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Abstract. Results obtained in the past for free boson systems at zero and
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mechanics amounts to the construction of unitary representations of
diffeomorphism groups. Two mathematical equivalent procedures exist for this
purpose. One searches for quasi-invariant measures on configuration spaces,
the other for a cyclic vector in Hilbert space. Here, one argues that the second
approach is closer to the physical intuition when modelling complex systems.
An example of application of the current algebra methodology to the pairing
phenomenon in two-dimensional fermion systems is discussed.
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1. Introduction

All representations of canonical fields with a finite number of degrees of freedom are
equivalent to the Fock representation. However, for an infinite number of degrees of
freedom there are, in addition to the Fock representation, infinitely many inequivalent
representations of the canonical commutation relations. In relativistic quantum field
theory, Haag’s theorem states that, with a space-invariant vacuum, any representation
equivalent to Fock can only describe a free system. Therefore, to obtain a non-trivial
theory, one either works with a non-Fock representation or with a Fock representation
in a finite volume. In the latter case one considers N particles in a finite volume V.
Calculations are then carried out in the Fock representation, but in the end one may
take N,V — oo with the N/V = p ratio fixed. The N/V limit thus provides a way to
deal with non-trivial infinite systems using the Fock representation. However, by the
very nature of the fixed p density limit, it is unable to deal with systems with density
fluctuations. This shortcoming might be solved by the use of the reducible functionals
to be described later on.

In the field theory description of matter, the field operators t(z) and '(z) do not
represent actual physical observables. This, together with the strong uniqueness results
on the representation of the (finite-dimensional) canonical commutation relations, were
the original motivations for the proposal by Dashen, Sharp, Callan and Sugawara
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[1-4] to use local density and current operators as descriptors of quantum observ-
ables. Despite some early successes, mostly in the derivation of sum rules, relativistic
current algebra in space-time dimensions higher than 1+ 1 faced serious difficulties
related to the non-finiteness of Schwinger terms. By contrast, no such problem occurs
for non-relativistic current algebras which, already at a very early stage, have been
proposed as a tool for statistical mechanics [5, 6]. Nonrelativistic current algebra was
then extensively studied by Goldin and collaborators [7-9]. A relation with the classi-
cal Bogolubov generating functional has also been established, in particular as a tool
for constructing the irreducible current algebra representations [10, 11]. From a math-
ematical point of view, the early considerations related to the N/V limit have found a
rigorous interpretation in the framework of the infinite-dimensional Poisson analysis in
configuration spaces ([12] and references therein).

In this paper results obtained in the past for free boson systems at zero and nonzero
temperature are revisited with a view to clarify the physical meaning and potential useful-
ness of current algebra reducible functionals. Reducible functionals are associated to sys-
tems with density fluctuations, which may lead to observable effects on phase transitions.

Using current algebra as a tool for the formulation of quantum statistical mechan-
ics is closely related to the problem of construction of unitary representations of
diffeomorphism groups. Two mathematical equivalent procedures exist for this pur-
pose. One searches for quasi-invariant measures on configuration spaces, the other for a
cyclic vector in Hilbert space. Here, one argues that the second approach is closer to the
physical intuition when modelling complex systems. An example of application of the
current algebra methodology to the pairing phenomenon in two-dimensional fermion
systems is included.

2. Boson gas, the infinite-dimensional Poisson measure and reducible functionals

2.1. Infinite-dimensional Poisson measures and free Boson gases

The framework of non-relativistic current algebra of many-body systems is a par-
ticularly convenient way to establish the connection of the Boson gas functional with
infinite-dimensional measures, as well as to explore generalizations. The basic variables
of the many-body system are the smeared currents [6, 7] (see also [8, 9] and references
therein)

o(f) = / & f(z)olx)
J(g) = / Erd(z) o g() M

f(z) and g(x) being respectively smooth compactly supported functions and smooth
vector fields. The smeared currents satisfy the infinite-dimensional Lie algebra,

lo(f),o(h)] =0
lo(f),J(g)] =ic(ge V)
[J(g),J (k)] =iJ (ke Vg — g e Vk) (2)
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each particular physical system corresponding to a different Hilbert space representa-
tion of this algebra or of the semidirect product group generated by the exponentiated
currents

U(f)= elo(f)

V(gf) = e"1® 3)
® being the flow of the vector field g

d

E@g(x) =g (dF(z)). (4)

For a system of N free bosons in a box of volume V, the normalized ground state is

1 N
Qny (21, ,2N) = (ﬁ) )

and the ground state functional is
Lyyv (f) = OQnyv,Uny (f) Q)

1 o\ (6)
= (= [ dBPz/@ .
(V /v >

Coupled with an equation of continuity relating ¢ and J, this functional determines not
only the representation of U ( f) but also that of V (¢%), up to a complex phase multi-
plier that satisfies a cocycle condition®.

