Reconstruction of dynamics from an eigenstate
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For Hamiltonians that have a formal (canonical) decomposition H = — JA + V(x), V(x) being
a multiplication operator, the definition of the dynamics by a ground state measure leads to an
energy (Dirichlet) form formulation of quantum mechanics that is more general than the
operator Schridinger approach. Here, the question of reconstruction of the dynamics from an
eigenstate when the potential is not restricted to the class of multiplication operators is analyzed.
By explicit analysis of several examples, it is found that, once a particular operator class is chosen,
the potential and the energy form are, to some extent, determined by the eigenstate. However,
depending on the type of operator the potential is chosen to be, many distinct dynamics can be
associated to the same fixed eigenstate. The nature of the stochastic processes associated with each
reconstructed dynamic is also discussed, as well as a generalization of the stochastic dynamics

formalism allowing for nonlocal potentials.

1. INTRODUCTION

Consider a Schrodinger operator H = — 1A + V(x),
where F(x) is a multiplication operator, and a real function
#(x) e L (R"), such that ( — JA + ¥ — E)¢ = 0. Let
be an open set in the support of the measure dv = ¢* dx and
#,(Q) the closed subspace of L ?(Q,dv) obtained by clos-
ing C () in the L 2(Q,dv) norm. For f,, /, € C} (Q), the
quadratic form

e(fl,fz)=%fv_ﬁ-mdv (1)

is a local Markovian symmetric form on L 3(Q,dv). If ¢ is
such that the form € is closable in 7#°,(Q) then its closure € is
alocal regular Dirichlet form.' Several closability conditions
are known.”™ For example, ¢ > 0 locally uniformly; ¢ = O at
most on a set of Lebesgue measure zero (n = 1) plus some
regularity.

Conversely if € f;, f,) is a densely defined symmetric
positive closed form there is a positive self-adjoint operator
H such that >5¢

éfifD) = H""f,, H'S)). (1.2)

One has, therefore, a way to describe quantum dynam-
ics through (energy) forms alternative to the conventional
operator Schrodinger approach. In sufficiently well-behaved
situations the two approaches are equivalent. In particular,
ifVe,Ve/p, Ad/p € L}, (), then H = — JA + V — Ewith

V—E=1i¢""Ag. (1.3)

The Dirichlet approach is, however, more general in the
sense that through regular Dirichlet forms one can describe
dynamic situations which formally would correspond to po-
tentials more singular than distributions.

The Dirichlet approach faces a uniqueness question,

since €( f,, f3) = 4 Vf,*Vf, dv is first defined on a dense do-
main, but for the characterization of quantum dynamics one
needs a self-adjoint operator. In principle, distinct quantum
dynamics would correspond to the possible nonequivalent
extensions of €. A certain number of uniqueness results are
available, in particular when the operator associated with €
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is essentially self-adjoint in C 2(€2).”8

In this paper, a different nonuniqueness question is dis-
cussed. This relates not to the equivalence of the Dirichlet
and Schrodinger approaches as formulated above, but to the
question of whether the ground state determines the dynam-
ics uniquely.

The sense in which the eigenstate ¢ determines the dy-
namics is apparent in the potential equation (1.3) or in the
fact that given, for example, ¢ € L 2, 50 almost everywhere
and V¢ € LZ_(R" — N ) (N aclosed null set), then the form is
closable and the positive self-adjoint operator H of Eq. (1.2)
is unique. This uniqueness, however, is a consequence of the
implicit assumption that V is a multiplication operator or
equivalently that the energy form is the closure of a form of
the type (1.1). Physically this assumption makes sense if one
has grounds to believe in the assumed (canonical) decompo-
sition of the Hamiltonian. This may be the case when recon-
struction from the vacuum is used in models where the fun-
damental dynamic laws are presumed to be known, for
example, lattice QED or QCD.°

In (nonrelativistic) many-body problems the situation
may be quite different. In nuclear physics, for example, there
is often more information on the nature of the ground state
than on the form of the interaction potentials. It is also true
that when the fundamental forces are known but many parti-
cles are in interaction, to determine experimentally without
ambiguity the ground state structure may be easier than the
effective one-body potential. Even when some parts of the
potential correspond to known particle exchanges, it is only
the leading static contribution that can be described by a
multiplication potential. Higher-order contributions have a
nonlocal nature.

