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An extension of stochastic mechanics which allows for non-local potentials is described. It leads, in general, to integro-dif-
ferential equations for the probability density and to a stochastic differential equation involving both diffusion and jump
processes. A study of non-local potentials of convolution type is carried out in this framework. A simple stochastic description

of rotons is obtained.

Some years ago Nelson [1] proposed a formulation
of quantum mechanics based on the theory of Markov
processes in real time. Stochastic mechanics, as this
formulation came to be known, has since been ex-
tended and reviewed by several authors [2—4].

At first, the stochastic mechanics formulation of

quantum mechanics generated some controversy [5,6].

For one thing the conservative diffusions that appear
in stochastic mechanics are very different from those
in the familiar dissipative Langevin equation. The
mathematical problems raised, in particular, by the
singular coefficients in the stochastic differential
equations associated to quantum excited states have
only recently been clarified [7,8].

The other class of questions raised by stochastic
mechanics stem from the desire to interpret quantum
mechanics in classical terms which, in my opinion, is
a most unrewarding endeavour, In fact, although
Nelson’s equations are mathematically equivalent to
Schrodinger’s and one can even derive the excited
energy levels from the relaxation times of the ground
state process, the process itself does not seem to be
directly accessible to observation. For example [4],
*... We cannot in fact measure the correlation
between the values of the process at different times
t, and ¢, because any attempt to localize the particle
changes the velocity field 5. Therefore after the mea-
surement at 7, we have a different process.”

Nevertheless, the mathematical equivalence of
Nelson’s and Schrodinger equations enlarges the over-
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lap between probability theory and quantum mechan-
ics, making new probabilistic techniques available to
the latter. For example the non-linear stochastic me-
chanics singular perturbation problem associated to
tunnelling in the semiclassical limit [9] turns out to
be less difficult than the corresponding one for the
Schrodinger equation. This is probably true in general
for all effects that, having an essential singularity at
%~ 0 or g = 0 (g is the coupling constant), cannot be
approached by perturbation theory of the linear
Schrodinger equation. The technique that, in this
case, is brought to quantum mechanics is the theory
of small random perturbations of dynamical systems
[10].

Stochastic mechanics provides also a new setting
for (real time) stochastic simulation methods in lattice
systems [11], excited states being then obtained by
the technique of exit times [11,12].

Stochastic mechanics does not provide a new inter-
pretation of quantum mechanics, but in the fact that
it is a new set of mathematically equivalent equations
of the same theory (which can be dealt with by new
techniques) lies its main interest.

Recently I have pointed out [13] that the occur-
rence of non-local potentials in the Schrodinger equa-
tion requires a modification of the usual stochastic
mechanics equations. In this paper after reviewing
briefly the extended equations for the probability
density, the drift and the non-local kernel, one discus-
ses the processes and stochastic differential equations
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associated to the stochastic mechanics description of

non-local potential effects. One concentrates mostly

on non-local potentials which lead to mixed diffusion

and jump processes *! (in configuration space).
From the Schrodinger equation

inoy/ot = —(hR2)2m)AY + Vi , (1)
and its adjoint one obtains the following equation for

the probability density p(x, £) = {Y(x, £)|2

%Z. = —V(bp) + vAp + Im fE(x,y)p(y, ndty, ()

where v = %/2m and

b=H/mVinly|+#Hm)Vargy=u+v, 3)

V9@ = [ Ve »ve)dny
VEx,y)=V*(,x), @
e, ¥) = WG, VDGO ()

Once a solution Y(x, ) of the Schrodinger equation

is known, the drift » and the kernel Z(x, y) are com-
pletely defined. Conversely, interpreting (2) as the
density equation of a stochastic process with u, v, and
2 specified by its equations of motion one obtains the
point of view of stochastic mechanics. The equations
of motion for u, v and £ are

y = —(r/2m)V,(V,0) — V, (uv)
— (W2m)Im V, [ 2(y,x)d"y,

0 =5V, (u? - v2)+ /2m)V, (V, u)
— (#/2m)Re V,, [ E(y,x) d"y

56, = 26:,9) | ~mmyne) ~ 19060
~ (im]28) [ (x) — v2(x)] — }iVulx)

