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A stochastic process is constructed from a ground state measure that generalizes to non-abelian fields the ground state of abelian
(free) gauge fields without fermions. Using a latticized version one shows how the process leads to a well-defined quantum theory
in the Schrodinger representation. An analysis of the qualitative behaviour of the theory seems to imply a quasi-free behaviour at
short distances and a maximally disordered field strength configuration for the low-momentum component of the ground state.
Scaling relations for the mass gap are inferred from the theory of small random perturbations of dynamical systems.

Euclidean fields are defined by a probability mea-
sure du on the space of vector-valued distributions
Hea?' (RY), d being the dimension of space-time
and « denoting the tensor and internal degrees of
freedom of the fields. The densities .S, of the nth or-
der moments of d are the Schwinger functions. From
the path space L, ([T, 2’ (R?), du) for quantum op-
erators, reflection positivity yields [ 1] the positivity
of the inner product in the Hilbert space where
Minkowski fields act, and thus the existence of the
Schrodinger representation

yf:Lz(l‘[ QZ’(Pd—‘),dv),
Sa

where dv, the measure defined by the ground state of
the hamiltonian operator, is the restriction of du to
the time =0 subspace.

Conversely, given a measure dv on the space of
fixed time field configurations one defines the form

E(u,v)= J Du-Dvdv

where Du denotes the generalized gradient in the
space E of =0 field configurations. If & is a closable
form, its closure &is a Dirichlet form [2]. Then, there
is a positive definite self-adjoint operator H in L, (E,
dv) associated to & by &(u, v)= (\/ITIu, \/ﬁv).
T,=exp(—tH) is a symmetric contraction semi-

group and a Markov process ((X,) 0, (P.).cg) With
state space E will be associated to &if for any bounded
measurable function # on E

J u(X)dP.=T,u(z) foru-a.e. zcE.

Then dv is the invariant measure for (X,),. ¢. There-
fore closability of the form defined by the measure
dw allows the reconstruction of a Hilbert space and a
hamiltonian operator. Schwinger functions are asso-
ciated to the stochastic correlations of the Markov
process X,.

The construction of the theory through ground state
measures and the corresponding Dirichlet forms met
a remarkable success in the quantum theory of sys-
tems with finitely many degrees of freedom [3,4]. Not
only was one able to deal with singular interactions
that cannot be consistently described by potentials,
but also the stochastic process provides a natural
framework for the evaluation of non-perturbative ef-
fects [5,6]. The singular nature of quantum fields and
the fact that the formal definition an infinite-dimen-
sional theory through hamiltonian or lagrangian den-
sities is an ambiguous specification *', makes quan-
tum fields natural candidates for a description
through ground state measures. Here one faces how-
ever the difficult mathematical problems of closabil-
ity of infinite dimensional Dirichlet forms and the

# See for example the discussion in ref. [7].
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associated existence problem for the infinite-dimen-
sional Markov process. It is only very recently that
reasonable progress has been made towards a satis-
factory formulation of the necessary tools [8-10].

The existence problem of the Markov process as-
sociated to & may be turned around by defining the
theory directly in terms of a stochastic differential
equation. The hamiltonian is the generator of the
process and the problem is then one of proving the
existence of solutions and existence of an ergodic in-
variant measure, i.e., a measure for a unique ground
state. This point of view is perhaps the most appro-
priate one for quantum fields [11].

In this paper, keeping to a minimum the formal
mathematical constructions, one discusses questions
related to the ground state measure formulation of
theories of gauge fields.

Consider continuum QED (without fermions) in
the Schrédinger picture and in the temporal gauge,
Ay(x)=0 [12]. The hamiltonian operator is

82

1 3 - -
H=; dx( 54,(x)?

+B,~(X)2>, (1)

with the magnetic field B;(x) =¢;,0,4,,(x). The Gauss
law 9,F%=0 is imposed as a constraint, 9,(8/
0A4,(x))w[A4] =0, and is equivalent to requiring gauge
invariance of the wave functionals.

It is convenient to use both the configuration space
fields and their Fourier transforms

3/2
A,(k):(%) Jd3x exp( —ik-x)A4;(x) .

