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Non-commutative probability and

non-commutative processes

R. Vilela Mendes∗

CMAF-CIO, University of Lisbon

Abstract

A probability space is a pair (A, φ) where A is an algebra and φ a
state on the algebra. In classical probability A is the algebra of linear
combinations of indicator functions on the sample space and in quantum
probability A is the Heisenberg or Clifford algebra. However, other alge-
bras are of interest in non-commutative probability. Here one discusses
some other non-commutative probability spaces, in particular those asso-
ciated to non-commutative space-time.

1 Introduction

1.1 Non-commutative probability

In classical probability theory, a probability space is a triple (Ω, F, P ) where Ω
(the sample space) is the set of all possible outcomes, F (the set of events) is
a σ−algebra of subsets of Ω and P is a countably additive function from F to
[0, 1] assigning probabilities to the events.

Let H =L2 (Ω, P ) be the Hilbert space of square-integrable functions on Ω.
In H consider the set of indicator functions XB = I{x∈B}, with x ∈ Ω and
B ∈ F . Given an unit vector 1 in H, the law of XB is the probability measure

B → (1, XB1) =

∫
XB (x) dP (x) = P (B) (1)

The XB’s form a set of countably additive projections on functions that only
depend on the events B. {XB} with involution (by complex conjugation) is a
∗−algebra A, which is the algebra of random variables. The algebra may be
identified (by homomorphism) with the ∗−algebra L (H) of bounded operators
in H.

A spectral measure X over a measurable space E is a countably additive
mapping from measurable sets to projections in some Hilbert space. In this way
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classical probability is reframed as a spectral measure over Ω. Assigning a non-
negative real number to each positive element in the algebra A (such functional
is called a state in A) is in fact von Neuman’s view of probability theory.

In classical probability theory A is a commutative algebra. Replacing it by a
non-commutative ∗−algebra and keeping the prescription of obtaining the law
of X ∈ A by computation in a state as in (1) one obtains non-commutative
probability.

1.2 Non-commutative processes

Going from probability spaces to stochastic processes a few more steps are re-
quired. Let us revisit Kolmogorov’s extension theorem. It states that given
some interval T in the real line, a finite sequence of points t1, t2, · · · , tn in this
interval and a probability measure νt1,···,tn in R

n and measurable sets B1 · · ·Bn

satisfying
1 - νπ(t1),···,π(tn)

(
Bπ(t1) × · · · ×Bπ(tn)

)
= νt1,···,tn (Bt1 × · · · ×Btn) for any

permutation π and
2 - νt1,···,tn (Bt1 × · · · ×Btn) = νt1,···,tn (Bt1 × · · · ×Btn × R · · · × R),
then a probability space (Ω,F , P ) exists, as well as a stochastic process

Xt : T × Ω → R such that

νt1,···,tn (Bt1 × · · · ×Btn) = P (Xt1 ∈ B1, · · · , Xtn ∈ Bn)

The index set T may thought of a part of the spectrum of an operator. In the
commutative case it is a subset of a multiplicative operator T̂ . When going to to
non-commutative probability if the T̂ operator commutes with the elements of
the probability algebra A then the construction of the non-commutative process
proceeds in a way similar to the Kolmogorov extension theorem. For each ti
a noncommutative probability space (Ai, Pi), Pi being a state, is constructed
and then compatibility conditions as in the Kolmogorov theorem are imposed.
Processes of this type, of which quantum probability is an example, will be called
non-commutative processes of type I.

If however the index set operator T̂ has nontrivial commutation relations
with the elements of the probability algebra A, the construction of the process
will be different. Processes where T̂ does not commute with A will be called
non-commutative processes of type II.

In the next sections, after a short review of the quantum probability setting,
noncommutative processes for more general algebras will be discussed as well as
the construction of non-commutative processes of type II. Some of the results
were already reported in [13]. Here a more systematic presentation is given as
well as some new results.
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2 Quantum probability: Non-commutative pro-
cesses and the Heisenberg algebra

The main motivation to extend probability theory to the noncommutative set-
ting came from the application of probabilistic concepts such as independence
and noise to quantum mechanics. For this reason the class of developments in
noncommutative probability inspired by the structure of Quantum Mechanics
carry the names of Quantum Probability or Quantum Stochastic Processes or,
more generally, Quantum Stochastic Analysis [1] [2] [3] [4].

