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The algebras of nonrelativistic and of classical mechanics are unstable algebraic
structures. Their deformation towards stable structures leads, respectively, to rela-
tivity and to quantum mechanics. Likewise, the combined relativistic quantum me-
chanics algebra is also unstable. Its stabilization requires the noncommutativity of
the space—time coordinates and the existence of a fundamental length constant. The
new relativistic quantum mechanics algebra has important consequences on the
geometry of space—time, on quantum stochastic calculus, and on the construction
of quantum fields. Some of these effects are studied in this pape20@® Ameri-

can Institute of Physic§S0022-2488)0)00601-7

I. THE INSTABILITY OF RELATIVISTIC QUANTUM MECHANICS AND A FUNDAMENTAL
LENGTH

Physical models and theories are mere approximations to nature and the physical constants
can never be known with absolute precision. Therefore, if a fine tuning of the parameters is needed
to reproduce some particular phenomenon, it is probable that the model is basically unsound and
that its other predictions are unreliable. A wider range of validity is expected for theories that do
not change in a qualitative manner for a small change of parameters. Such theories are called
stableor rigid.

A mathematical structure is said to Iséable (or rigid) for a class ofdeformationsif any
deformation in this class leads to an equival@sbmorphig structure. The idea of stability of
structures provides a guiding principle to test either the validity or the need for generalization of
a physical theory. Namely, if the mathematical structure of a given theory turns out to be unstable,
one might just as well deform it, until one falls into a stable one, which has a good chance of being
a generalization of wider validity.

The stable-model point of view had a large impact in the field of nonlinear dynamics, where
it led to the notion ofstructural stability> As emphasized by Flatcand Faddeévthe same
pattern seems to occur in the fundamental theories of nature. In fact, the two most important
physical revolutions of this century, namely the passage from nonrelativistic to relativistic and
from classical to quantum mechanics, may be interpreted as the transition from two unstable
theories to two stable ones. In the nonrelativistic mechanics case, one notices that the second
cohomology group of the homogeneous Galileo group does not vanish and the corresponding
algebra has a deformation that leads to the Lorentz algebra which, being semi-simple, is stable. In
turn, the transition from classical to quantum mechanics may be regarded as a deformation of the
unstable Poisson algebra of phase-space functions to the stable Moyal-Vey algeiitaefer to
these two stabilizing deformations as thec)tdeformation and thé-deformation. The deformed
algebras are all equivalent for nonzero values af 4nd #. Hence, relativistic mechanics and
quantum mechanics may be derived from the conditions for stability of their algebras, but the
exact values of the deformation parameters cannot be fixed by purely algebraic considerations.
Instead, the deformation parameters are fundamental constants to be obtained from experiment. In
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this sense not only is deformation theory the theory of stable theories, it is also the theory that
identifies the fundamental constants.

A review of deformation theory and of the transition from nonrelativistic to relativistic and
from classical to quantum mechanics as the deformation-stabilization of two unstable theories is
contained in Ref. 6. Also, it is shown there that both deformations may be studied in the context
of finite-dimensional Lie algebras, which is simpler than the usual treatment of quantum mechan-
ics as a deformation of an infinite-dimensional algebra of functions. The algebra that results from
the (1£)-deformation is the Lorentz algebra and the one coming fromitdeformation is the
Heisenberg algebra. A simple fact in this construction, which, however, has nontrivial conse-
quences, is that, to have both constructions in a finite-dimensional algebra setting, it is essential to
include the coordinates as basic operators in the defitiimematical algebra of relativistic
quantum mechanics. The full algebra of relativistic quantum mechanics will then contain the
Lorentz algebralM ,,}, the Heisenberg algebra for the momenta and space-time coordinates
{p,.X,} in Minkowski space and also the commutators that define the vector naider the
Lorentz group of p,, andx,,, namely,

My Mo l=1M o1t M 17,6 =Moo 1= M 706)
[M . PA =P LA = Pu,0),
[M L X\ =1 (X 0 = X 70) s
[P.P,]=0,
[X.,X,]=0,

@

[p;u V] |77MV

with #,,=(1,—-1,-1,—1), c=A=1 andJ a unit that commutes with all the other operators.