In the N — oo limit with constant average density p = % (also called the N/V limit)
one obtains

L(f)= lim (1+%/(eif<l‘> ~1) d%)N

N—o0

= exp (p/ (eif(l’) — 1) d3x) (7

which one recognizes as the characteristic functional of the infinite-dimensional Poisson
measure (see the appendix).
Likewise the functional

LN/V (f, g) = (QN/Va elel f)eiJ(g)QN/v)
is [13] in the N/V limit

L(s.) = (p [ {e (@ero,080) - 1} o)

where det 0,,¢%(x) stands for the Jacobian of the transformation = — ¢8(x).

Identifying pd3z in (7) with the measure du in the configuration spaces discussed in
the appendix, the L ( f) functional may also be written as a vacuum expectation func-
tional. Expanding the exponential in (7)

1 See equation (21).

https://doi.org/10.1088/1742-5468/aa9342 4


https://doi.org/10.1088/1742-5468/aa9342

Current algebra, statistical mechanics and quantum models

< [du . n
L(f)=) ¢ . (/ elf(x)du) (8)

n=0
one may write

L(f)=@U(N)) (9)
for

0= ?e_%fd“ln (10)

1, denoting the identity function in the n-particle subspace of a direct sum Hilbert
space, the % factor in (8) being recovered by the symmetrization operation.

However (7) is not the most general consistent representation of the nonrelativ-
istic current algebra of a free boson gas, a more general one being [7], the reducible
functional

L(f)= /Ooo exp (p/ (¥ —1) deﬂ) d¢ (p) (11)

with £ a positive measure on [0, 00) normalized so that fooo d¢ (p) = 1. This inifinite-
dimensional compound Poisson measure may represent a boson gas with density
fluctuations. As pointed out in [15], among the many possible reducible functionals
consistent with (11) there is a fractional generalization of (8), namely

o0 (n) . n
Lo (f) = M (/ eif(x)du> (12)

n!
n=0

(0 < a < 1), which corresponds to a vacuum state

Q=@ \/ EM (— / du) 1, (13)

Jo denoting the nth derivative of the Mittag-Leffler function [16]. €2, differs from €2
in the weight given to each one of the n-particle spaces. The measure associated to the
functional (12) was called the infinite-dimensional fractional Poisson measure and the
corresponding physical system the fractional boson gas.

The reducible functional associated to the infinite-dimensional fractional Poisson
measure was introduced because the Mittag-Lefller is a very natural analytic general-
ization of the exponential function. The main interest in studying such an example is
the possibility to analyse rigorously its support properties as well as the Hilbert space
structure, in particular the nature of the n-particle subspaces. This is the mathemati-
cal motivation for the study of the fractional boson gases. Of course it also suggests
that similar support and Hilbert space modifications would occur for other reducible
functionals.

The study of the fractional boson gas has been carried out elsewhere [15] and, for
the convenience of the reader, the main results are summarized in the appendix. The
meaning and relevance of the reducible functionals of type (11) becomes clear when
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finite temperature functionals are computed. These were computed by Girard [17] in
the current algebra framework.

2.2. The zero temperature limit of finite-temperature functionals

For T # 0, instead of the matrix element (6), one computes

N,V - Tr (e_ﬁH) (14)
for the canonical ensemble and

v () = T (ePHN o—BH) (15)
for the grand canonical ensemble. H is the free particle Hamiltonian, 5 = %, w1 is the

chemical potential and N the particle number operator. Girard [17] obtains for the
grand canonical functional

L (f) = det[I — (/@ — 1)/ (?H= — 1)), (16)

However, taking the zero temperature limit of (16) one does not recover the infinite
dimensional Poisson measure of (7). Instead of (7) the following functional is obtained
[17]

Lo (p) = (1 — ﬁ/ (e —1) dx) B (17)

which is seen to be a reducible functional, as in (11), with density

1 _
dé (p) = (5)6"’/ Pdp. (18)

Physically this makes sense, because since the grand canonical ensemble only fixes the
particle number in average, it is reasonable that the corresponding ground state be
a state with density fluctuations. The zero temperature limit of the grand canonical
Boson gas is therefore a ground state with density fluctuations defined by (18). A natu-
ral question to ask is what is the physical meaning of all other reducible functionals.
One possible answer is the following result:

# All reducible functionals of type (11) (infinite-dimensional compound Poisson mea-
sures) may be obtained as zero-temperature limits of superpositions of grand canonical
free boson gases with different chemical potentials.

Consider a superposition of grand canonical free boson gases with different chemical
potentials, hence with different average densities p. Let the superposition be described
by the measure v (p) with

/dpy (7) = 1.

https://doi.org/10.1088/1742-5468/aa9342 6
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Then the corresponding reducible functional would be

fowzlwmm(g/@wﬂ—md%)r@nm

with
L= [ @G

Changing variables t = %

_ OOV(%) —pt
T(p)—/o — e dt

1
[ (p) is seen to be the Laplace transform of @
transform implies that given a I' (p) one may find a v (p)-superposition of grand canoni-
cal free boson gases with that particular reducible functional.