In these coordinates the hamiltonian becomes

) )
H=% j d3k<_8Ai(k) m +B,-(k) B,-(’k)>,
(2)

with B,(k) = —i€;,..k,.A,.(k).
Up to a constant the hamiltonian of eq. (2) admits
two decompositions in the form

)
04;(k)

H+const.=%Jd3k(— +L,(—k)>
(Lu(k)) (3)
X SA,(—k) i s
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where the L,(k) are gradients of a functional of the
fields, L{* (k)=—(8/064;(~k))o'* [A]. They are
[12-15]

Ll(l)(k)=—i€imnkmAn(k) H (4a)
(2 kll(]

LI (k)= 1kl A (k)= T2 4,(0) (4b)

with

oV A] =2 [ Ak e (—K) iy Au(R) . (50)

o A1=—4 [ ak{ 40—k 1K 40

4=k T

A,-(k)) . (5b)
A decomposition of the type of eq. (3) means that

Gy =exp(o® [A4]) are eigenstates of H. Making the
transformation H— H' o, = ), H9 ., One obtains

1 8 3
’ - 3 -z
= Jd k( 284,(k) 84,(=k)

L0 ), (6)
implying that — H',, is the generator of a diffusion
process
dA(® (k) == L{® (k) di-+dW,(1) (7)
with drift —L{® (k) and invariant density

exp(20'®[A4]) (in the space of fixed-time field
configurations).

Of course, the correctness of the above statements
presumes that one can carry to the infinite dimen-
sional setting of fields the corresponding manipula-
tions of finite dimensional analysis. The justification
of these constructions may be carried out using a lat-
tice and approaching the continuum limit through
scaling relations [11], or directly by infinite-dimen-
sional techniques [ 16,17 ] which, at least in the (free-
field) abelian gauge field case, are expected to
succeed.

The wave functional ¢,, is the usual perturbative
ground state corresponding to an infinite number of
harmonic modes. The corresponding stochastic pro-
cess describes fluctuations around the {4;(k)=0}
configuration, which is an attractive fixed point for
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the classical (noiseless) motion. By contrast for the
process associated to ¢, the {4,(k) =0} configura-
tion is an hyperbolic (unstable) fixed point.

These two functionals have an interesting geomet-
rical relation. The drift — L,=80(* /84, associated to
any wave functional exp(g‘®’), satisfying the Gauss
law constraint, must be orthogonal to an arbitrary
gauge transformation

3A;(k) =ik da (k) . (8a)
One finds that L{?’ (k) is the exterior product
L (k)=84(k)xL"V (k)

forda(k)=—1/|k|.

For non-abelian gauge fields the Gauss law con-
straint is also equivalent to imposing gauge invari-
ance on the wave functionals, i.e., invariance for

SA%(x) = (D,-)D(,;SOL/y
=[0:0up — 8faypAi(x) 18a?(x) . (8b)
A drift vector —L#(x)=380/84%(x) will be or-

thogonal to an arbitrary 84S(x) if [d3x
L#(DJa)?=0, i.e.

(D;Li(x))*

= [0,00p — &farpA(x) 1LY (x)=0. (%)
The general solution to eq. (9) is
L?(Xh(ﬁ)m,kﬂrf’ (10)

where M, ;3= 8f0,5(0,/A)A}(x) and I'? is any solu-
tion of 8,14 =0.

Eq. (10) may be used to construct general gauge
invariant diffusion processes for non-abelian gauge
fields. Here we will limit ourselves to the non-abelian
generalizations of L{'? and L{? of egs. (4). For this
purpose we rewrite the exponents o’ [A4] of the cor-
responding wave functionals (exp(s‘®’)) in terms
of the configuration space fields and exhibiting their
gauge transformation properties.

ogD[4]1=1 Jd3x €oinAi(x) 8,4i(x) , (5¢)
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g P[A]=— P d°xd yB,-(X)mBi(J’)

oD [A4] generalizes easily to the non-abelian case as
o [A4]=
| a2 o THA00 18,4000 +i34, (0 40 1)

(11)

o'V [A4] is proportional to the Pontryagin index of
the field configuration and leads to a gauge invariant
drift even for topologically non-trivial transforma-
tions. This “winding number functional” first men-
tioned by Loos [15], has been discussed by several
authors [12,18]. As in the abelian case the {4§ =0}
configuration is an unstable fixed point, and in the
continuum formulation with unbounded variables it
is not possible to use the corresponding drift

80-(1)
_LH=
Lia 8A¢

to define a recurrent process with an ergodic ground
state measure. However, if the variables are compac-
tified in a lattice version [11], existence (and
uniqueness) of the solutions to the stochastic differ-
ential equation may be proved, as well as existence of
a unique invariant measure and a well defined scal-
ing limit at weak coupling. Although this process is
unrelated to the perturbative ground state it never-
theless defines a well-behaved quantum theory.