One knows that the Lorentz algebra, being semi-simple, is stable and that each one of the
two-dimensional Heisenberg algebrgs, ,x,} is also stable in the nonlinear sense discussed in
Ref. 6. When the two algebras are combined through the covariance commutators, the natural
question to ask is whether the whole algebra is stable or whether there are any nontrivial defor-
mations. The answeis that the algebr&,={M,,,p,.x,,J} defined by Eqs(1) is not stable.

This is shown by exhibiting a two-parametef,R)-deformation ofR, to a simple algebr&i, r
which itself is stable, namely,

[MMV’MPU]:i(MMU‘anJ’_ Mvpnp,u'_ Mvunup_ MMP”VU)Y
[M;prx]:i(pﬂﬁm_ pvn,u)\)i
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[p;upv]:_lﬁzM,uVl (2)
[X, X, ]=—1e/?M,,,
[p;u W= |77MV
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[X, ,J]Zie/zpﬂ,

[M,,,7]=0,

g
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eande’ being= signs. The stable algebfa, r to which, has been deformed is the algebra of
the six-dimensional pseudo-orthogonal group with meftjg=(1,—1,—1,—1,€’,e) and commu-
tation relations

[Map,Mcgl=1(=Mpgnac=Macnbdt MpcnadtMag7ne) ©)

the correspondence being established by

1
puzﬁMM'

X/”:/MMS' (4)

To understand the role of the deformation parameters consider first the Pcsubaigebra
P={M,,,p,} of Ry. It is well known that already this subalgebra is not stable and may be
deformed’ to the stable simple algebras of the de Sitter groups, D or O(3,2). This is the
deformation that corresponds to the paramé®erThis instability of the Poincaralgebra is,
however, physically harmless and well understood. It simply means that flat space is a special
point in the set of arbitrarily curved spaces. Faddqmints out that Einstein’s theory of gravity
may be interpreted as a deformation. This theory is based on curved pseudo-Riemannian mani-
folds. Therefore, in the set of Riemannian manifolds, Minkowski space is an isolated point,
whereas a generic Riemannian manifold is stable in the sense that in its neighborhood all spaces
are curved. However, as long as the Poingamip is used as the kinematical group of the tangent
space to the space—time manifold, and not as a group of motions in the manifold itself, it is
perfectly consistent to take— < and this deformation goes away.

For the other deformation parametef) there is no reason to imagine that it should vanish,
even in tangent space, if one insists on the stability paradigm as the guiding principle for theory
construction. One is therefore led 8, .. as our candidate for atable algebra of relativistic
quantum mechanicis the tangent space. The main features are the noncommutativity af,the
coordinates and the fact thatpreviously a trivial element of the center of the Heisenberg algebra,
becomes now a nontrivial operator. Two constants define this deformation. Qheaigunda-
mental length, the other the sign af The tangent space algeldfs .. would be the kinematical
algebra appropriate for microphysics. For physics in the large, one might, howevet, yseith
(finite) R? related to the gravitational consta@t

The idea of modifying the algebra of the space—time componenis such a way that they
become noncommuting operators had already appeared several times in the physical literature.
However, rather than being motivatéand forced by stability considerations, the aim of those
proposals was to endow space—time with a discrete structure, to be able, for example, to construct
quantum fields free of ultraviolet divergences. Sometimes a nonzero commutator was simply
postulated, some other times the motivation was the formulation of field theory in curved spaces.
Although the algebra discussed above is so simple and appears in such a natural way in the context
of deformation theory, it seems that, strangely, it differs in some way or another from the past
proposals. In some schemes, for example, the coordinates were assumed to be the generators of
rotations in a five-dimensional space with constant negative curvature. This possibility was pro-
posed long ago by Snydeand the consequences of formulating field theories in such spaces were
extensively studied by Kadishevsky and collaboratdfsThe coordinate commutation relations
[x,.%,] are identical to those it2); however, because of the representation chosen for the
momentum operators, the Heisenberg algebra is different and, in partiqojas, ] has nondi-
agonal terms. BanHialso proposed a specific nonzero commutator which only operates between
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time and space coordinates, breaking Lorentz invariance. Many other discussions exist concerning
the emergence and the role of discrete or quantum space—time, which, however, in general, do not
specify a complete operator algebfaz®