This is one possible physical interpretation of the meaning of the reducible func-
tionals. Alternatively we might consider the reducible functionals in (11) simply as
zero-temperature limits of statistical ensembles with density fluctuations. In favor of
this alternative interpretation is the fact that particles with different chemical poten-
tials would be different particles, but for example both the infinite dimensional Poisson
measure and the infinite dimensional fractional Poisson measure have the same sup-
port, the configuration spaces of locally finite point measures without any additional
labelling (see the appendix).

The study of the support of the measures associated to the irreducible and the
reducible cases gives some hints on their role as far as physical modeling is concerned.
For example, although the support for the infinite dimensional Poisson measure and the
fractional one (fractional boson gas) are the same, the weights given to the n-particle
states are different. The grand canonical ensemble might not be the only useful particle
number fluctuation ensemble and different types of particle density fluctuations might
imply different low-temperature phase transition behaviors.

Here we explore this possibility by computing the modifications introduced on the
thermodynamic functions near the Bose-Einstein condensation temperature when,
instead of the usual grand canonical ensemble, we have other types of particle number
fluctuations, which would correspond in the zero-temperature limit to general classes
of reducible functionals. Based on the equivalence result proved above this may be
obtained by considering the superposition of grand-canonical free boson gases with
different chemical potentials. For the grand-canonical free boson gas the number den-

sity @ is

. Therefore, invertibility of the Laplace

N 1 =z +1 (2)
VoVi—z %Rt

the first term being the fraction of particles condensed in the ground state, z = e,
A= 1/% and gs/2(2) is the function

https://doi.org/10.1088/1742-5468 /aa9342 7
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ok
z
g32(2) = ) =k
k=1

For a superposition of grand-canonical free boson gases with different chemical potentials
we replace €’ by €% and integrate over z with a measure v such that [dzv(z) = 1.

Then
N, o0 1 2® 1 i

Likewise the free energy becomes

S T dav(z)gs e (2%) T >T.

U 2 N3
N e
%I;\?;\‘ggE)/Q(]-) T < Tc

with
g52(2) = D 755
k=1

For T > T,, z (T) is obtained from

> N, (2x12\*?
d zy _ 'V T73/2
[ et e =3 ()

and the specific heat Cy = g—g for T'> T,

15 kY2 e
Cy = —kVT3/? <m_> / dav(z)gs/2 (2)
0

4 2mh?
3ETV dz (T)

+§ E /o dJZV(l’)gg/2(2$)l‘Z_lT.

Let, as an example, v(z) be a lognormal distribution peaked at x =1
1 B (ln xfaQ)

e 202

v(x) =
(@) ToV 2T

Computing Cy from the equations above for several values of ¢ one obtains the results
plotted in figure 1, where

mk
= orh2 023 T.

*

One sees that as o becomes larger the specific heat behavior, above the condensation
point, becomes sharper, more A-like than the grand canonical Bose condensation trans-
ition. Physically a larger o0 means that the particle number fluctuations are larger than
in the grand canonical ensemble. Notice that this is a purely statistical effect associated
to the number fluctuations, no interaction being assumed in the Bose gas.

https://doi.org/10.1088/1742-5468/aa9342 8
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3. Current algebra of many-body interacting systems

3.1. Representations of nonrelativistic currents, quasi-invariant measures and the ground
state formulation

The search for representations of the current commutators (2) or of the semidirect
product group generated by the exponentiated currents (3) is a very general method to
characterize many-body quantum systems. In particular the current algebra structure
is independent of whether one deals with Boson or Fermi or even other exotic statistics.

If the relevant configuration space is R?, a unitary representation of the exponenti-
ated currents in (3)

U(f)= ete(f)
V(o) = o1
is a unitary representation of a semidirect product of infinite dimensional Lie groups

G = D A Diff (R?) (19)

D being the commutative multiplicative group of Schwartz functions f € C§° (Rd) and
Dift (]Rd) the group of smooth diffeomorphisms of R?. Of special concern here is the
restriction to the connected component of the identity Diff, (Rd). The group composi-
tion laws are

U([L)U(f2) =U(fi+ fo)
V(@)U(f)=U(fog)V(¢)
V(¢1)V(g2) =V (d200¢1). (20)

Taking the currents as the fundamental structures of quantum mechanics, all physi-
cal models of (nonrelativistic) quantum mechanics should be obtained as the unitary
representations of the group G. A very general formulation for the representations of
this group starts from a space of square-integrable functions H = Ei (A, W) where A is
a configuration space, YV an inner product space and p a measure on A quasi-invariant
for the diffeomorphisms action V' (¢). Then

(V(6)0) (7) = xo (1) ¥ () i—*j () @

where v € A, U € H and x4 (7) : W — W is a family of unitary operators in W satisfy-
ing the cocycle condition

X1 (7) X2 (¢17) = Xo1o¢2 (’7) : (22)

Quasi-invariance of the measure pu is essential to insure the existence of the Radon—
Nikodym derivative in (21). On the other hand the unitary operators U ( f) are assumed
to act by multiplication

U(£)T)(y) =N (v) (23)

https://doi.org/10.1088/1742-5468 /aa9342 9
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the meaning of (v, f) depending on the particular choice of configuration space.