Here we will concern ourselves with the non-abe-
lian generalization ** of ¢(*) [4] to

2 — 1 2 ___1
P [A]=—4 Jdi‘ka(x) (m)aﬂB{f(x) )

(12)

For eq. (12) to make sense a meaning has to be as-

#2 Previous attempts [12,19] to generalize the abelian ground
state functional exp(o‘®[A4]) start from o‘®[4]=—(1/
47?) [d%x &%y Bi(x) |x—y{ ~2B,(¥), and attempt to general-
ize the kernel | x—y| ~2. The problems encountered by these
authors are probably related to the difficulty in finding a well-
defined explicit form for the (symbolic) kernel (1/

v =D:D)d (x~y).

85



Volume 223, number 1

signed to (—D,D,) ~!/2. The abelian version ( —A)~'/2
is well defined through the Fourier transform. A sim-
ilar transform does not exist for the nonabelian case
because the operator set {D;, i=1, 2, 3} has a com-
mon system of eigenvalues only if A¥ is a gauge trans-
form of A%(x) =0.

Due to the antisymmetry of the structure con-
stants, in the space of vector-valued functions of
compact support in R* with norm

(u,v)= J d3x u(x)ve(x)

one has (¢, D,v) = — (D,u, v). Therefore one may use
the integral representation for fractional powers of
positive operators [20] and define

o]

! =1ja—'/2——1—cu. (13)

J/-DD, =m) A—-D,D,

Using (13) ineq. (12) and a formal series expansion
of 1/(A—=D,D;) to compute the functional derivative
one obtains

dg
5A%(x)

B
1
_fjjk(Dj)aﬂ<\/T —DBk>
B
gJ‘ l/2< )
A~
-D,.D,, By

(FD 1

B
14
’,IDDB)(M (14)

for the drift of the process. The quantities involved
ineq. (14) are

(D) ap=00as —gfayﬁA:Y(x) >
B = €1mu[ 0 A5 (x) — §&fap AR (x)A%(X)] ,
(Fa)ﬁy =fﬂ¢x;' .

The task now is to obtain a precise meaning for the
stochastic process with drift given by (14). As in ref.
[11] we use a lattice formulation, define the vari-
ables 8%(n, n+1) corresponding to the scaled ficlds
A%(n) and make the replacements

gadf(n)—0%(n, n+i), (15a)
ga*Bf(n)—p(n)
=19,4[0%(n+], n+j+k)
—%_ﬁwyﬁﬂ(n,n+f)ey(n,n+k)] , (15b)
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where V= (sign i) (signj) (signk)e; i a3 4 J, ke{1,
2, 3}, i denotes the unit lattice vector along the i-di-
rection and « is the lattice spacing.

On the other hand the covariant derivative of a
quantity »*(r) transforming under the adjoint rep-
resentation of the internal symmetry group, becomes

(D)apo?(n) -+ L4 [0 (n+1) —v(n—1)
—fays0" (n, n+D)VF (1))}
= = (Dapt"(n) . (16)

With these definitions and using eq. (13) the lattice
version of 0¥ [4] is

a®[6]=— zzfd,u 128%(n)

2ng

1
><</1 @@)ayﬂ%(n), (17)

and for the drift of the lattice process we obtain

—L(8%(n, n+0))

1 fe o}
=;t;fdu-”2[—e,-,k<@,-)w(l 0 ﬂk(n))

+ (i A ) (R m ) |

(18)

Notice that, for simplicity, we have written for
—L(6%(n, n+i)) the lattice version of eq. (14)
rather than recomputing (g2/a)8c®[0]/860%(n,
n+1). The two quantities should however coincide
in the continuum limit.

We have now two ways to study the lattice model.
The first takes the energy form associated to the den-
sity p(6) =exp(20'® [6])

E(u, v)_J H do9%(n, n+1) p(8) Du(8) Dv(8),

nio

(19)

and proceeds, through the proof of closability, to the
existence of a positive self-adjoint generator of time
translations and a Markov process.

The second studies directly the stochastic differ-
ential equation
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do%(n, n+7)

2 g -
=—L(6%(n,n+i)) dt+ TdW?(n, n+i),
a

(20)

trying to insure existence of solutions and an invar-
iant measure.