In R, .., the fact thal becomes a nontrivial operator changes the structure of the Heisenberg
algebra. This has some consequences on the construction of the state spaces even for nonrelativ-
istic quantum mechanics. This was partly discussed in Ref. 29. Here the emphasis will be on the
study of the geometric structure of space—time that follows from9the, algebra and on the
nature of quantum fields. In particular the larger set of derivations9at possesses has for
gauge fields some important consequences that do not depend on the size of the pafamater
only on the fact that it is different from zero.

In Sec. Il one collects the basic facts about the noncommutative geometry of space—time
which are implied by the algebr#t, ... In particular, the role of the elementary sets of the
geometry is clarified and a differential calculus developed. In a general noncommutative geometry
setting®° differential calculus cannot be developed through derivations, because for some algebras
there is not enough derivations. Then, the noncommutative analog of the Dirac operator is used for
this purpose. In th&, .. case, however, an approach through derivations is possible. This has the
advantage of making the commutative limit{~0) very transparent. Nevertheless, correspon-
dence with the related Dirac operator approach is also established.

The representation theory of algebras is the basic tool to extract physical consequences from
the noncommutative geometry. This is discussed at length in Sec. lll. IRthe algebra, the
usual Heisenberg algebras are replaced by the algebras ¢¥)I8@ 1S@1,1). A construction of
a quantum stochastic calculus based on these algebras is sketched in the Appendix.

Integration in noncommutative space—time is discussed in Sec. IV and finally Sec. V is
dedicated to the construction of local quantum fields, the main emphasis being on the noncom-
mutative geometry implications for gauge field interactions.

II. THE NONCOMMUTATIVE SPACE-TIME GEOMETRY

Every geometrical property of an ordinaigommutativeé manifold M may be expressed as a
property of the commutative€* -algebraCy(M) of continuous functions oM vanishing at
infinity. For example, there is a one-to-one correspondence between the charag® pfand
the points of the manifoldM, regular Borel measures dvi correspond to positive linear func-
tionals onCy(M), complex vector bundles ovét are given by the finite projective modules over
Co(M), etc. Similarly in noncommutative geometry one starts from a noncommutative
C*-algebra and uses the same correspondence as in the commutative case to characterize the
geometric properties of the noncommutative space.

In a general representation, the operatorijn.. are not bounded operators. However, once
a representation @, .. is obtained, there are standard ways to construct bounded operators from
unbounded ones, in the universal enveloping algebrf® of . For example,

I'—exp(ial’) )
or
I —T(1+T*T) " 2 (6)

and one constructs from the latter, by norm completion, the assodédteddgebra. Therefore, for
simplicity, the discussion of the representations may be carried out 8t thealgebra level, even
if the noncommutative space—time algebra is actuallf aalgebraCy, obtained by the restriction
to the bounded operators in the universal enveloping alggyaf %R, .. and norm completion.
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A. The elementary sets of the geometry. Commutative versus noncommutative
space—time

In the commutative case, the elementary sets of the space—time mavif(itte points with
coordinatesx,) are in a one-to-one correspondence with the character representations of the
algebra. In noncommutative case the elementary sets are the irreducible unitary representations of
the algebra.

In R, ., the setAy={x,,M,,} is the minimal algebraically closed set that contains the
space—time coordinate operators. It is therefore their representations that define the basic structure
of noncommutative space—time. Therefore, it is appropriate to compare the nature of the repre-
sentations of thé\,, algebra for the commutative and the noncommutative cases. In the commu-
tative caseA, is a Poincarelgebra and in the noncommutative case it is a de Sitter aldebra
03,2 for e=+1 and of @4,1) for e=—1]. In the following, for definiteness, | will use
= —1. In the commutative case the elementary 3gt®f the geometry are the spinless represen-
tations of the Poincargroup corresponding to fixexd, x*:

Ti= {34 (X0 2= (2= (x3)2 = (x3)2=K}.