A popular configuration space for statistical mechanics applications has been the
space of locally finite configurations, for which the Poisson measure and some Gibbs
measures have been extensively studied [12]. However other, more general, configuration
spaces have been proposed, the space of closed subsets of a manifold [18], the space
of distributions D’ or &', the space of embeddings and immersions and the space of
countable subsets of R? (see for example [8, 19]). Other configuration space worth to
explore, when dealing with accumulation points of infinite cardinality, is the space of
ultradistributions or ultradistributions of compact support, which have been found use-
ful in another context [20].

The characterization of quantum systems through the construction of quasi-invari-
ant measures on configuration spaces is quite general. However, a basic difficulty with
this approach is that once a quasi-invariant measure is obtained it might not be easy
to figure out what is the physical interaction (potential) that originates such measure.
An alternative constructive approach, already foreshadowed in [7, 14], is suggested by
the following construction.

Let for definiteness the configuration space be &’ and assume the representation to
be cyclic, that is, there is a normalized vector 2 € H such that the set {U ( f) Q| f € S}
is dense in ‘H. Then the functional

L(f)=QU(f)Q) (24)

with L(0) = 1is positive definite and continuous. By the Bochner—Minlos theorem it is
the characteristic funtional of a measure on H. The cyclic vector {2 becomes the central
ingredient of the construction and, as will be seen later on, it relates in an easy manner
to the interactions of the system.

In this spirit, Menikoff [14] proposed a set of axioms for the construction of (non-
relativistic) quantum models: let H be a Hilbert space and H a positive self-adjoint
operator,

(i) There is a normalized state €2 of lowest energy. Then, by eventually subtracting
a constant from H

HQ =0. (25)
(i) D =Span{U (f)Q; f € S} is dense in H and D is in the domain of H.
(iii) Current conservation

[H,p(f)]=—iJ(Vf). (26)

(iv) There is an antiunitary time reversal operator 7T

To(HNT ' =p(f); T I@T '=-J(g); T Q= 27)

In this framework it is proved [14] that the matrix elements of J(g) and H are
expressed in terms of those of p ( f), namely

https://doi.org/10.1088/1742-5468/aa9342 10
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{e(f) I (@)le(f2)) =

(e (1T e (f2) = 5
with e ( f) = exp (ip ( f) 2). With time reversal invariance the equation (28) follow
from the commutation relations

(e(f)lp(g-V(fi+f2))le(fa))
(e(f1)lp(Vfi-Vf2)le(f2)) (28)

| — N =

exp in ( £)). (8)] = —p (&~ V) exp (ip (1)
exp ip (1)) 1] = (=3 (V1) + 30(97 1) exp o (1)

easily obtained from (2). A Hermitian form on a dense set of states does not
uniquely determine an unbounded operator. Nevertheless, equation (28) show
the central role played by the density operator p( f) and the ground state €
in the formulation of a quantum theory. This information is summarized in the
generating functional

L(f) =@ QU(f)Y).

Many-body quantum systems are usually explored by postulating a interparticle
potential and then obtaining the spectrum and eigenfunctions of the corresponding
Hamiltonian. What the above current algebra characterization suggests is that a more
natural (and complete) specification of the system is through a guess to the ground
state which may be easier to infer from the macroscopic properties of the system than
the microscopic potential that leads to such behavior. The idea of ‘quantum mechan-
ics from the ground state’ traces its origin to the papers of Coester and Haag [21] and
Araki [22]. It has been further developed for single particle nonrelativistic quantum
mechanics in several papers [23-25]. In this setting situations that would correspond
to singular or nonlocal potentials are easily handled. The current algebra formulation
now suggests that such an approach should also be carried out for many-body statisti-
cal mechanics.

Once a ground state function 2 = exp (—W) without nodes is defined, by adding a
constant to the Hamiltonian

H=-AN+V
such that
HQ =0
the corresponding potential is
AQ

Whereas in the approach through potentials, one usually restricts to a sum of two
body interactions, if an arbitrary ground state function is postulated, it will in general
correspond to potentials involving more than two particles. Some exceptions are the
harmonic interaction ground state in arbitrary dimensions

https://doi.org/10.1088/1742-5468 /aa9342 11
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N
w 2
W= )
2,j=1
and also
w N A N
2
Wy = 5”221(:61 —x;) + §;log|a¢i —z;

in one dimension [26, 27].

In the following subsection one shows how the search for the ground state,inspired
by an algebraic structure of the currents may shed light on the relevant physical prob-
lem of pairing in two-dimensional fermion systems.

3.2. Hole pairing and current quivers

Here, using currents, one attempts a formulation of a model for pairing as is required
in the high-temperature superconductor phenomenon. First a short outline of the
most relevant phenomenological facts which inspire the search for the elements of the
model.