The dynamics of a particle in classical mechanics is described in phase space
by functions of its coordinate q and momentum p. Functions f (q, p) form a
commutative algebra and a classical probabilistic description of the particle
dynamics is an assignment of a probability Pf to each function by

Pf =

∫
f (p, q) dµ (p, q) (2)

the measure µ (p, q), with
∫
dµ (p, q) = 1, being the state.

In QuantumMechanics such functions do not commute. In particular, for the
phase-space coordinate functions one has the canonical commutation relations
(CCR),

[q, p] = iℏ (3)

with ℏ = 1.054× 10−34J × s = 1.054× 10−27g × cm2 × s−1. For phenomena at
the scale of cm (q) and g × cm× s−1 (p), ℏ is a small quantity. Nevertheless it
is not zero and it entirely changes the structure. For n particle species it would
be

[qi, pj] = iℏδijI

[qi, qj ] = [pi, pj ] = [pi, I] = [xi, I] = 0. (4)

This is the Lie algebra of the Heisenberg group H (n), the maximal nilpotent
subgroup in U (n+ 1, 1). Quantum Probability is the particular case of non-
commutative probability associated to this Heisenberg algebra. Let n = 1. In
the unitary representations of H (1) in L2 (R) the Lie algebra operators are ([5]
Ch.12)

qf (x) = xf (x)

pf (x) = −iλ d
dx
f (x)

If (x) = λf (x) (5)

the representations being irreducible for λ 6= 0. Defining creation and annihila-
tion operators

a =
1√
2
(q + ip)

a† =
1√
2
(q − ip) (6)
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one obtains a representation of the operators in Fock space, a convenient dense
set in Fock space being the set of exponential vectors

ψ (f) = 1⊕ f ⊕ · · · ⊕ f (n)

√
n!

⊕ · · · (7)

f (n) being the n−fold tensor product of f .
To define processes one considers an index set [0, T ) and a family of operators

{At, At,Λt} indexed by the characteristic functions [0, t). These operators have
the following action on exponential vectors.

Atψ (f) =

∫ t

0

dsf (s)ψ (f)

A
†
tψ (f) =

∂

∂ε

∣∣∣∣
ε=0

ψ
(
f + εχ[0,t]

)

Λtψ (f) =
∂

∂ε

∣∣∣∣
ε=0

ψ (eεχ[0,t]f) (8)

Quantum stochastic differentials are defined by

dAt = At+dt −At

dA
†
t = A

†
t+dt −A

†
t

dΛt = Λt+dt − Λt

and quantum stochastic calculus is, in practice, an application of the rules

dAtdA
†
t = dt; dAtdΛt = dAt; dΛtdA

†
t = dA

†
t ; dΛtdΛt = dΛt

all other products vanishing.
Many deep results have been obtained in the quantum stochastic processes

field1 of practical importance for physical systems perturbed by quantum noise.
Also, nonlinear extensions have been obtained [6] [7] [8].

In quantum mechanics bosons satisfy CCR whereas fermions have canoni-
cal anticommutation relations (CAR). Based on the fermion Clifford algebra a
noncommutative stochastic calculus has also been developed [9] [10] [11]. Nev-
ertheless boson and fermion stochastic calculus may be unified in a single theory
[12].

3 Non-commutative processes beyond the Heisen-

berg and Clifford algebras

3.1 Non-commutative processes for the iso(1,1) algebra

This probability space was first discussed in [13] and the main results are recalled
here. The algebra is

[P,Q] = −iI
1See for example the proceedings of the serie of conferences ”Quantum Probability and

Infinite Dimensional Analysis” and references therein.
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[Q, I] = −iP
[P, I] = 0 (9)

This is the algebra of one-dimensional noncommutative phase-space with the
correspondence to the physical variables p, x established by P = ℓp and Q = x

ℓ
,

ℓ being a fundamental length.
As in quantum probability, the first step is to obtain the representations

of the algebra. The algebra (9) is the Lie algebra of the group of motions of
pseudo-Euclidean space ISO(1, 1). The group contains hyperbolic rotations in
the plane and two translations, being isomorphic to the group of 3× 3 matrices




coshµ sinhµ a1
sinhµ coshµ a2

0 0 1


 (10)

its elements being labelled by (µ, a1, a2). The representations of the group in
the space of functions in the hyperbola f (cosh ν, sinh ν) are