When detailed information on the dynamic laws is lack-
ing, a sensible question to address is the characterization of
the possible dynamics compatible with a given (zero) energy
eigenstate (or a finite set of known eigenstates). Defined in
such a generality the question has infinitely many nonequi-
valent answers. One should somehow restrict the classes of
operators one uses as candidate potentials.

In the Schrodinger and the Dirichlet approaches one
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deals, respectively, with the spaces L %(R",dx) and L *(R",dv),
dv = ¢%dx, the unitary map U, between them being multi-
plication by ¢~ !:

U,

ge L R"dx) — g~ € L(R%dv).

A natural restriction on the operators of the theory would be
to require a simple operation on the product of functions,
i.e., a multiplication law

V(gd)=F[g.¢,Vg, V3] (1.4)
From linearity it follows that Fis a homogeneous function of
order 2. Linear operators with a multiplication law (1.4) are
called Bourlet operators and have been studied extensive-
ly.ton

Under fairly general conditions it can be shown that
there are three types of Bourlet operators, namely multipli-
ers V,,, derivations ¥, and substitution operators V. In R,
for example,

(Vo)) = o{x)gix),
(Vog)ix) = w(x);“—g(x) — cglx)
X

(Vug)lx) = (1/4 )g[Av(x)] + pgix).
Unfortunately, derivation and substitution operators are not
symmetric in general and their symmetrized versions no
longer obey the simple multiplication law (1.4). Therefore
symmetrized derivation and substitution operators will be
used, but we will not be restricted to these classes only.

The plan of the paper is the following: The potential V'is
considered to belong to one of the following operator classes:
finite rank operators, second order (Sturm~Liouville) opera-
tors, symmetrized derivations, or symmetrized substitution
operators. In each case, ¢ is considered to be a (zero-) energy
eigenstate of the dynamics

(—1A+Vi$=0,
and V'is determined in the assumed class. The nature of the
(reconstructed) dynamics is then characterized by spectral
analysis and (or) construction of the associated stochastic
process through the Beurling—Deny formula. For explicit
calculations and examples one concentrates on the one-di-
mensional case. As an illustrative example ¢ is taken to be
the harmonic oscillator wave function e ~*”2. One finds in
all operator classes distinct dynamics that contain this ¢ as a
Zero-energy eigenstate.

il. FINITE RANK POTENTIALS

An operator O is of finite rank if it can be written as

Of= i & A, (2.1)

i=1
where {g;,h,} are 2N vectors in a Hilbert space. Here one

considers potentials that are sums of a constant with a sym-
metric finite rank operator

N
Ven =c+ Y |h:)b;(hy],
hLj=1
whereb ¥ = b, and cis a constant >0. Let ¢ be a zero-energy
eigenstate of Hyy = — JA + V. The state ¢ determines

(2.2)
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the potential uniquely only if N = 1. Then one knows that

Hpy= —lA+c—|h){h|= —1A+ Vg, (2.33)
where
h=($(—1A+c)p) "~ 1A + o). (2.3b)

[For example if ¢ is the harmonic oscillator ground state
¢ ~exp( — x°/2), then

h = {lc + Yuo —2/4u,}(c + 1)~ 2, (2.4)
where
u, = (72"n))~V2H, (x)e ~ /2 (2.5)

are the normalized eigenstates of the (multiplicative) har-
monic oscillator.)

The spectral properties of a Hamiltonian Hy, with
rank-one potential are known.®!? It has at most one eigen-
vector (bound state) and because the potential is a compact
perturbation of — 1A + ¢ the continuous spectrum is [¢, oo ).

For the harmonic oscillator example, the corresponding
(local) Hamiltonian with multiplicative potential is

1 d? 1
Hy=_—=%_41x2_
2dx2+7( )

Here H,, has a pure point spectrum {0,1,2,...}, whereas the
rank-one potential which has u, as a zero-energy eigenstate
has very different spectral properties.