First: the role of hole carriers and antiferromagnetic interactions

Experiments have shown that the charge carriers have hole character for all
classes of high-temperature superconductors and the superconducting state
arises near the antiferromagnetic phase, experiments on the inelastic magnetic
scattering of neutrons indicating the existence of strong magnetic fluctuations
in the doped region, even beyond the limits of the antiferromagnetic phase.
Though the long-range order disappears in the metallic and the superconducting
phases, strong fluctuations with a wide spectrum of excitations are conserved,
suggesting at least some local antiferromagnetic order. The closeness of the
superconducting to the antiferromagnetic transition emphasizes the important
role of spin fluctuations.

Second: the dual role of a gap and the phase coherence

In high-temperature superconductors, a gap is present even in the absence of
phase coherence, i.e. in nonsuperconducting specimens. It appears at temper-
atures less than some characteristic temperature which depends on the doping.
The (pseudo)gap is related to the appearance of coupled pairs, even before the
onset of the phase coherence responsible for the change of the resistance.
Therefore a key question is the nature of the mechanism of pairing of the car-
riers. Many different models were proposed, among which the following ones: the
magnon model, the exciton model, the resonant valence bond, bipolaronic model,
bisoliton model, anharmonic model, local pairs model, plasmon model, etc. All
these models use the concept of pairing with the subsequent formation of a Bose-
condensation at the superconducting transition. Pairing is therefore the central
physical mechanism to be explained.

https://doi.org/10.1088/1742-5468/aa9342 12
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All this experimental information led to relate high-temperature superconductivity
to the class of strongly correlated systems, the Hubbard model, the ¢+ — J model, the
antiferromagnetic Heisenberg model, etc. At the basis of these models are two simple
ideas: first that in a regular array of lattice positions, the dominant positive contrib-
ution to the energy is the Coulomb repulsion when two (opposite spin) electrons occupy
the same site, modelled by a term

T T
D ChiCatCh Cal (29)
a

and second that the energy decreases when the electrons are allowed to hop between
closeby sites, modelled by

— Z Czwcbg (30)

(ab),0

(a,b) meaning closeby sites, nearest-neighbors or next-to-nearest neighbors. c,, and
cl  destruction and creation electron operators at the site a and o is the spin orienta-
tion (1,]). The interacting terms (29) and (30) form the basis of the Hubbard model.
However, there is some evidence (see for example [28]) that by itself the Hubbard
model is not sufficient to provide an hole pairing mechanism and that extra interactions
must be called into play. We discuss this matter in terms of currents.

The interaction terms may be expressed in physical variables, that is, currents and
densities. Notice however that the most appropriate algebraic structure for these physi-
cal variables might not be a Lie algebra. Consider a 2D square lattice with the atoms
at the lattice vertices. The physical variables are the densities at each site a

po(a) = CZUCGU (31)
and the currents
To (0,0) = =i (clyar — chocic (32)

corresponding to electron fluxes between the sites a and b. The commutation relations
are

[ps(a), Jpr (m,n)] = =1 (0an — dam) K (m,n) dgor
[ps(a), Ko (m,n)] =1(6an — dam) J (M, 1) dg0r
[J5 (a,0), Jo (Mm,n)] =1(=damd (b,n) + dand (b,m) — 0pnd (a,m) + Spmd (a, 1)) dor
[Jo (a,b), Ky (m,n)] =1(=0amE (n,b) — 04 n I (M, b) 4+ 0pn K (M, a) + Sp K (n,a)) 650
(K, (a,b), Ko (m,n)] =1(damJ (n,0) + and (M, b) + 9 (M, a) + 6pmd (0, ) Sgor
K, (m,n) being the operator (33)
Koy (m,n) = chylmg + chipCno (34)

This is the operator that in the continuum case leads to the term o (g e Vf) in right
hand side of (2). Notice that K, (m,m) = 2p,(m).

One sees from the commutation relation of the currents that starting from currents
connecting close neighbors one obtains, by successive commutators, currents involving

https://doi.org/10.1088/1742-5468 /aa9342 13
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direct hoppings between all sites in the lattice which, for the strongly correlated sys-
tems, are of no immediate physical interest. Therefore a Lie algebra is not an useful
algebraic structure for these currents. Instead, restricting to nearest neighbor and next-
to-nearest neighbor hoppings one obtains the following quiver (figure 2). A quiver is a
directed graph. A representation of a quiver assigns a vector space N to each vertex,
and a linear map to each edge (arrow). In the current quiver of figure 2 the arrows
connecting the vertices to themselves are charge density contributions p,(a) and those
connecting different vertices correspond to the operators

V, (a,b) = % (K, (a,b) +1J, (a,b)) (35)

V, (a,b) being a directed map corresponding to an hop from site a to site b. Notice that
Vo ( ) = PU( )

To each vertex one assigns a four-dimensional space corresponding to the electron
configurations (1,1,1,0)), respectively double occupancy, spin up, spin down and a
hole. The directed hop maps V, (a,b) are represented by 4 x 4 matrices with elements