TR (µ, a1, a2) f (ν) = eR(−a1 coshµ+a2 sinhµ)f (ν − µ) (11)

The TR representation is unitary if R = ir is purely imaginary and irreducible
if R 6= 0. For the Lie algebra one obtains:

Q = i
d

dµ

P = sinhµ

I = coshµ (12)

acting on the space V1 of functions on the hyperbola. The r = 1 representation
has been chosen. It is convenient to define the operators

A+ =
1√
2
(Q− iP )

A− =
1√
2
(Q+ iP ) (13)

Using the representation (12) the state in V1 that is annihilated by A− is

ψ0 =
1√
N
e− coshµ (14)

N being a normalization factor N = 2K0 (2) and K0 the modified Bessel func-
tion.

With the algebra of the operators {A+, A−, I} and the state defined by
ψ0−expectation values the probability space is defined. The rest of the con-
struction is standard.

With the scalar product

(ψ, φ)µ =

∫

R

dµψ∗ (µ)φ (µ) (15)
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the space V1 of square integrable functions in the hyperbola becomes, by com-
pletion, an Hilbert space and let h = L2 (R+) be the Hilbert space of square
integrable functions on the half-line R+ = [0,∞). One now constructs an infinite
set of operators labelled by functions on h, with the algebra

[A− (f) , A+ (g)] = I (fg)

[A− (f) , I (g)] = [A+ (f) , I (g)] =
1

2
(A− (fg)−A+ (fg))

These operators act on H1 = h⊗ V1 by

A− (f)ψ (g) =
i√
2

((
d

dµ
+ sinhµ

)
ψ

)
(fg)

A+ (f)ψ (g) =
i√
2

((
d

dµ
− sinhµ

)
ψ

)
(fg)

I (f)ψ (g) = (coshµ× ψ) (fg) (16)

f, g ∈ h, ψ ∈ V1, ψ (g) ∈ H1.
Adapted processes are associated to the splitting

h = L2 (0, t)⊕ L2 (t,∞) = hs ⊕ h(s (17)

with the corresponding

H1 = Ht
1 ⊕H

(t
1 = ht ⊗ V1 ⊕ h(t ⊗ V1 (18)

An adapted process is a family K = (K (t) , t ≥ 0) of operators in S such that
K (t) = Kt ⊗ 1. The basic adapted processes are

I (t) = I
(
χ[0,t]

)

A+ (t) = A+

(
χ[0,t]

)

A− (t) = A−
(
χ[0,t]

)
(19)

For each adapted process K (t) define dK (t) = K (t+ dt) − K (t). Given
adapted processes E0, E+, E− a stochastic integral

N (t) =

∫ t

0

E0dI+ E+dA+ + E−dA− (20)

is defined as the limit of the family of operators (N (s) ; s ≥ 0) such that N (0) =
0 and for tn < t ≤ tn

N (t) = N (tn)+E
(n)
0 (I (t)− I (tn))+E

(n)
+ (A+ (t)−A+ (tn))+E

(n)
− (A− (t)−A− (tn))

(21)
with E0, E+, E− assumed to be simple processes

E0 =
∞∑

n=0

E
(n)
0 χ[tn,tn+1)
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E+ =

∞∑

n=0

E
(n)
+ χ[tn,tn+1)

E− =

∞∑

n=0

E
(n)
− χ[tn,tn+1) (22)

Then, in H1 = h⊗ V1 one has

〈φ (f) , N (t)ψ (g)〉 =
∫ t

0

〈
φ (f) , E0 (s) (coshµ× ψ) (gχds) + E− (s) i√

2

((
d
dµ

+ sinhµ
)
ψ
)
(gχds)

+E+ (s) i√
2

((
d
dµ

− sinhµ
)
ψ
)
(gχds)

〉

(23)
Multiplication rules for the stochastic differentials

dA− (t) = A− (t+ dt)−A− (t)

dA+ (t) = A+ (t+ dt)−A+ (t)

dI (t) = I (t+ dt)− I (t) (24)

are obtained taking into account the commutation relations and expectation
values in the ψ0 state. Non-vanishing products are

dA− (t) dA+ (t) = I (dt)

dI (t) dA+ (t) = −dA− (t) dI (t) = −1

2
(A− (dt)−A+ (dt)) (25)