The basic qualitative difference between local (multipli-
cative) and finite rank potentials, even when they share one
(or several) eigenvalues, becomes clearer if one examines the
corresponding stochastic processes.

A local Hamiltonian with a zero-energy eigenstate #(x)
corresponds to a diffusion process with diffusion measure
¢*(x)d "x. To characterize the stochastic process associated
with Hp,, one compares the (energy) form e(f,g)

= (fé,Hy ,89), fand g being real functions, with the Beurl-
ing—Deny formula

/g =%fo- Ved d"x
+ff¢{Vm(g¢)—ng¢}d"x
= %fv;m Ved?dx
_ ff(x)qs(x)h x)ig()

—gx)}h (p)p(y)d"x d"y. (2.6)

For comparison purposes, one writes the Beurling-Deny
formula

£ g) =fa.- 3,81, dx)
+ f (£1x) — £ M)iglx) — g(¥)otdx, dy)

+ff(x)g(x)k (dx) 2.7)

as follows:
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el 6)= [0, £ 3., xkdx
+ [rengen ) + 2 @y oxn]ax

- 2ff(x)g( Yoty dy,

where the measures are not necessarily absolutely contin-
uous. Notice that when comparing Eq. (2.6} with (2.8), o(x,y)
is defined only up to y{x) 6{(x — y), where y{x} is an arbitrary
function. To obtain the actual jumping measure density one
has to extract all terms proportional to §(x — p).

Comparing (2.6} with (2.8) one concludes that the sto-
chastic process associated with Hy, has diffusion, jumping,
and killing measure densities, respectively,

(2.8)

pylx) = 16%(x)8;, (2.9a)
o(x,p) = i(x)h (x)p( y)h ( y), (2.9b)
k(x)=0, (2.9¢)

with 4 (x) a function of ¢(x) [Eq. (2.3b)].

Intuitively, one might think that if one considered a
rank N potential which coincided with a local potential in its
action on NV distinct functions, the jumping measure would
vanish in the limit N— co . This intuition turns out to be right
only under particular conditions.

Let the Hamiltonian Hy = H, + 2.}, |i)b, ( j| share

0, j==Q

N cigenstates {¢,, i=0,.,N—1} with the local
H=H,+ V(x),ie.,
Hy¢, =Hé, = E.¢,. (2.10)
Then it follows'® that H,, has the form
N-—1
Hy=Hy+ Y VIg N7 4|V, (2.11)

ij=0
where 77~ is the inverse of the matrix 7", = (¢,|V |¢;).
Comparing the energy form €( f, g) = ( fdo.H y8¢,) With the
Beurling-Deny formula, as before, one obtains

oiy) = —— ioqso %)

X(77 ()Y (¥)dol »)-

In the N—> o limit the jumping disappears only if o{x,y) be-
comes proportional to 8(x — y),

Z ¢ u¢1(

=10
(which holds if {4, ] is a complete orthonormal set).

So far, the stochastic process associated with the Hamil-
tonian operator H has meant the Markov process with tran-
sition functions leading to the same semigroup as that gener-
ated by H. The Markov transition functions represent,
therefore, the behavior of the Schrédinger equation in imagi-
nary time.

Another connection between the Schrédinger equation
and probabilistic notions is established in the framework of
stochastic mechanics,'* which concerns the time evolution
of the probability density p(x, ) = |#(x,? )|*in real time. Con-
sideration of nonlocal potentials requires an extension of the
stochastic mechanics formalism, which is sketched below.