From the physical point of view it makes sense to consider tk@seé not the pointx,) as the
elementary sets of the geometry because each particulangpintTy is just a particular aspect
of the same event seen in different frames. In the noncommutative case the elementary sets are the
representations of the de Sitter group which reduce to these Poigrcane representations in the
/—0 limit.

The correspondence is made very clear by using the explicit representation of the operators of
the ;.. algebra as differential operators in a five-dimensional commutative manibjd
={&,} with metric ,,=(1,—1,—1,—1,¢):

4 J
MMVZI g,u.a_gy_gv(?_glu

X, =&, +i/

J 4 J
fﬂa—ga,— €& a—gﬂ) (7)
In Mg consider the family of hypersurfaces
T ={&(£9)2=(£)°— (8%~ (£~ (£H?=K}

for Ke (—«,»). For each fixedK, I'y carries a representation of the de Sitter gratgr
e=—1). The intersection of eachix with any planeé*=c is a three-dimensional hypersurface
Tk, 2 that corresponds to a spinless irreducible unitary representation of the Pogroame
However, because of thg,4)-rotations in thex,, operatofEq. (7)], it is 'k that is irreducible for
the Ay, algebra. Therefore the elementary sets of the commutative space—time geometry corre-
spond to theT ¢ sets and those of noncommutative space—time té'tie. It should, however, be
clear that thelTx andI'« sets are simply abstract representations of the irreducible representations
of the algebra and their dimensionality should not be confused with the dimensionality of space—
time. The manifoldM 5 is simply the carrier of the representation of the noncommutative space—
time algebra. Space-time is still defined by the same fguoperators operating on the elemen-
tary geometric sets. Figure 1 depicts the structure of the elementary sets wikh'#jewhen
intersected by thé*=1 plane, generating the elementary sets of the pseudo-Euclideammu-
tative) Minkowski geometry(and the intersection with the’=0 plane generating an Euclidean
geometry.

Although not changing the dimensionality of space—time, lthesets, as compared to the
Tk’s, have a richer group of motions and, in particular, a richer set of derivations, as will be seen
below.
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FIG. 1. Representation of elementary sets in space—time geometry: commutative versus honcommutative.

B. Derivations as vector fields and the differential algebra

A differential algebra may be defined either by duality from the derivations of the algebra
when a sufficient number of derivations is available or directly from the tripler(Cy),D),
where m(Cy) is a representation of th€y algebra in the Hilbert spadd andD is the Dirac
operator. In this latter case the commutator with the Dirac operator is used to obtain the one-forms.
In the most general noncommutative framewSik is not always possible to use the derivations
of the algebra to construct by duality the differential forms. In fact, many algebras have no
derivations at all. However, when the algebra has enough derivations it is useful to consider
thent?32 because the correspondence of the noncommutative geometry notions to the classical
ones becomes very clear. In our case it means to obtain the usual commutative geometry notions
in the limit ~— 0. For this reason the construction through derivations will be used here and the
correspondence to the Dirac commutator approach will be established later on.

Although not essential, the representation of the remaining operators 8% thealgebra as
differential operators oM provides an intuitive interpretation of the derivations and is listed

below:
o0
p”':l(ygl»’«’
(8)
J=1+I/{9—§4.

The derivations of the algebra play, as in the classical case, the role of vector fields. The
derivations that are considered, to construct by duality the differential algebra, play only a sub-
sidiary role in identifying the minimal extension needed when going from the commutative (
=0) to the noncommutative cas& #0). In the end it is the resulting differential algebra which
plays the central role.