In both cases to insure the existence of a well de-
fined Markov process is an essential step to be able
to use the (non-perturbative) Wentzell and Freidlin
technique [21,7] to infer the continuum behavior
through scaling relations for the mass gap.

Before showing that exp(2¢(?’ [8]) as the density
of a Dirichlet form (or (18) as the drift of a stochas-
tic differential equation) lead to a well-defined quan-
tum theory, we examine the relevant features of
physical significance associated to the ground state
wave functional exp(¢‘® [4]) (with ¢® [4] as in
eq. (12)).

For field configurations for which A¥(x) varies
slowly in space, the effect of the derivative terms in
the denominator of 1 / (41— D,D;) is small and the op-
erator becomes a local one. I.e. in the neighbourhood
of these slowly varying field configurations the ground
state wave functional factors out into a product
[T.exp[I'(x) ] where each I'(x) depends only on the
fields at the point x.

r(x)~_%fdu—”2
0

1
i—ngny:A%(x)A?(x))aﬂBE(x) .

XB?(X)(

Considering the Fourier transform of 4 ¥ (x) it is clear
that the slow varying configurations are the low-mo-
mentum components that control the long-distance
behaviour. Hence the main correlations between field
configurations at different points in space, imposed
by the low-momentum component of the ground state
wave functional, are only those that follow from the
Bianchi identity. Le. the long-distance behaviour is
associated to a maximally disordered field strength
configuration.

Conversely for high-momentum (short distance)
the derivative terms in 1/(A—D;D;) are dominant
and the kernel will approach the 1/|x—y|? of the
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U(1) free theory. From the qualitative limiting be-
haviour of the operators one already expects the
exp(20¢® [A4]) ground state measure to describe both
asymptotic freedom at short distances and a maxi-
mally disordered situation at low momentum.

The exponent ¢’ [A4] is negative semi-definite.
Therefore the maximum of the (real) ground state
functional is reached for the B{(x)=0 configura-
tions, the functional being peaked at all homotopi-
cally non-equivalent classical vacua.

For the quantum theory defined by the ground state
measure exp{20([0]} (i.e. the lattice version) we now
make a few exact statements and sketch their proofs.
Whenever consideration of a specific group is called
for, SU(2) has, for simplicity, been considered.

Statement 1. For a finite lattice with periodic
boundary conditions the ground state measure
p[0] =exp{20{0]} with o[0] of eq. (17) character-
izes a well-defined quantum theory.

In a finite lattice with periodic boundary conditions

(u, Zv)= 3, uF(n)(Z)apvi(n)

nofS

=- 2,, (Zi)apuf(n)vE(n),
and — 2,%; is a positive operator.

‘2 [0] being <0, p(8) is bounded.

If 1 is the lowest positive eigenvalue of — 2,2, the
norm of the operator (1/7) [FA~Y2(A— 2, 2;)~'dAis
bounded by (u,) ~'/%. However zero eigenvalues of
— 9:9%; may exist and one worries about possible ze-
ros of p(8), more precisely about the measure of the
singular set S(p)

S(p)={{0}: Jp“ Y, do*(n, n+i)=co

nao,i

for any neighbourhood of {0}} ,

i.e., the set of field configurations {6} for which p '
is not locally integrable.

Let v£(n) be a zero eigenvalue of —%,9,. Then
from (Zuv, 9v) =0 it follows that

LoR(n+1) —v¥(n—=1) ] —fap, 0" (n, n+Dvf(n) =0
v ok, i. (21)
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Let the lattice have N3 sites and the Lie algebra di-
mensionality be d,. Eq. (21) is a system of 9N d,
equations for 3N 3d, variables. Consider the Nd, -di-
mensional subsystems associated to NV sites along one
coordinate direction and fixed k. For generic 8 the
equations in these subsystems are linearly indepen-
dent. If (21) has a non-trivial solution then, at least
one of the subsystems should have a non-zero solu-
tion. This imposes a determinant relation on the 6
coordinates that reduces the dimensionality by one
unit, at least. I.e. the subset in #-space associated to a
zero eigenvalue of — 2,2, has dimensionality less than
3N3d,.

Therefore, the singular set S(p) has zero measure
and the density p(6) satisfies the conditions of theo-
rem 1 in ref. [22]. The form E(u, v) of eq. (19) is
closable, there is associated to it a diffusion process
and, in the Hilbert space of square-integrable field
configurations, its generator defines a positive self-
adjoint hamiltonian operator. L.e. a well defined
quantum theory is associated to p(6).