0011 0101
0011 0000
_ . _ 36
Vilad)=1q g o o[V @O=14 1 ¢ 1 (36)
0000 0000

each element of the matrices accounting for the possible hopping contributions from
vertex a to b. For the arrows connecting one vertex to itself, the representation maps
are

1000 1000
0100 0000
0000 0000

The relevant algebraic framework is therefore the quiver with maps p,(a) and V; (a,b)
and composition laws

V, (a,b) Vy (myn) = 04, Vs (M, b) + 81V (a,b) — Vi (m, b))V, (a,n) . (38)
In particular from V; (a,a) = p,(a) it follows that
Vo (a,0) Vo (b,a) = po(b) (1 = po(a)) . (39)

The state ¥ of the system is the tensor product of the states 1); € N for each ver-
tex. Stationary states of the quiver are states that are invariant for some iteration of
the quiver. Collecting the simplest quiver operations that leave a state ¥ invariant, a
general form for the stationary energy associated to the quiver is

E = UZ,OT a)p,(a —tZV (a,b) V, (b,a)
(ab

+k Y (1= pe(a) (1= po(a) (1= py(b) (1 = p—o (b))

(a,b),0
- JZ{Q+/B(1 —po(a)) (1 = p—s(a))} Z Vor (as ) Vor (105 1)
a,0 [nan],o’ (40)
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Figure 1. Specific heat behavior, above the condensation point, for different
particle number fluctuations.

where (a,b) denotes nearest-neighbors and [a, b] next-to-nearest-neighbors.

The first term is a positive contribution from Coulomb repulsion of two electrons
in the same lattice site. The second is a symmetric hopping term between nearest-
neighbor sites. The third is a hole repulsion term for holes at nearest-neighbor sites and
finally the last term accounts for the hopping contributions between the neighbors of
site a, which in the square lattice are next-to-nearest neighbors. In this last term two
main possibilities are considered. If « = 1 and 5 = 0 one has an unconditional next-to-
nearest hopping contribution of intensity —.J. However, if & =0 and S = 1, hopping
between the neighbors of site a only takes place if there is an hole in this site. The
physical idea behind this possibility is that the hole distorts the orbitals in its neighbor-
hood increasing the overlap of the wave functions of its neighbors.

Notice that our definition of the quiver energy does differ from similar operators
derived from the Hubbard model by canonical transformations and leading order trun-
cations. Using (39) the quiver energy is rewritten

E= UZPT a)p,(a —thg (1= po(a))
(a?
+k Y (1= pe(a)) (1= p-o(a)) (1 = py (b)) (1 = p_o (D))

(a,b),0
—JZ{Oz—i—ﬂ 1—ps(a)) (1 - a))} Z por ( — por (Na)) -
a,0 [nanl],o’
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XXX
§ XXX

Figure 2. A current quiver.

Having the stationary energy fully expressed in number operators, the search for mini-
mum energy states becomes a simple counting matter. Consider a 2D square lattice
with N sites, N — H electrons and H holes (H < N) and

U>t, t>J 4J > k.

To lower the energy, the large U value implies single occupancy of the lattice sites and
t > J (local) antiferromagnetic order. In the case « = 1, § = 0 a lowest energy estimate
yields

(N — H)(N — H—1)
2

the holes being spread over the lattice without any special correlation among them.
Any hole pairing would imply a k positive contribution. In contrast for the case a = 0,
£ =1 the minimum energy estimate is

(N_HNg_H;ﬂ)—wH+k§.

The physical mechanism is clear. Although the wave function overlap in the neighbor-
hood of an hole facilitates hopping between the neighbors of the hole, the local anti-
ferromagnetic order frustrates this hopping. Hence, to lower the energy, another hole
must be attracted to the neighborhood of the first hole and all holes are paired. Larger
hole clusters will be avoided if 2k > 5.J.

Hole pairing is a precondition to the latter formation of the coherent state leading
to superconductivity. The hole-induced hopping described here is a plausible mech-
anism for a possible hole pairing mechanism.

Ero~—t —4JH

EO,l ~ —t
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4. Conclusions

1 In contrast with the quantum fields of canonical quantization, local currents are
directly related to physical observables. In addition, whereas there are strong
uniqueness results for the representation of finite-dimensional canonical commu-
tation relations, the algebra of nonrelativistic currents has many non-equivalent
represenations, each particular physical system corresponding to a different one.
These two facts make (non-relativistic) current algebra a candidate of choice for
the formulation of the statistical mechanics of many-body systems.

2 The construction of representations of the current algebra may be carried out
either by defining quasi-invariant measures on configuration spaces or by a gen-
erating functional obtained from a (ground state) cyclic vector. It is argued in
this paper that the second approach is more appropriate as a modeling tool for
physical systems. An extensive application of this approach was done in the
construction of a hole pairing model. It has also been found that for some models,
instead of the full current algebra, a subset of operators is sufficient. A current
quiver is used in the hole pairing model.