(2.12)

~8(x — ) (2.13)
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From the Schrédinger equation

#

a L e ——

ﬁé—t Y= o Ay + VY 2.14)
and its adjoint, one obtains

%’- = — Vibp} + -2% Ap + Imfz(x,ylo( yit)d’y,

(2.15)

where

b=-ﬁ~v In|3| +£V argy=u -+, (2.16a)

m m
(Vi)ix) = fV(XJ)zb( »d’y, (2.16b)
2 %k
2(x,y) = }1—111 et )V (x s}’)'zﬁ_*(_—)‘ (2.16¢)

and V{x,y) = V*{ y,x). From (2.16a)~2.16c), one sees that
once a solution #(x,? ) of the Schrédinger equation is known,
all parameters in (2.15) are known. However, one can inter-
pret (2.15) as the forward equation of a stochastic process
and use it, together with the equations of motion for u, v, and
3, to define the dynamics without explicit reference to the
Schrodinger equation. This is the point of view of stochastic
mechanics.
The equations of motion for u, v, and X are

%

= ——V (V. v) =V, ()
2m
fi n
——ImV, f Z{y.x)d "y, (2.17a)
2m
1 #i
)= =V, (12 — 0%) 4~V (V, ot
v=- (U U)+2m (V)
— Rev, J S(yxd ", (2.17b)
2m

Sry) = Z(x,y)“ —_ —rg-u-v(x) - —;——V'v(x)

-——Z—ﬁ-(u() v(x))
———2—V-u —~f22,x)d z] {x«»y}].
(2.17¢)
In the local (multiplicative) operator case
V(x,y) = V(x)d{x — y) and the kernel X is
Zplxy) = 2/AV (x)5(x — y).

Then 3 ax.y) =0=1Im =, (x,5) and the only contribution
is the usual (1/m)VV (x}, in the equation for i.

For the case of the rank N potential of Eq. (2.2), the
kernel has nontrivial dynamics. In terms of the solution of

the Schrédinger equation, Xz, (x,p) is
Zrw(x.y) = (2/F)cd(x — y)
1
+2 Y*x.t )k (x)byh H( )
i ]2—; 1 T M )
(2.18)
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ill. STURM-LIOUVILLE POTENTIAL

Let the potential be a second-order differential operator
with real coefficients. Symmetry restricts the operator to the
2

general form
K -+ Gx
ox' Ix’ (c?x ( ,) )

with K ¥(x) = K #(x). This is called a Sturm-Liouville opera-
tor. Some of the nonlocal potentials used in nuclear phys-
ics'>16 are of this type.

Of particular interest are the one-dimensional and the

spherically symmetric three-dimensional cases. In three di-

Voo = — K(x) (3.1)

mensions, with spherical symmetry KX ¥%x)= K (r)57,
G (x) = G (r), and writing the wave function as
Wr.6,8) = (ulr)/1)Y,, (0,4),
one obtains for the radial eigenvalue equation
1 I+ 1))
—+K
(G +xe)(- 5+ 5
dKk d 1 dK }
dr dr+ r dr TG0 = Euln (3-2)

As before #i = m = 1, for simplicity, otherwise the factor
} + K (r) should be replaced by #/2m + K (r).

Let ¢ be a zero-energy eigenvalue

HSL¢=(—%A+ Vsl =0. (3.3)
Using (3.3) to compute the energy form € f, g) one obtains

€(f, 8) = (f$,Hs, 89)
- f 3, f’% 59 4+ K"f(x)}ajg #d"x.
Hence, in the Sturm-Liouville case, the associated stochas-

tic process is (as in the multiplication potential case) a pure
diffusion with a (modified) diffusion measure density

(3.4)

py(x) = {367 + K ¥(x)}4%(x)

This refers to the stochastic process associated with the
imaginary time Schridinger equation. In real time, the equa-
tion of motion for the probability density p(x,z) = |¢(x,t)|?,
Eq. (2.15), is in this case

(3.5)

P _ 5,5} +6,(Vdp),

% (3.6)
with
b=l (Zﬁ 5 +K'f(x))<a arigy+3,Inl¢gl)  (3.7a)
j__ % hz ‘1 i

i.e., a generalized Fokker-Planck equation with a space de-
pendent diffusion.

Nonlocalities of the Sturm-Liouville type are relatively
mild in the sense that the stochastic processes associated
with imaginary time evolution and with the stochastic me-
chanics description are both generalized diffusions.