Statement 2. The “constant field configurations”
contribution to the Wilson loop of the theory defined
in statement 1 has area law decay.

By constant field contribution one means precisely
the contribution of the amplitudes

<o

- _ e
%w)—em[_ 128ng? ; Jd,ll

o

X J)ijkyij'k’fz‘xﬂyeﬂ(ns n+f)67(n, n+E)

1
x(,l_F{:Fil 65(n, n+#)6% (n, n+f)>aa’

><far,;r70”'(n,n+f’)9"”(n,n+§’)], (22)

which are obtained from eq. (17) in the constant field
limit.

One can now either consider spatial Wilson loops
and use w3 as a dimensionally reduced partition
function, or compute the time correlation of two
strings, which is the form taken by the space-time
Wilson loop in the temporal gauge.
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W(N, T)
=(Tr{UY(N, T)..UT (1, TYU(1,0)..U(N,0)}>
= (Tr{U"(N, 0)..U'(1, 0)
X exp(—HT)U(1,0)..U(N,0)}> . (23)
Transforming the hamiltonian

g’ 3 dg® )
H=2>- - — — -
Zan;a< 0%(n, n+1) 0960*(n, n+1)

d dg'®
X(ae"‘(n,n+f) ~ 3 (n, n+i‘)> (24)

by the string operator one obtains
W(n, T)=(Tr{exp(—HAT)}>, (25)
where H differs from H by the replacement

a 0

—_ LUt —
5t U O sy VGO

whenever the link s= (n, n+1) belongs to the string,
and remains unchanged otherwise. To compute eq.
(25) one uses (22) with

[+

0%(n, n—1)=—0%n, n+f)+aaaif,

the contribution of the second term vanishing in the
constant field limit. One then finds that the operator
in eq. (25) factors out in a product of independent
site operators leading to a exp(—cNT) area law.

Remark. the reason why this is not a confinement
result follows from the fact that constant field config-
urations have zero measure in the space of all config-
urations. The crucial step missing is, for example,
proof that a positive measure neighbourhood of the
constant field configurations has the same area law
behaviour.

That “constant field configurations” produce a non-
trivial contribution to the quantum ground state
measure is seen from the following explicit calcula-
tion in the SU(2) group:

Consider the matrix M,,=2X0%60f 6%=0%(n,
n+1) ¥n, i being the constant field. M may be dia-
gonalized by a global gauge transformation. In the new
gauge the three (for SU(2)) three-vectors 8¢ are or-
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thogonal. Without loss of generality, space axis may
be chosen such that

0! =(a,,0,0), 0?2=(0,a,,0), 6}=(0,0,a,),

to which correspond the chromomagnetic fields

Bi =(—a,a5,0,0), B7=(0, —asa,0),

B =(0,0, —a,a,) .

Then

(g)_ex[ Zi(ﬂ_
pRY)=exb — g2\ Jai+a’

aZaZ a2a2
+ ==+ == (26)
\/ aitajs \/5 5+ai
The last statement pertains to the approach to the
continuum limit through scaling relations:;

Statement 3. The mass gap of the theory defined in
statement 1 scales as am~ exp(—c¢/g?) when a—0,
g(a)-0.

The drift —L (eq. (18)) of the lattice process is
independent of g, therefore the model satisfies the
necessary condition for the mass gap to have the
stated behaviour [7] when g—0. The proof of state-
ment 3 is based on the asymptotics of the lowest ei-
genvalue of elliptic operators, as obtained from the
theory of small random perturbations of dynamical
systems [21,7]. The application of the small random
perturbations theory is relevant to the continuum
limit only if a—0 implies also g(a)—0. We refer to
ref. [7] for details on the application of this tech-
nique to lattice problems.

A sufficient condition for am~exp(—c/g?) when
g—0 is that the w-limit set of the deterministic
problem

s (r(ll’tn+_l) =—L(6%(n, n+0))

be attractive in the domain of the Dirichlet problem.
This is fulfilled because ¢ ‘?’ is negative definite with
maxima in the f=0 field configurations.

From am~ exp( —c/g?) one sees that for the phys-
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ical mass gap to remain fixed when a0, one should
require g2(a)~|c/logal. Therefore when a—0
g(a)—0, consistent with the use of the theory of small
random perturbations.
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