3 For boson systems, in addition to the ground state of the fixed density N/V limit,
other reducible functionals might be useful to describe systems with number
density fluctuations. A reducible functional is already implicit in the use of the
grand canonical ensemble, but other functionals provide alternative phase trans-
ition behaviors.
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Appendix. The support of the infinite-dimensional Poisson and fractional Poisson
measures

Here, for the reader’s convenience and in particular as a background to section 2, a
short summary is given of the properties of the infinite-dimensional Poisson measure,
its support on configuration spaces [29-35] as well as of a fractional generalization
[15, 36].

A.1l. The infinite-dimensional Poisson measure

The Poisson measure 7 in R (or N) is
81’1

T(A) =) ~ (A.1)

neA

https://doi.org/10.1088/1742-5468 /aa9342 17


https://doi.org/10.1088/1742-5468/aa9342

Current algebra, statistical mechanics and quantum models

the parameter s being called the intensity. The Laplace transform of 7 is

o0

() =E (V) =e* Z Z—Te’\” = ¢*(e* 1)
n=0

and for n-tuples of independent Poisson variables one would have the Laplace transform
L (A) = =5 (1) = (AL ).
Continuing A\, to imaginary arguments Ay = 7 f, yields the characteristic function,
C, () = exse(ee-1), (A.2)
An infinite-dimensional generalization is obtained by generalizing (A.2) to
C (p) = of (77 71) dule) (A.3)

for test functions ¢ € D (M), M being the space of C*°-functions of compact support
in a manifold M. It is easy to prove, using the Bochner—Minlos theorem, that C () is
indeed the Fourier transform of a measure on the distribution space D’ (M).

A support for this measure is obtained in the space of locally finite subsets. The
configuration space I' := I'y; over the manifold M is defined as the set of all locally finite
subsets of M (simple configurations)

'={yCM:|ynK|<oo forany compact K C M}. (A.4)

Here |A| denotes the cardinality of the set A. As usual one identifies each v € I' with a
non-negative integer-valued Radon measure,

LSy Y 6, € M(M)
rey

where 0, is the Dirac measure with unit mass at z and M(M) denotes the set of all
non-negative Radon measures on M. In this way the space I' can be endowed with the
relative topology as a subset of the space of measures M (M) with the vague topology,
i.e. the weakest topology on I' for which the mappings

Fsy= (7, f): /f )dy(z Zf

are continuous for all real-valued continuous functions f on M with compact support.
Denote the corresponding Borel o-algebra on I' by B (T).
For each Y € B(M) let us consider the space I'y of all configurations contained in

Y, Iy:={yel:|yn(X\Y)| =0}, and the space Fg}l) of n-point configurations,
Iy ={yely:hl=n}neN, TV ={0}.

A topological structure may be introduced on F ") through the natural surjective
mapping of yn = {(1,.co,zn) oy €Y,y #aj if i # j} onto Fg,),

my : yn o — Fgf)
(1, ooy ) —> {x1, o, 20}
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which is at the origin of a bijection between Fgf ) and the symmetrization Y /Sy, of Y,

Sy, being the permutation group over {1,...,n}. Thus, sym} induces a metric on FgL )

and the corresponding Borel o-algebra B (Fgf” )> on Fgf )
For A € B(M) with compact closure (A € B.(M)), it clearly follows from (A.4) that

Ty = |i| i
n=0

the o-algebra B(I'y) being defined by the disjoint union of the o-algebras B (Fg}z )>,

n e No.

For each A € B.(M) there is a natural measurable mapping p, : I' = T'5. Similarly,
given any pair Ay, Ay € B.(M)with Ay C Ay thereisanatural mapping pa, a, : I'a, — T'a,.
They are defined, respectively, by

pa: I'— Ty Pasay 0 Tay — Ty
Y= NA Y

It can be shown that (I', B(I')) coincides (up to an isomorphism) with the projective
limit of the measurable spaces (I'y, B(I'z)), A € B. (M), with respect to the projection
pa, i.e. B(T') is the smallest o-algebra on I" with respect to which all projections pj,
A € B.(M), are measurable.

Let now p be a measure on the underlying measurable space (M, B(M)) and consider
for each n € N the product measure p®" on (M™, B(M™)). Since u®"(]\/[”\ﬁ5) =0, one
may consider for each A € B,(M) the restriction of u® to (A", B(A")), which is a finite
measure, and then the image measure ,ug\n) on (F&"’, B(FXL))) under the mapping sym},

py = n® o (symp)
Forn = 0 we set uﬁ’) := 1. Now, one may define a probability measure 7, 5 on (I'y, B('y))

by

oo (A .
Tun =D exp(n—!”())ui g (A.5)

n=0

The family {m, » : A € B.(M)} of probability measures yields a probability measure on
(I, B(I")) with the 7, A as projections. This family is consistent, that is,

Ay :WM7A2OPX;,A17 VAl,AQ GBC(M),Al CAQ

and thus, by the version of Kolmogorov’s theorem for the projective limit space (", B(T")),
the family {7, A : A € B.(M)} determines uniquely a measure 7, on (I, B(I')) such that

T = Ty opy’, VA€B.(M).