Nonlocal potentials of the type studied in this section
can be transformed to a form which may be handled by the
same computational techniques as local potentials. For the
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one-dimensional (or the radial) equation one performs the
transformation'’

Y=0+K)"y (3.8
in

{_(7+1<);’72_K' Lyrop-p0  p9)
to obtain
reffor e )

) o om

The nonlocal eigenvalue problem is therefore transformed
into the search for the zero-energy eigenvalue of a local ener-
gy-dependent potential.

The requirement (3.3) that ¢ be a zero-energy eigenstate
leads to an equation

3,6 ,K"+3,3,6K7 = Gp — JA4, (3.11)

which for each ¢, determines G (x) once X %x) is fixed, or
conversely.

To learn about the nature of the dynamics that are re-
constructed when nonlocalities of the Sturm-Liouville type
are chosen, one analyzes briefly the one-dimensional case.

Let ¢ be the harmonic oscillator ground state
exp{ — x*/2}.

When X (x) is a constant (K') the coefficient of d /dx in
(3.1) vanishes and Hg; with G (x) obtained from (3.11) is sim-
ply the Hamiltonian of a harmonic oscillator multiplied by
the factor (1 + 2K ). The eigenstates are the same, with the
scale factor (1 + 2K ) multiplying the eigenvalues.

A nonconstant K (x) may be interpreted as a description
of space inhomogeneity of the oscillator parameters. Defin-
ing

m(x) = (1 + 2K (x)) ™, (3.12)
one rewrites Eq. (3.9) as
1 4 1
[—771;(7)}7) + 6|y =Ev, (3.13

which can be interpreted as describing the motion of a vari-
able mass particle in the potential G (x). However, if dm/dx is
large this intuitive interpretation may be misleading because
the contribution of the derivative terms may become more
important than the static potential G (x).

With the same zero-energy eigenstate, one can associate
very many distinct Sturm-Liouville operators. For example
both

K=x% G=x'—$x*—1} (3.14)
and

K=" —1); G= —}x*+ 1)e* (3.15)
have ¢ = e ~ */? as a zero-energy eigenstate, although their

static potentials are quite different. In (3.14) it is a double
well, whereas in (3.15) the static potential is not bounded
from below. However, in (3.15) the derivative part of the
potential is sufficiently strong to overcome the static nega-
tive unbounded contribution. In particular it is easy to prove
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that the negative real axis belongs to the resolvent set.
The Hamiltonian operator associated with the choice
(3.15) is

2
Hy = —%e"z(x+—4—) = - 2 2/2‘1 = (3.16)

dx

This operator is, at least from a mathemat1cal point of view,
sufficiently interesting to deserve further study. Hy, is sym-
metric in C £(R) and commutes with complex conjugation.
By von Neumann’s theorem'® it has self-adjoint extensions,
which one characterizes by specifying the boundary condi-
tions at 4+ . From

[ttt ax = [ v, ax

_ 1 enf e d cn
2@/{:&: €4,

- Lemprn)|”

one is led to define the following domain for the self-adjoint
extensions:

D) = {peL HypeL?

lim &2 =¢® lim 7%y,

X—» 00 X— — o

xl_lPl _d_x_(ex /2¢’) — etexlu_nw _(ex2/2¢]]
(3.17)

Requiring ¢ = e ~ */? to be an eigenstate one is led to choose
the self-adjoint extension H §} . Notice that Hg; has a two-
dimensional subspace of zero energy eigenstates, namely
(¢,;x + ¢,)e —*72. The choice of a particular self-adjoint ex-
tension selects one vector in this subspace.

The negative real axis belongs to the resolvent set of
H) and there is a point spectrum contained in [0, ). This
analysis is divided into two parts.

A.V1<0,1¢o(HD)

According to Weyl’s criterion Ac o(H ) ) if and only if
there is a sequence ¢, in D (H) ), with ||¢, || = 1, such that
im,_,., (H§ —A),] =0.