Of interest is also the characterization of the coordinate process Q (t) =
1√
2
(A− (t) +A+ (t)). The characteristic functional is

CQ(t) (f) =
K0

(
2 cos

(
1
2

∫ t

0 f (s) ds
))

K0 (2)
(26)

3.2 Non-commutative processes for the iso(3,1) algebra

The algebra is

[
Qi, Qj

]
= −iM ij

[
P i, Qj

]
= −iIδij

[
Qi, I

]
= iP i

[
M ij , Qk

]
= i

(
Qiδjk −Qjδik

)
[
M ij , P k

]
= i

(
P iδjk − P jδik

)
[
P i, I

]
=

[
M ij , I

]
=

[
P i, P j

]
= 0 (27)

This is, in three dimensions, the phase space algebra of non-commutative space-
time. It is the algebra of the Poincaré group. For those familiar with the use
of this group in relativistic quantum mechanics notice that here the three Qi’s
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play the role of the boost generators and I the role of the generator of time
translations.

The group ISO(3, 1) is isomorphic to the group of matrices

(
h a

0 1

)
where

h ∈ SO(3, 1) and a ∈ R4.
A representation of the iso (3, 1) algebra that generalizes the representation

(12) is obtained in the space V3 of functions in the upper sheet of the hyperboloid
H3

+ with coordinates

ξ1 = sinhµ sin θ1 cos θ2

ξ2 = sinhµ sin θ1 sin θ2

ξ3 = sinhµ cos θ1

ξ4 = coshµ (28)

The representation is

I = coshµ

P 1 = sinhµ sin θ1 cos θ2

P 2 = sinhµ sin θ1 sin θ2

P 3 = sinhµ cos θ1

M12 = i
∂

∂θ2

M31 = i

(
cos θ2

∂

∂θ1
− cot θ1 sin θ2

∂

∂θ2

)

M23 = −i
(
sin θ2

∂

∂θ1
+ cot θ1 cos θ2

∂

∂θ2

)

Q1 = i

(
sin θ1 cos θ2

∂

∂µ
+ cothµ

(
cos θ1 cos θ2

∂

∂θ1
− sin θ2

sin θ1

∂

∂θ2

))

Q2 = i

(
sin θ1 sin θ2

∂

∂µ
+ cothµ

(
cos θ1 sin θ2

∂

∂θ1
+

cos θ2
sin θ1

∂

∂θ2

))

Q3 = i

(
cos θ1

∂

∂µ
− cothµ sin θ1

∂

∂θ1

)
(29)

Define the operators

Ai
− =

1√
2

(
Qi + iP i

)

Ai
+ =

1√
2

(
Qi − iP i

)
(30)

to which in H3 = h⊗V3 correspond the operators Ai
− (t)

.
= Ai

−
(
χ[0,t]

)
, Ai

+ (t)
.
=

Ai
−
(
χ[0,t]

)
as well as I (t)

.
= I

(
χ[0,t]

)
,M ij (t)

.
=M ij

(
χ[0,t]

)
with algebra

[
Ai

− (t) , Aj
+ (s)

]
= δijI (t ∧ s)− i

2
M ij (t ∧ s)

8



[
Ai

− (t) , I (s)
]

=
[
Ai

+ (t) , I (s)
]
=

i√
2
P i (t ∧ s)

[
Ai

± (t) ,M jk (s)
]

= i
(
δijAk

± (t ∧ s)− δikA
j
± (t ∧ s)

)

[
M ij (t) ,Mkl (s)

]
= −i

(
δjkM il + δilM jk − δikM jl − δjlM ik

)
(t ∧ s)(31)

The normalized spherical symmetrical state ψ0 = 1√
8πK0(2)

exp (− coshµ) is

annihilated by all Ai
− (t)

Ai
− (t)ψ0 = 0; i = 1, 2, 3 (32)

The operators
{
Ai

− (t) , Aj
+ (t) , I (t) ,M ij (t)

}
, the representation (29) and ex-

pectations on the ψ0 state define the probability space. Multiplication rules for
the stochastic differentials dAi