The minimal algebraically closed subalgebra that contains the coordinate ope#siprs,
={x,,M,,}, being semi-simple, only has inner derivations. In particular, because of the commu-
tation relation[p,, ,x,]=i7,,J and the nontriviality of theJ operator, the derivations that corre-
spond to the momentum operator are not contained in the set of derivations of the enveloping
algebra ofAy, (Der{UAM}). Therefore, to obtain enough derivations, one should consider the
full algebra®, .. and its generalized enveloping algelys;, to which a unit and, for later
convenience, the inverse 0f are also added:
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Unp=1{X,.M,,.p,. 3,37 11} 9)
The derivations ofR, ., are the inner derivations plus a dilati@hwhich acts on the generators as
follows:
[D,P,1=P,,
[D,3]=7, (10

[D,M,,1=[D,x,]=0.

This may be computed directly or, alternatively, by embedding. into O(2,5), noticing that this
algebra has only inner derivations and selecting those that operate Mside Therefore,

Der{R, ..} ={x,,M,,,p,,3,D}.

Any element of the formas, whereae Uy and e Der {%, ..}, will be a derivation of the
generalized enveloping algeblth, . Because of the special role that they play in the construction
of the differential algebra, the derivations corresponding t0) (/ and (1i/)J will be denoted

by the symbols),, andd, to emphasize their role as elements of Dk} rather than elements of
Uy . The action on the generators is

3u(X,) = 7,7,
I4(X)=/Ppu,
95(M 1) = 15,P0 = NPy 11
9,(P,)=3,(3)=3,(1)=0,
9a(M )= 3d4(P,,) = 34(3)=d4(1)=0.

In the commutative{'=0) case a basis for one-forms is obtained, by duality, from thécsgt
In the /#0 case the set of derivatio®s,, ,d,} is the minimal set that contains the usdgls, is
maximal Abelian, and is action closed on the coordinate operators, in the sense that the action of
d, onx, leads to the operatdr that corresponds té, and conversely.

Denote byV the complex vector space of derivations spanneddyy,d,}. The algebra of
differential forms((U) is now constructed from the compl&(V,Ug) of multilinear antisym-
metric mappings fronY to Uy . For an explicit construction d2(Uy) use a basis of one-forms
{6*,6% defined by

() =05, a,be(0,1,2,39. (12

The operators that are associated to the physical coordinates are just the,foyr
€(0,1,2,3). An additional degree of freedom appears, however, in the set of derivations. This is
not a conjectured extra dimension but simply a mathematical consequence of the algebraic struc-
ture of R, .. which, in turn, was a consequence of the stabilizing deformation of relativistic
guantum mechanics. No extra dimension appears in the set of physical coordinates, because it does
not correspond to any operator 9, ... However, the derivations iW introduce, by duality, an
additional degree of freedom in the exterior algebra. Therefore, all quantum fields that are con-
nections will pick up some additional components. These additional components, in quantum
fields that are connections, are a consequence of the length parahvetiéch does not depend on
its magnitude, but only or” being # 0.

A basis for k-forms igf #21/\ §22/\---/\ 62} where
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1
RN G2\ - /\ = T > (—1)PoPP1g g2 - H7, (13
* P

p being the parity of thé® permutation. A general k-form e QX(Uy,) is w=Eal...akbal..‘ak6al
A G%2/\---/\ 6% with ba,...a, €Un.
Given w;=b;0'1/\---/\¢'r and w,=b,01/\---/\ @k with b;,b, e Uy, the product is
(1)1/\(1)2: blbzeil/\‘ VAN 0“(: ( - 1)pkw2/\w1+ [bl,bz] Hil/\' VAN 0“< (14)

In the exterior algebrd)(Uy) = ;_oQP(Uy) an exterior derivative is defined as a mapping
d:QP(Uy)—QPTL(Uy) such that

p+1
dw((sl,(sz,...,épﬂ):k}:‘,l (= D* 150( 81, 0y 1Pp 1), (15)

where; e V. Notice the absence of commutator terms, in the definition of the exterior derivative,
because the saf is Abelian. Hered?=0 follows trivially from the commutation of the deriva-
tions.

