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q-deformedBrownianmotion
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Brownianmotionmaybeembeddedin theFockspaceofbosonicfreefields in onedimension.Extendingthis correspondence
to afamilyof creationandannihilationoperatorssatisfyinga q-deformedalgebra,thenotionofq-deformationis carriedfrom the
algebrato thedomain of stochasticprocesses.The propertiesof q-deformedBrownian motion,in particularits non-Gaussian
natureandcumulantstructure,areestablished,

Theconceptof symmetryplaysan essentialrole in dingof Brownianmotionin theFockspaceofbosonic
thedescriptionof physicalphenomena.In mostcases free fieldsin onedimension[15,16]. Extendingthis
this symmetry is relatedto covarianceunder the correspondenceto a time family of creationandan-
transformationsinducedby a Lie algebra.A gener- nihilation operatorssatisfyinga q-deformedalgebra
alization of this mathematicalstructure, the q-de- we establisha q-deformationof Brownian motion.
formed(orquantum)algebras,hasrecentlyemerged q-deformedcreationand annihilation operators
[1—7]. q-deformedalgebras,first discoveredin the weredefinedby severalauthors[17—20].They sat-
contextof integrablelatticemodels,were later iden- isfy the algebra
tified as an underlying mathematicalstructurein 1 N

aat_q ata=q , (la)
topologicalfield theories[8] andrationalconformal
field theories[91.Otherattemptsto apply the no- aat— qata= q N (lb)
tion of q-deformedalgebrascover a wide rangeof whereN is the numberoperator,
differentdomains,from space—timesymmetries[10—
12]togaugefields[l3],toquantumchemistry[14]. [N,at]=at, [N,a]=—a. (2)

In view of the actualandpotentialapplicationsof .

The operatorsa, at maybe realizedas infinite-di-
q-deformationin the contextof Lie algebrasandsu- mensionalmatriceson a vectorspacebyperalgebras,it is interestingto ask whetherthe no -_______

tion of q-deformationcanalso be extendedto other at n> = ~ [n + 111 n+ 1>, a I n> = In — 1>,
(non-algebraic)mathematicalstructures.In thispa- NI ~>— I ~> (3)
perwe try to extendthis notion to stochasticpro- —

cesses.Ourstartingpoint is the well-known embed- wherewe usedthe notation

x —x — sinh(Xlnq)
I Permanent/mailingaddress:Centro de Fisica da Matéria — q sinh(lnq) ‘

Condensada,Av. Gama Pinto 2, P-1699 Lisboa Codex,
Portugal. X being a numberor an operator.q-deformationof
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singlebosonoperatorsis invariantunderthereplace- tionsvanishingat t= 0,~t is the Wienermeasureand
mentq—~q’andwe write the algebrain an explic- F, is the a-ringgeneratedby {B5: 0~s~t}. On the
itly symmetricform which will be useful lateron, otherhandlet (~,A,, ~ Ø1(t)) be the free quan-

tum field overK=L
2([0, oo),l~).O1(1)=OI(X[o,])

aat_~(q+q)ata=~(qN+q_N) (5) (for q=l), i~ is the symmetricFockspaceoverK,

(noticethat q+q 1= [2]). Wo is theFockvacuumandA, is theW*~a1gebragen-
We now considera family {a~,a~} of q-deformed eratedby {Ø~(s): 0~ s ~ t}. Then [161, interpreting

operatorslabelled by a continuoustime parameter B, asa multiplication operatorin L2 (Q, F,, u), there
anda scalarfield is a unitary operatorV: L2 (Q, F,, p) -~ ~ suchthat

VB,V —‘ = 0(1). That is 0(1) as a stochasticprocess
= a~+ a~. (6) with expectation

For the family {a~,a~}we generalizethe relations E(J’(Ø(t) ) ) = <w
0,f(O(t))~> (12)

(5) and (2) to
coincideswith Brownian motion. For this identifi-

~ a — ~(q+ q — ‘)a ~2a~, cationof the freescalarfield with Brownianmotion
~ (qN~q ~~‘)~5er, — r2) (7) it is usefulto characterizethefiltration A,by thecon-

ditional expectationof Wick products [211
[N,afl=a~, [N,a~]=—a~. (8)

E(:Ø,(u1)...Ø,(u~): IA,)
This is the simplestextensionof the relationsto a
family of q-deformedoperatorslabelledby a contin- = : Ø~(Xio,,i u,) ...Ø~(Xi (X(o, ,1u~):. (13)
uousparameter.Other generalizationsof (5) are Recallthat the Wick productsspanthe algebragen-
possible, involving for examplebraid relations at eratedby 0~(u). Hence, by linearity, definition on
different times.Notice alsothat, for ourpurposesof Wick productssufficesto defineconditionalexpec-
constructinga stochasticprocess,no assumptionsare tationson the completealgebra.
neededconcerningthe commutationpropertiesof Wenow usea minimal versionof thiscorrespond-
aT, a~andat at at different times. enceto defineq-deformedBrownianmotion.