+ %iff:(z,x) d"2)~ {x‘*y}]-

If the potential is a local (multiplicative) operator

+1y ump processes have already been used by several authors
[14—16] to describe quantum dynamics in momentum
space. In this paper one considers always stochastic pro-
cessgs in configuration space and the most interesting situ-
ations turn out to involve both diffusion and jumping.
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Vx,3)=V(x)8(x — »), then Zy(x, y) = 2/A)V(x)
X8(x — »), Zpy(x,y) = Im Zyg(x, y) = 0. Otherwise,
in the non-local case, the kernel ¥ has non-trivial
dynamics.

In the local case (Im 2y, = 0) the eq. (2) reduces to
a Fokker—Planck equation. This in turn is related to a
(Langevin) equation for a diffusion process,

dx=b dt +/Alm AW , )

W being a Wiener process normalized to (dW dW) = dt.
There is an important class of non-multiplicative
potentials which also lead to diffusion processes. This

is the class of Sturm—Liouville potentials,

3% BKi(x) 8
oxiox/  ax!  ox/
They also lead [13] to a density equation of the
Fokker—Planck type

30/dr = ~3y[bi(x)p] + ;[P (x)2; ], @

where now the diffusion coefficient is position depen-
dent. In the corresponding stochastic differential
equations care should therefore be taken in distin-
guishing between [to’s and Stratonovich’s interpreta-
tion of stochastic integrals.

Here however, one wants to concentrate on non-
local potentials which lead to processes that are not
pure diffusions. The examples to be studied will be
taken from the class of potentials of convolution type.

Consider a non-local operator of the convolution

type (V(x,») = V(x - y))

VWE = [ Ve - () dry . 8)

Vg = —K¥(x) + U(x) .

The potential being a symmetric operator (F(x — y)
= V*(y — x)), one may rewrite (8) as

V) =5 [ Ve —n)+ V> @ue+n)] don,
©)

i.e. the convolution potential is a superposition of
symmetric translation operators. This decomposition
suggests the study of a Schrodinger equation with a
single translation potential. Choosing one of the coor-
dinate axes along the translation direction, the non-
trivial part of the dynamics becomes a one-dimension-
al problem.
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—(r2/2m) a2y (x)/dx2 + MY(x +a) + \*Y(x — a)

=E'Yy(x). (10)
Rewrite (10) as
—(7%/2m) d2Y(x)/dx? + M[Y(x +a) - Y(x)]

TN Y - @) - Y(x)] = E(x) . (11)

Using Fourier transforms and defining A = |A| exp(if)
one concludes that exp(ikx) is a (generalized) eigen-
vector of (11) with eigenvalue

Ep =h2k%[2m + 2|\| [cos(ka + 8) — cos 8] . (12a)

The dispersion relation (12a) has roton-like features
in the sense that £} has a local minimum at k¥ # 0,
provided || is such that the equation

#2/2ma?|\])x = sin(x + 6)

has non-trivial solutions.

Similar results hold for the general case H = (#i2/
2m)A + V with V defined in (9). The plane wave
expli(k-x — E1)] is a (generalized) eigenvector with
energy
h2 | k|2

2m

Ey= + fRe{V(n) exp(—ik-n)}d”n. (12b)

Returning now to the one-dimensional case (11),
one wants to find out which stochastic processes are
associated to the solutions of the Schrodinger equa-
tion with symmetric translation potential. For a plane
wave exp [i(kx — E;#)] the drift and the non-local
kernel obtained from egs. (3) and (5) are

b=hk/m, (13)
ImZ(x,y)=afd(x-y+ta)-8(x-y—-a)], (14
the coefficient « being (for a plane wave)