The element®? of the one-form basis do not coincide withx,, . Actually,

— ~ Qv 4
dx,=7,,30"+/p,0", (16)
and, for the other elements 8%, ..,

d M,LLV: ( 770;/.p1/_ no'vp;.L) 07,

dp,=dJ=0. 7
We may also define a contractibpas a mapping fronf2P(Uy) to QP 1(Uy),
i50(81,...,0p-1) = 0(8,61,...,8p-1), (18)
with w € QP(Uy) and §eV, and a Lie derivative ,
Ls=diz+isd. (19

C. The Dirac operator

The discussion above was based on the construction of the differential algebra in noncommu-
tative space—time using the set of derivatigag,d,}. An alternative construction of the differ-
ential algebra in noncommutative geometry follows the method proposed by Cwigish uses
the triple H,7(Cy),D), wherew(Cy) is a representation of théy, algebra in the Hilbert space
H andD is the Dirac operator.

Consider the spade?(Ms) of square-integrable functions &g, a five-dimensional pseudo-
Riemannian manifold with local metrig,,=(1,—1,—1,—1,—1), and the representation Gfy
on L?(Ms) induced by Eqs(7) and(8).

The Clifford algebra CL,4) has, like Q1,3), a representation by>4 matrices, namely

V=" v 2 v v i=i90).

For (1,4 this is a 2:1 representation because complgd, & is isomorphic toM;4C)
XM16(C). We may therefore construct over the pseudo-Riemannian mamifgld spin bundle
with four-dimensional spinors with sections defined by

(D—m)¥(x)=0, (20
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D=iy®dl9x? being the Dirac operator. The Hilbert spadeof the triple H,7(Cy),D) is now

the space of square integrable sections of the spin bundle and the represern&tigns the one
induced by Eqs(7) and(8). The differential algebra may now be constructed by defining k-forms
as the following operators oA

w=2, ag[D,a;]--[D,a] (21)

with a; e Cy. Computing the commutators of the Dirac operator with the elemeri$,of one
obtains

[D,x,]1=iv"7,,J+iv"/p,,
[D,M =19 (16uPv= 76P W) (22)
[D,p.]=[D,J3]=0,

and comparing with(16) and (17) one sees that the same structure is obtained as with the con-
struction through derivations.

Ill. REPRESENTATIONS

Explicit representations of the subalgebrad®f.. in spaces of functions are the tools needed
to compute the physical consequences of this type of noncommutative space—time. Here one
studies in detail a few cases, starting from the representations of the three-dimensional subalgebra
that replaces Heisenberg's algebra.

Consider the subalgebra associated to one-dimensional problems, that is

[P, X]=—1i7,
[X,J]=ieP, (23
[P,J]=0,

where P=p/ and X= x//. In these variables, the position is measured in unitg’and the
momentum in units of ¥.

Let e=—1. Then (23) is the algebra of the group of motions of the plane, (§0lts
irreducible representatioris (Ref. 39 are realized as operators on the space of smooth functions
on St with scalar product

(1125 [0 (24
the operators being
X=i—
a0’
P=rsing, (25
J=r cosé.

The irreducible representations are of two types. F810 the irreducible representatioly is
infinite dimensional, a convenient basis being the set of exponentials-@xg)(
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T,={e " nez}, (26)
and forr=0 the irreducible representations are one-dimensional
Ton={e "% 27
In T, the operatory/, =iP+7J andV_=—iP+7J are raising and lowering operators

V+e—in0: re—i(n—l)e

. . (29
Vie—lnﬂz re—l(n—l)ﬁ_

The statee ™"’ being the eigenstates of the position operatpthis one has a discrete spectrum
(=Z for X or =/Z for x). The representation with=0 would correspond to a space with a
single isolated point. Therefore, it is the representations witld that are physically usefuk’
being the minimal fundamental length, the maximum momentum, in units/gfi$/one. Hence,

for consistency with(25), r might actually be chosen equal to one. The consistency of this choice
will become clear in the study of the harmonic oscillator spectrum.

For each localized stae,~e '"?, P is a random variable with characteristic function

C(s)=(e,°Pe,) =Jo(sT) (29

the corresponding probability density being

1 1
w(P)=——=—, |PI<r,
T r2_P2
(30
=0, |P|>r.