Smearingthe fields with characteristicfunctions
X[O,tl of the interval [0, t]~ Definition. q-deformedBrownian motion is the

process(Q, F,, IL%IV, Øq(t)) where

aq(t)=a~(X1o,,1)= J dr a~, (9a) (j) Øq(t) is the operatordefinedby (9)—(11).
o (ii) Expectationsof field functionalsf(Oq) areob-

tamedby

a~(t)=a~(X[o,,])=J dra~, (9b) E(f(0q))=<V~,f(0q)~(o>,

wobeingdefinedbya~wo=0. (14)

Oq(t)

0q(Xro,,i )= $ dt Ø~, (10) (iii) The filtration F, is characterizedby the con-ditional expectationsof Wick products
0

the algebraicrelationsbecome E(: Øq(ti )...Ø
4(t~):I F~)

0q(Xto,sjX~o,,,j)“‘Oq(X[o,s)X[o,,,,j) : . (15)aq(t1)a~(t2)—~(q+q’)a~(t2)aq(ti) =

(11)
Noticethat the algebraicrelations(11) allow all

where ~ Ir~>=min(t1, 12). elementsof the algebrageneratedby cbq(t) to be re-
We now use (11) to constructa q-deformationof ducedto Wick products,henceall conditional ex-

Brownian motion. Let (Q, F,, a, B,) be the usual pectationsmaybecomputed.Noticealsothatin this
Brownian motion.Q is the set of continuousfunc- minimal definitionthefamily F,ofmeasurableevents
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is fixed in advanceandwe avoid an explicit reali- (c) Foreachcontractioncontainedat deptha in-
zationof the probability spaceQ. side other contractions there is a factor

~(q~~q~) —1 in C(I,i
2)...(1~_,1~)

Theorem1. q-deformedBrownianmotion (d) If thereare no crossingsnor inner contrac-
(i) has zero mean, E(Øq(t) ) =0; tions the coefficient C(ì,I2)...(a~,1~)vanishes.
(ii) has variance E(Oq(1)Øq(s))=min(s,1);
(iii) hasindependentincrementsin the sense In example (17) the contributionof the diagram

to the coefficient is
E({Ø~(t1)‘Oq(t2)}{Oq(ts)’Øq(t4)})

=E(Øq(11)Øq(12))E(Øq(13)Øg(14))=0, {~(q+q’)—l}
2~(q2+q2)—l}

if thereis no overlapbetweenthe intervals [ti, (21 x { ~(q+ q —‘) — 1 },
and [(3, 14];

thefirst factorcomingfrom thecrossingsandthelast(iv) isa martingale.Properties(i)—(iii) follow by
two from the inner contractionsat levels 2 and 1.

a simplecomputationusing (10), (11) and (14).
A necessaryandsufficientconditionfor a process

Themartingalepropertyis a consequenceof (15).
to be Gaussianis that it possessescumulantsof all

If s<t
ordersandthattheyvanishfor ordershigherthan 2.

E(Øq(t)IFS) 0q(X[o,s~X[o,,])0q(S) . Computingthefour-timecorrelationoneobtainsus-

Theorem 1 summarizesthe similarities of q-de- ing (11) and (14)
formedBrownianmotiontotheusualBrownianmo-

E(t
1t2t3t4) ‘E(Oq(ti )Oq(t2)Oq(t3)Oq(t4))tion. Thenext result displaystheir maindifferences

as well as an explicit characterizationin terms of = <1, 112> <13 It4> + ~(q+ q —‘ ) <t, It3> <12 It4>
cumulants.

+~(q+q’) <t1 It4> <12 It3>
Theorem2. implying that the cumulant
(i) q-deformedBrownian motion is not a Gaus-

sianprocess. ET(l112t3t4)=E(t1t213t4)—E(t,t2)E(13t4)

(ii) Thecumulantsare
—E(t1t3)E(t2t4)—E(t,t4)E(t2t3)

ET(0~(tI)...Oq(tn))

does notvanish.Hencetheprocessis notGaussian.
= ~ C1112••111~<t~1112>... < ~ I t~> (16) The explicit expression for the cumulantsof ar-

where <t1It~>= mm (ti, ti), the sum is over all (~) bitraryordersis obtainedby systematicreductionof
differentpartitionsof the set (t, ...t~)into pairsand the expectationvaluesusing the algebraicrelations
thecoefficientsC(j1j2)..(j~_1j~)areobtainedby thefol- (11). The “crossing lines” factor comes from the
lowing graphicalrules, coefficientof the secondterm in the l.h.s. of (11)

(a) For each term in eq. (16) one draws the andthe “inner contractions”factor from the r.h.s.
<tik I ~ contractionsasfollows, togetherwith (8).

______________________________ As a final remarkwe point outthatusingtheq-fer-

r~i mionsb andbt with
bbt+qbtb=q

M,
o o o o o o o o o o ... [M,bt]=bt, [M,b]b, (18)
1 2 3 4 5 6 7 8 9 10

(17) anda generalizationalongthelinesof (6)—(11) one
may constructa q-deformationof the non-commu-

(b) For each crossingof lines there is a factor tative Clifford process[21]. We leavethe details to
~(q+q’ )— 1 in C(

1~12).(1,~_,1,~)‘ the interestedreader.
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