@y = (2|X|/h) sin(ka + 0) . (15)

The equation of motion for the probability density
(eq. (2)) becomes

px, 1)k dplx,t)  h 3%p(x, 1)
ot m  ox 2m g2

+tafp(x+a,t)—p(x —a,t)]. (16)

Taking the Fourier transform an equation is obtained
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for the characteristic function of the process
dC(u, )/dt

= [i(hk/m)u — (/2m)u? — 2ia sinualC(u, 1),

17
where 7
Clu,t)= fei”xp(x, £) dx = E elux@®
The solution of (17) is
Cu,t)=Cpu,t) Cpu, t) C(u, t),
where
Cplu, £) = exp{[i(kA/m)u — (n/2m)u?]t},  (18a)
Cp(u, t) =exp{t|a| [exp(~iuea) — 1]}, (18b)

Cp(u, t) = f(u) exp{—tlai[exp(ivea) — 11}, (18¢c)

€ = sign(sin(ka + 0)) and f(u) is a function of u to be
specified later on.

Cp is the characteristic function of a diffusion pro-
cess with coefficient %2/2m and drift ik/m. Cp is the
characteristic function of a Poisson process with jump
size —ea and coefficient |a|.

For an appropriate choice of f(«), Cp is the charac-
teristic function of a time reversed Poisson process
with jump size —ea. This should be defined with care
because a time-reversed process depends not only on
the transition functions of the direct process but also
on the choice of a particular initial density [17].

Consider a Poisson process with jumps +ea starting
at —eX at time — 7. Then the density for the time-
reversed process is

pplx, 1) = exp[—|al(T - 1)]

had n _ n
X Z)Oﬂ%ia(xwx—nea), (19)
n: .

which obeys the equation
Opp(x, 1)/0t = lalpp(x, t) — lalpplx — €a, 1) .

The process with density pp is defined in ¢ € (—oo, T]
and x € [—-eX, e%). The characteristic function is as
in (18c) with

f@)=exp{—iueX + |a|T [exp(iuea) — 1]} .

The transition functions Q(¢,), x; ¢, x) of the time-
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reversed process P are obtained from [17]

0,5, A)~( [ ax pyx, DA PG, x32.9))
-1
X (fdx pP(x,s)P(s,x;t,y)) ,

where pp and P( ; ) are the density and transition
functions of a direct Poisson process and I (x) is the
indicator function of the set A. Then,

o (e En G )T -1y
Q(tg, x0:1,%) = g (T - 1)+

where £ = €(x — x)/a and 0 = e(x — X)/a.
Unlike the transition function for the direct Poisson
process P(ty, x; ¢, Xx)

lalE(z — tg)t

P(tg,xqg;t,x)= ———~E—!—~exp[—|a|(t— )],

the transition function Q(¢(, x; £, x) for the time-
reversed process depends on the density parameters X
and T'. Besides the time-reversed process is only de-
fined up to the time T, all probability being then con-
centrated at the point —eX. For practical purposes
(numerical solution of stochastic differential equa-
tions, for example) it is convenient to choose a densi-
ty distribution with large T and X parameters. Then
Q(ty,%g; t, x) becomes

Q@tg,xg;t,x) = ¢ —E!tO)E (,11——;;)//7;")”‘1 (XT/‘I)g '

(20)

In the limit T, X - o with |{a|aT = X the right-hand
side of (20) yields

la|E(t — t)E
i(—gi exp[—lal(t — ¢y}, (1)

i.e. for this limiting choice of initial density the tran-

sition functions of the time-reversed process are iden-

tical to those of a direct Poisson process. (The relation

|alaT = X is the condition that, for the direct process,

maximizes the transition probabilities from —e X at

t = T to the neighbourhood of x = 0 at small ¢),
Having identified the nature of the processes one
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may now write the stochastic differential equation
which corresponds to the density of eq. (16).

t t
x()=x(to) + [ f'n%‘ ds + @m)V2 [ aw(s)
to to

t t
+}[ dPIozl,-ea(s) +;[dPIaI,-ea(s) ’ (22)
0 0

The third term is an (Ito) integral over a Wiener
process of unit variance and the last two terms denote
integration with respect to a Poisson and a time-re-
versed Poisson process [18,19] with coefficients |a|
and jump —ea.