The next step is to compute the characteristic functional of the measure m,. Given
a ¢ € D(M) we have suppy C A for some A € B.(M), meaning that

(v,0) = (pa(7), ), Vv eT.
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Thus

/ 0 dr, () = / A dm, 5 (7)
T

T'a

and the definition (A.5) of the measure 7, A yields for the right-hand side of the equality

i exp(—(A)) / GHlp@)+ (@) g () — i op(—u(d)) ( / eﬂp(m)du(ﬂc))n
n A

n! n!
n=0 n=0

which corresponds to the Taylor expansion of the characteristic function (A.3) of the
infinite-dimensional Poisson measure

exp ( /A (e¥@ _ 1) du(x)) .

This shows that the probability measure on (D'(M),C,(D'(M))) given by (A.3) is actu-
ally supported on generalized functions of the form erv 0z, v € I'. Thus, the inifinite-
dimensional Poisson measure 7, can either be considered as a measure on (I', B(I")) or
on (D',C,(D'(M))). Notice that, in contrast to I', D'(M) D I' is a linear space. Since
7,(I') = 1, the measure space (D'(M),C,(D'(M)), ,) can, in this way, be regarded as a
linear extension of the Poisson space (I', B(I'), m,,).

A.2. The infinite-dimensional fractional Poisson measure

The Poisson process has a fractional generalization [37, 38], the probability of n events
being

P(X =n)= FE@ (—5%) (A.6)
ES denoting the nth derivative of the Mittag-Leffler function.
Ea(2) " eC
W) =) ————, 2
“—~T'(an+1) (A7)

(aw > 0). In contrast with the Poisson case (o = 1), this process has power law asymp-
totics rather than exponential, which implies that it is not longer Markovian. The
characteristic function of this process is given by

Co (N) = E, (s* (™ —1)). (A.8)

By analogy with (A.3) an infinite-dimensional generalization is obtained by generalizing
(A.8) to

Cat)i= B ( [0~ Daut) ), ¢ e DOM) A.9)
with p a positive intensity measure fixed on the underlying manifold M. Using the
Bochner—Minlos theorem and the complete monotonicity of the Mittag-Leffler function
C, is shown [36] to be the characteristic functional of a probability measure 7; on the

distribution space D’ (M)
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It turns out that this measure is also supported in configuration spaces and the
formulation in configuration spaces provides, through the Kolmogorov’s theorem for
projective limits, an alternative construction of the measure.

Asin (A.5), for each 0 < o < 1 one defines a probability measure 7} , on (I'x, B(I's))
by

o S EM(-p(N)
A=Y T“(A ) (A.10)
n=0 :

The family {7, : A € B.(M)} of probability measures yields a probability measure
on (I', B(I')) with the 77} \ as projections, which being consistent uniquely determines a
measure 7;; on (I', B(T')) such that

Ton =T, opy', VA€ B.(M).

For the characteristic functional of the measure Wﬁ one obtains

Ca ) = i 2, i) (/A ei“p(w)du(x)y

n!
n=0
s pa(n)
:ZEa (_ifdu(x)) / ilp@) +o@a)H-to(en) g @n

Il
=)

n

E, ( /A (e _ 1) d,u(:v))

the last equality obtained by Taylor expansion of the Mittag-Leffler function. Similarly
to the @ =1 case, one sees that the probability measure 7 on (D'(M),C,(D'(M))) is
actually supported on generalized functions of the form Zxé’y 0z, v €T

One sees from (A.10) that, instead of the uniform combinatorial weight w for

(n)_
w, the rest being the same.

n particles of the Poisson case (o« = 1), one now has

Therefore the main difference in the fractional case (« # 1) is that a different weight
is given to each n -particle space, although the support is the same. Different weights,
multiplying the n-particle space measures, may be physically significant in that they
have decays, for large volumes, smaller than the corresponding exponential factor in
the Poisson measure.

It is not surprising that the support of the measure 7; coincides with the support
of the Poisson measure (o = 1). Using the spectral representation of the Mittag-Leffer
function

Bo(—2) = /0 " e du, (7)

v, being the probability measure in RZ

dvg (1) = o tr=t-Vef, (7_1/0‘) dr
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and f, the a-stable probability density given by
/ e fy(ndr=e" 0<a<1
0

one may rewrite (A.9) as

Cato) = [ e (7 4 - 1 uto)) avatr)

the integrand being the characteristic function of the Poisson measure 7, 7 > 0. This
shows that the characteristic functional (A.9) coincides with the characteristic functional
of the measure fooo -, Ave (7). By uniqueness, this implies the integral decomposition

T = / T dva(7) (A.11)
0

meaning that 7 is an integral (or mixture) of Poisson measures 7, 7 > 0.
A fractional Poisson analysis may be developed along the lines of the inifinite-
dimensional Poisson analysis [36].
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