An elaborate boson calculus, based on the operators of the Heisenberg algebra, has been
developed by several authdfs2For /#0 the Heisenberg algebra is replaced by the algebra of
ISO(2). For the calculus based on this algebra it is useful to represent it as a set of operators acting
on a space of holomorphic functions

X=z,

1 1
P:z(ea/az_e— MZ):TA* , (31)

J= %(ea/az+ e ‘9/5’2)=A+ _
Let T, be the translation operator ly;
T, f(2)=f(z+ ). (32
ThenA_=3T,—T_,) is a finite difference operator anl, = 3(T,+T_,) a finite average op-

erator. Therefore, instead gfandd/dx for the Heisenberg algebra, the I&Pboson calculus is
based org, A, A_ and the relations

[A_,z]=A,,
[A,,z]=A_, (33

[A,,A_]=0.
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On the other handwith the choicee=— 1) the algebra for the paP®=/p°, X°=x%/is
the algebra of 1ISQ,1);

[P, X°]=i7,
[X%,3]=—iP°, (34)
[P°,3]=0.

In this case the representation, as operators acting on differentiable functions on the hyperbola, is

PP=r sinhu,
J=r coshu, (39
d
o_ _;_—
X Id,u'

Generalized eigenvalues of the time operatoreiie. Because there is np-periodicity in the
hyperbola, there is no discrete quantization of time, as opposed to the discrete quantization of the
space coordinate. This conclusion, of course, depends on the ehoied.. The opposite situation
would hold fore= +1.

The main steps of a calculus based on (3Gnd 1SA1,1) are described in the Appendix.

A. Modifications to the one-dimensional harmonic oscillator spectrum

From the harmonic oscillator Hamiltonian

Mw?
H=—+—x° (36)

using the representatigq5), one obtains the eigenvalue problem

R? mw?/? d?

Wsinz - —— g2/ [(O=EF(0). (37)

Equation(37) is a Mathieu equation which one rewrites as

d2
ﬁzf(a)=(—a+2q cos(20))f(0) (39
with
_2E R?
a= 2mws/?  2/°m2p?’
(39
R2
9= 4/
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and has solutions of four types

o

fozz Aomipcos(2m+p)d, p=0, or 1,
m=0

(40)
f1= > BomipSiN(2m+p)d, p=0, or 1,
m=0
with characteristic valuea which are denoted By
a iar for even periodic solutions,
(41)
a ibr for odd periodic solutions.
For small/, q is large and one may use the asymptotic form for the eigenvalues
(2r+1)°+1 (2r+1)%+6r+3
a,~b,,1~—2q+2(2r+1)\q— — —e (42)

8 27\/6
from which, and from(39), one obtaingusingr=1)

1
n+ -

(2n+1)%+1 , _ (2n+1)%+3(2n+1)
5 — M/ -

E.= 16 Mw*/ 7

m’w®/*+0(/°) (43

w—

as the corrections to the harmonic oscillator spectrum arising fromr’th8 algebra.

B. Barrier problems

Consider a one-dimensional barrier, that is

H=P? for x>0,

(44)
H=P2+V for x<0.
Using the representatiof25), the eigenvalue problem
HY c,e"=\>, c.e’ (45)
neZ neZ
leads to the following recurrences:
Ch_2tChip2=2C, for n<O,
(46)
Ch_ptChip=2'c, for n>0,
with
z=2—A4\,
(47)
Z'=2+4V—A4\.

Downloaded 17 Jun 2004 to 194.117.6.62. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



168 J. Math. Phys., Vol. 41, No. 1, January 2000 R. Vilela Mendes

LetA<V. For a solution that corresponds to a wave propagating from the right and being reflected
at the barrier, the recurrences (#6) are solved by

¢c,=0 for n even,
co=e ("7 for n odd andn=1, (48
c,=ae M+be"? for n odd andn<-1.