Defining

¥, =e "y, (3.18)

and using the boundary conditions in D (H §} ) to perform the
partial integrations, one obtains

8~ 2w = [ax St

AP A% .
If A <0, the right-hand side is a sum of positive quantities
and is #0 because

J.dx e—le,},n IZ = '|¢n ” =1
Therefore any A < 0 belongs to the resolvent set of H.
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B.1>0
Using (3.18) one writes

(HE, — ), = = (3.19)

1 d? ]
———Ade " ly,.
2 de Va
The question of whether A belongs to the spectrum of H §] is
therefore related to the zero eigenvalue problem for the oper-

ator

__1d -
4 2 dx?
Because Ade™ is an L? perturbation, o.,(B;)

= o.,,( — d */dx?), which implies 0 € o{B, ). Because zero is
in the spectrum of B,, there is a sequence ¥, with |7, || =1
such that || B, 7, ||—0. However this does not guarantee that
le*/>B, 7, ||—0, nor that |le~*"?y,| remains #0 in the
n—s oo limit.
Instead, one analyzes directly the equation

4+ 27e=< |t =0
In a neighborhood of + o, this equation has an asymptotic
solution @, x+B,. If one requires that
v=e" "/zyeD(H“”) thena, =0andfB, =F_.

Fix y—B_ and y’—0 when x— — o as initial condi-
tions. Because e ~* is continuousin ( — oo, o0 ) the existence—
uniqueness theorem for second-order linear homogeneous
equations'® implies, for any 4, the existence of a solution to
(3.20), which at x— + o grows at most linearly. Therefore,
the problem (H § — A }¢ = 0 has an L % solutions for any A.
This does not imply that all A ’s are in the spectrum because
in general ¢ will not belong to the domain D (H)). ¢ is in
DHY ) only if lim,_,_ #{x) =pB_. The A values for which
this condition holds are the elements of the point spectrum of
HY) . Below, the first seven such values obtained by numeri-
cal integration of {3.20) are listed:

0 433 1507 32.14

55.52 85.21 121.19

Qualitatively they follow the same pattern as A ~7n?, which
is obtained from the semiclassical approximation

24 e~ "2y,

(3.20)

¥lx) ~cos

IV. SYMMETRIZED DERIVATION

The potential that is to be studied in this section is re-
quired to have the form

Vp = {a(x),i—%} + Wix)

- ZIa(x)—— + zj—" + W), 4.1)
where a(x) and W (x) are real functions in R.
Let ¢(x) be a real zero energy eigenstate
1 d?
Hop =~ g+ Vo Jp =0
Then one obtains
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alx) = (c/2)¢~*x),
2
Wi =—— 292
26(x) dx*
¢ being an arbitrary constant. For the harmonic oscillator
ground state ¢ = e~ *2,

(4.2a)

(4.2b)

(4 2, 0 1
=Ll il —1
2[ lax} +2(x )

= cie"z(x + —d-) L), (4.3)
dx
Even when c is small the term c[e*,i(d /dx)] . cannot be
considered a perturbation of the (multiplicative) harmonic
oscillator, because the operator V'’
V' =ie (x +2 ) 8 gon
ox dx
has divergent matrix elements in the {u,} basis. More pre-
cisely, except for uyall other u,,’s are not in the domain of ¥':

V'u, =ie*2nu,_, € L¥R), if n#0.

The operator Hj, = — }(d*/dx*)+ V), is symmetric in
C £(R) and unitarily equivalent (see below) to a real poten-
tial. It has a one-parameter family of self-adjoint extensions
which one characterizes by the boundary conditions at
4+ o0. From

[otier(s + LYo,
Sl T

= ey,

(4.4)

one obtains the following domains for the self-adjoint exten-
sions

DHP)={yeL*HypeL?

lim ¥/ = e'e lim e%y), (4.5)

The self-adjoint extension that contains e in its domain,
as required, is H 9. Although it shares this zero energy ei-
genstate with the harmonic oscillator, the dynamic is other-
wise of a completely different nature. This becomes apparent
if one considers the isometric map

—x%/23

Yx){U ¢)x) = exp[ - iCJO et d¢ ]¢(x). (4.6)
Then
" —1__id_2 i 2 _‘—'2 2x2
H =UH,U " '= 2dx2+2(x 1) -E-e
4.7)

is the harmonic oscillator Hamiltonian plus a negative un-
bounded potential.

