢ (s, z; z) in the 8 — 0 limit. Recalling that
¢ (s,2;2) = pg (8,&;e7Pw(T=38)) and z = eP»s, one concludes that there
are basically two new transitions at the branching points:

1) A change of sign in the point support ultradistribution

o(B.82) — oBI@) _y ABS=0a) — o—BF (@) (3.30)
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which corresponds to

1
z = - (3.31)
z

and
2) A change from 6™ to £5("*1) for example

o(BF82) _ Bi@) _y (BFESL) _ F6f (2) (3.32)

which corresponds to
7z — eTO:l082 (3.33)

Case 1) corresponds to an extension of superprocesses on measures to super-
processes on signed measures and the second to superprocesses in Uj.

How these transformations provide stochastic representations of solu-
tions for other classes of pde’s, will be illustrated by two examples:

First, let

95 log z —0z log z

+ p3z? (3.34)

This branching function means that at the branching point, with probability
p1 a derivative is added to the propagating ultradistribution, with probability
p2 a derivative is added plus a change of sign and with probability ps the
ultradistribution branches into two identical ones. Using the transformation
and scaling limit (3.18) one has, for small

oM (0,2;2) = pre + pee

1 2
oy FOalogz _ T log (1-guf) _ 14 ﬂamug) i % {(8wu§31))2 N 67,11/(31)2} +0 (8%
(3.35)

2
o= (1 - ﬁug)) = 1-26u + f*ul}? (3.36)

Then, computing 95 (O,x;ug)) with p; = p» = 1 and p3 = § one obtains

P0) = 5 o)
= % (4p(1) (0,3}; 1- ﬂug)) -1+ Bug))
- %ﬁ (éﬁ2 (Ozug))Z + %ﬂ"’u(ﬁm +0 (63)) (3.37)

meaning that, with kg = %, the superprocess provides, in the g — 0 limit, a
solution to the equation
ou 10%u

1
E = 5@ - 2U2 - 5 (6$U)2 (338)
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For the second example a different scaling limit will be used, namely

@ _ 1 Bus_ 8 o2 1
u —%(e“’ﬁ e I

B 23

Notice that, as before, ug) — wg and féz) — f when 8 — 0. In this case
with z = e®“# one has

z = —2ﬁu§,2) + 2\/5%%2)2 +1

= 2-28uf) + %G + 0 (8Y) (3.40)

1
- = 2ﬁu(ﬁ2) + 2\/62712,2)2 +1
z

= 2+26uf) + FPu)” + 0 () (3.41)

For the integral equation, instead of (3.20), one has

ug (0,2) + oo /0 dsy) (s,650) = Mo f) (&) (342)

(ePF — eFF) (3.39)

and

with

¢Ea2) (O,x;u(z)) =ks (% <<p (0,2;2) — (0,1‘; %)) - Ug)) (3.43)

Let now
1
0 (0,232) = p12® + pa- (3.44)

This branching function means that with probability p; the ultradistribution
branches into two identical ones and with probability ps it changes its sign.
Therefore, in this case, one is simply extending the superprocess construction

to signed measures. Using (3.40) and (3.41) one computes ng) (O,x;u(z))

B
obtaining
1
o (0507) = () (1 327 4 p? =2 0.3

(3.45)

and with p; = 11—0;p2 = 19—0 and kg = % one obtains in the in the § — 0

limit
2 2 2)3
wé) (O,x;u(ﬂ)) — —u(ﬂ) (3.46)
meaning that this superprocess provides a solution to the equation

ou  10%°u 4
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In conclusion: Extending the superprocess construction to signed mea-
sures and ultradistributions, stochastic solutions are obtained for a much
larger class of partial differential equations.

4. Final remarks

Stochastic solutions are powerful tools both to construct new exact solutions
of nonlinear PDE’s and to develop faster numerical algorithms for paral-
lel computing. Two related methods are used to construct the stochastic
solutions. Both use limiting processes, as in branching particle systems, to
generate boundary measures which sample the initial (boundary) conditions.
The limitations in the classical constructions, are the handling of derivatives,
nonpolynomial terms and negative branching coefficients which cannot be
interpreted as probabilities. To overcome these limitations one used either
operator labels at the branching vertices or an extension of superprocesses
from measures to ultradistributions. In reality these methods are closely re-
lated. In the first one keeps the propagating entities as delta measures but
then has to backtrack the initial conditions from the final boundary time to
apply the operators at each vertex. In the second the propagating entities are
modified at each vertex, the final generated entity being directly applied to
the initial conditions without any backtracking.

Notice however that there are cases where backtracking of the initial
conditions through the tree is needed even in case without derivatives or
nonpolynomial terms. This is, for example, the case of Navier-Stokes or mag-
netohydrodynamics [11], because of the Leray product at each vertex.

The simple superprocess examples treated here deal with the kind of
terms that will appear in PDE’s with local interactions. More general nonlocal
interactions or integral equations would require a more general treatment of
the ultradistribution superprocesses, where the allowed transitions are not
simply changes of sign and derivatives.

5. Appendix: Proof of a lemma

Let

u(z,t) =1y, {ektu (&,0) + /t ke ®® (&,,t — 5) ds} (5.1)
0
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Then
t t
HOJJ / ku (g-S‘vt - 3) ds = HO,Z {/ keik(tis)u (§s+tfsv 0) ds
0 0

t t—s
+/ kds/ kds'e‘ks’q)(§s+s:,t—s—s')}
0 0
(5.2)
Summing (5.1) and (5.2)

t
u(x,t) + Ho,z/ ku (&s,t — 8)ds
0

t
= I, { (ekt +/ kek(ts)ds) u (&, 0)
0

t t t—s
+k/ e kd (&,,t —s)ds + k/ ds/ kds'e "' ® (£44 0t — 5 — §') ds'}

0 0 0
(5.3)

Changing variables in the last integral in (5.3) from (s, s’) to (s,0 = s+ ')
one obtains for the last term

t o
k/ do/ kdse *o=5)® (¢, — o) ds
0 0
and finally

t
u(z,t) + Ho,zk/ w(&s,t—s)ds
0

= I, {u(§t,0) +k/0t<1> (&,t—s) ds} (5.4)
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