− (t) = Ai
− (t+ dt) − Ai

− (t), etc. are obtained
taking into account the commutation relations and expectation values in the ψ0

state,

dAi
− (t) dAj

+ (t) = δijI (dt)

dAi
+ (t) dAj

− (t) = 0

dAi
− (t) dI (t) = −dI (t) dAi

− (t) =
1

2

(
Ai

− (dt)−Ai
+ (dt)

)
(33)

The characteristic functionals of the coordinate processesQi (t) = 1√
2

(
Ai

− (t) +Ai
+ (t)

)

are

CQi(t) (f) =
1

4πK0 (2)

∫
dΩK0

(
2 cos

(
gi (θ1, θ2)

2

∫ t

0

f (s) ds

))
(34)

with g1 (θ1, θ2) = sin θ1 cos θ2; g2 (θ1, θ2) = sin θ1 sin θ2; g3 (θ1, θ2) = cos θ1 and
dΩ = sin θ1dθ1dθ2. Notice however that these processes are not independent
being related by the rotation process M ij (t)

[
Qi (t) , Qj (s)

]
= −iM ij (t ∧ s) (35)

4 Non-commutative processes of type II

In the previous section the index set of the stochastic processes (or the h−space)
may be looked at as the continuous spectrum of an operator that commutes with
all other operators in the algebra. Here the case where such operator does not
commute with the algebra operators will be analyzed.

In this case the H space, where the stochastic process operators act, can
no longer be a direct product as before, rather it is a representation space for
the whole set of operators, including the one that generates the index set. An
example is the following algebra

[E, T ] = iI
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[T, I] = iE

[Q,P ] = iI

[Q, I] = iP

[P, I] = [P, T ] =
[
M10, I

]
= 0

[Q, T ] = −iM10

[
M10, Q

]
= iT

[
M10, P

]
= iE

[
M10, T

]
= iQ

[
M10, E

]
= iP (36)

This iso (2, 1) algebra is the algebra of two-dimensional noncommutative space-
time. Notice that as a real algebra it is different from the algebra studied in [13]
because a different metric is used in the deformed space. For consistency with
the physical interpretation of T as the time operator, T will be the operator
that generates the index set of the stochastic process. A representation of this
algebra is obtained on functions f (σ, θ) in the C2 cone,

T = −i ∂
∂θ

E = σ sin θ

I = σ cos θ

P = σ

Q = i

(
σ cos θ

∂

∂σ
− sin θ

∂

∂θ

)

M10 = i

(
σ sin θ

∂

∂σ
+ cos θ

∂

∂θ

)
(37)

T has discrete spectrum, with eigenfunctions

T
(
einθf (σ)

)
= neinθφ (σ) (38)

φ (σ) being an arbitrary function of σ.
In the cases studied before the space H, where the stochastic process opera-

tors act, is a direct product h⊗V , that is, the space V is the same for all times.
Here however once a normalized cyclic vector2 of σ is chosen to generate a vσ
space, the space Vn at time n is Vn = einθvσ and

H = ⊕Vn (39)

An adapted, discrete time, stochastic process is

O (t) = ⊕t
n=0On (40)

2exp
(

−σ2/2
)

/
(

π1/4
)

for example
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On being one of the operators in (37) acting on Vn. For example for functionals
F (Q (t)) of the coordinate process Q (t) expectation values are obtained by

〈F (Q (t))〉 =
t∑

0

1

2π

∫
dσdθφ∗ (σ) e−inθQ (σ, θ) einθφ (σ) (41)

5 Remarks and conclusions

1 - von Neuman’s view of probability theory as a pair (A, φ) where A is an
algebra and φ a state is a powerful insight with far reaching implications. The
main purpose of this paper was to emphasize that in addition to the many deep
results already obtained in quantum probability, where the Heisenberg or the
Clifford algebras play a central role, other algebras are of potential interest, in
particular in the noncommutative space-time context [14] [15] [16].

In addition, it has been pointed out that in some cases the index set of the
stochastic process might be generated by a non trivial operator in the algebra,
the consequence being that the space where the stochastic process operators act
is no longer a direct product.

2 - In the past, a central role is played in Quantum Probability by the algebra
of the second quantization operators, the creation and annihilation operators. In
1977 Palev [17] has shown that the basic requirements of the second quantization
formulation may also be obtained by operators that lead to generalized quantum
statistics [18]. The algebras of these generalized quantum statistics operators
would also provide new examples of noncommutative processes.
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