To H, is associated a singular jumping measure. Com-
puting the energy form €( f,g) = ( f¢.H ,g¢) and comparison
with the Beurling—Deny formula as in (2.6)—(2.8) leads to

Hy(x) = 367 (x)5;, (4.8a)

olx,py) = ( — ic/2)6'(x — y), (4.8b)

kx)= (4.8c)
183 J. Math. Phys,, Vol. 27, No. 1, January 1986

The kernel 3, (x,y) for the stochastic mechanics equa-
tion (2.15) is

S pln) = %[ W)+ 22— diafx}L1n ¢*(x)]«s<x —y)

+ %ia(x)é"(x Y (4.9)

V. POTENTIALS WITH SUBSTITUTION OPERATORS

Symmetrized substitution operators may also be of
some interest in the description of effective nuclear interac-
tions.?° They have the general form

(¥ ¥)x )-—-—(—)1//( vix))

1 fav '\ |
e e ) oty + gl
(5.1)

Using H.¢ =(—1A 4+ V,)¢ =0 one can, as before,
compute the energy form €( f, g) = (fo,H g¢) and compare
with the Beurling—Deny formula to obtain for the diffusion,
jumping, and killing

(%) = 175, (5.2a)
1{ 1
o) = = 5|8l — ko)
1 (dv '\* .
) oy = e sgi,
(5.2b)
k(x) = (5.2¢)

Example: Let ¢ = e ~*/%,»(x) = 1, and the substitution

function be a translation v{x) = x + .
Then

g(x) = §(x* — 1) — 2e ~**/2 cosh bx. (5.3)
Because the translation operators can be written in differen-
tial form, the Hamiltonian is

=1Ly L)+ 2c0m (L)
dx

—2e =52 cosh bx. (5.4)

From the fact that H,u, € L ? it follows that, in principle and
for small b, the two last terms in (5.4) can be treated as a
perturbation. From

1
=(1—-2b" [ - +
( ) 5 d 3 (
one concludes that in leading order the effect of the perturba-
tion is a scale change in the harmonic oscillator spectrum.

— 1} +ow",

VI. RECONSTRUCTION FROM A STOCHASTIC
PROCESS

If €( f:g) is a closed positive symmetric form densely de-
finedin L 2(0 dp) (A CR” open) there is a unique self-adjoint
operator H such that e( f;g) = (H "/*f,H /2 8)a.» Where (1), is
the scalar product in L %(Q,du). Here one is concerned not
with A but with the operator H in the corresponding Schro-
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dinger form. Given a (Dirichlet) form by its measure densi-
ties, H is an operator such that

€(£.8) = (£ H2)s, = WpHYy)an, (6.1)

where dx denotes the “flat” Lebesgue measure, and ¢,,¥,
are related to f,g by unitary equivalence.
Let e be defined as in (2.7) by the measure densities x;(x),

aix,y), k (x), and
H= —JA+V. (6.2)

Assume that u,(x) = u(x)5; and u(x)>0 everywhere. The
states in L *(),du) and L *(0,dx) are related by

f—:'/,f:fm’

thus one obtains by a straightforward calculation using (6.1)
and (2.8)

(¥ (ok i)
_ [ 1AVl 1
2 b %)

oixy) n

———(y)d’y.

V()
From (6.4) it would seem that nonlocal potential effects can
only be associated to the jumping measure. However one
should notice that the potential in (6.2) is not uniquely de-
fined, it depends on the choice of the unitary transformation
U between L2(Q,du) and L*Q,dx). Let us decompose
u(x) = a(x) + B (x) where now one requires only a(x) > 0. Us-
ing now

f—i, =2,

(6.3)

[0+ 2 [otroia "y]]¢(x)

(6.4)

(6.5)
one obtains for the potential in (6.2)
V=V(aok)— £ A— v(-’-’i)-v
2a 2a
1 1
— V-(B v —) . (6.6)
V2a V2a

The nonlocal part in (6.6) that is not related to the jumping
measure is of the Sturm-Liouville type.
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