The drift b and the jump coefficient a; in (13)—
(15) were derived for a plane wave state. For a wave
packet

vx, 0= [ F(g) explilax ~ E,0)] dq,

with Fourier transform F(g) strongly peaked around
k the drift computed from (3) can still be approxi-
mated by #k/m. For the non-local kernel

Im Z(x, y)= (2/h)

X Im{x["’*(’" DVCEHa D) s v

plx ta,t)
Vrx —a,)¥(x, 0
e sy -a)),

the k peaking hypothesis is not very helpful and the
computation of the coefficients of the delta functions
is more delicate. This can be seen, for example, by con-
sidering the small 2 limit, where the order a contribu-
tions from the first and second terms to the density
equation cancel each other. The easiest way to fix the
jumping coefficient for wave packet propagation is to
adjust it in such a way that the mean displacement of
the process coincides with the group velocity obtained
from the dispersion relation (12a). From (16) or (22)
one obtains for the mean displacement

x(t)) = (hk/m — 2aa)t .

Comparing with the group velocity (1/#)9E /0K one
obtains (for wave packet propagation)

oy = (|\|/h) sin(ka + 8) .
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Fig. 1. (a) Dispersion relation fori=m=ag=1and A = 1. (b)
Sample paths for k = 1.895.

Figs. 1a and 2a display the dispersion relations for
A|=1,8=0;and |A|=7,0 =m.In figs. 1b and 2b
one sees a few sample paths for the wave packet pro-
cessat k= 1.895 and k = 5.8519 respectively, i.e. at
the non-trivial minima of £. In these (roton) sample
paths one sees how cancellation in the average of dif-
fusion and jumping leads to a vanishing mean dis-
placement.

These results can be extended to the case of a gen-
eral convolution potential defined by (8), (9) with
dispersion relation (12b). The corresponding process
is a diffusion with drift 7ik/m plus a jumping part
which is a superposition of Poisson processes defined
by the characteristic functions

Fig. 2. (a) Dispersion relationforA=m =g =1and A = -7.
(b) Sample paths for k¥ = 5.8519.

Cp(u,t)=exp(t|a3|fd”n u(n)

X {exp[—iune(m)] — 1}) ,
Cy(u, 1) = exp ((T— Dles| [ dmn {~iuXe(n)

+u(n){expliune(m)] — 1} }\) ,
where
a3 = 5z [amn V@lisinfk-n — 61,
e(n) = sign(sin[k-n — 6()]),
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p(m) = 2laz R~V @lisin[k-n — 6],
V(n) =1V ()| exp[if(n)] .

The balance of diffusion and jumping leading to
roton effects is an interesting consequence of transla-
tion potentials (or convolution potentials in general).
If the space where the jumping takes place is compact
(an angular variable, for example) the situation is
somewhat different. Here one considers only the sim-
plest situation where the potential

(V¥)x) = V(O d(x) + W(Rx) + N Y(R5 x)
— 2 Re Ay(x)

contains a radial part plus a symmetric rotation of 8
around a fixed axis. Choosing this one as the angular
momentum quantization axis and writing the wave-
function as

Yx)=F(NY,(Q),

one obtains

r (10 5,0 10+1)
—2m(:2'5?' ot tTO

A= I}\l ei0 ,

+ 2|\ | [cos(mB +6) — cos@])F(r)=EF(r) }

This implies that the (n!) levels will have an (anoma-
lous) splitting

E=E,;+ 2|\ [cos(mB+8) — cos 0] .
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