With y=3cosh (z/2) and 6= 3cos 1(z/2), the recurrences are satisfied faf=3 and, from
the matching conditions,

C,3=ZC71_C1,
c_,=2'c;—Cg,
one obtains

a= m{(z’e*’— e Me 13— (z7e 27—ze Y7—e 2")e %,

(49

b= m{(zleizy_ e 47)e'%—(zZe 27—ze 47— e*27)eié}.

The constanty controls the decay of the wave function under the barrier &t wave length of
the intensity fluctuations to the right of the barrier. For smallthat is, small energy &

=3}sin2/A =A%~ \, A being the momentum of the incident wave in units of 1Let the

momentum in physical units be= \\//. Then, expanding

o 5
|n5%|n/p|1+6/2p2+---]. (50)

The conclusion is that the intensity fluctuations to the right of the barrier have a wave length
smaller than the inverse momentum, the leading correction factor Beifyr.

C. Diffraction

The representatiof25) also provides all the required framework to compute the effects of the
fundamental length’” on the diffraction experiments. Let a matter wave pass through a slit of
width L=2N/". The wave function at the slit may be represented by

1 N

Y =— eln?. (51)
- V2N n=2—N
(Generalizeyl eigenstates of the momenturR £ sin6) in the e’ basis are
(1_k2)—1/4 N _
D= 2 g insin (k)eln(}, (52)
N2 n

the factor (- k?) ~*/# being included to insure a normalizatiétk— k') of the momentum states.
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Computing the projection

N

VATN( | W )= (1—K?)~ 1/4% einsin* (k)
n=-N
N
=(1—k2)1’4%[1+221 Tn(\/l—kz)}, (53)

whereT, is a Chebyshev polynomial.
With the transverse momentugnin physical unitsgq= k//, and, for largeN, approximating
the sum in(53) by an integral one obtains

sin(N sinl(k)))2

4WN|<¢k|\I,L>|22(1_k2)1/2( Nsin—l(k)

2 L 1 z
z(l—/zqz)l’z(—sin a 1+6/2q2+--- ) (54)

Lqg~ '\ 2

meaning that, for large transverse momenfilarge diffraction angles the separation between the
diffraction rings becomes smaller.

The same result could have been obtained by studying the distribution of the random variable
with characteristic function

2N

. 1
() =55 2 (2N=|K[+1)3(s). (55
k=—2N

D. Stochastic processes in noncommutative space—time

In the Appendix, a quantum stochastic calculus is developed, based ¢h,15end 1SG2),
which are the algebraic structures of the operator £¢¥sP°, 3} and{X',P',3}. The stochastic
processes constructed there are sums of independent identically distributed random variables.
Therefore, the “time” of the process is simply the continuous parameter that labels the probability
convolution semigroup. If, however, time is an operator that satisfies well-defined algebraic rela-
tions with the other observables, as in tf#, the construction has to be done in a different
manner. The notion of filtration, in particular, cannot be obtained simply by a splitting of the
indexing spacd. It must be replaced by a construction of the spaces of eigenstates of the time
operator. Physically the treatment of time as a parameter still makes sense if the time scale of the
processes is slow(Remember thak,=ct and then[t,x;]= (i/?/c) M,;.) However, for pro-
cesses with a fast time scale, a construction where time is treated as an operator is needed.

To describe time-dependent processes one needs at least one space and one time coordinate.
Therefore, the minimal algebra i° x*,M%,p® p!,3} which, for e=—1, is the algebra of
ISO(2,1), the group of motions of pseudo-Euclidean three-sgage. Representations may be
realized on the space of functions on the double- or single-sheeted hyperlHGJm’de_ and on
the coneC?, with coordinates, respectively

&1=sinhu sin g,

&,=sinhu cosé, (56)

§3=coshu,
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&,=coshu siné,

&,=coshu cosé, (57)
&z=sinhu,
&=rsiné,
&>=r1 Cosé, (58
&3=T.

Here representations on the space of functions on the upper sheet of thécuwilebe chosen.
The reason for this choice is to have positive energy but no minimal nonzero energy. Then

/pt=rsing,
J=r cosé,

/p=r,
(59

) ) J J
=—|[—sm6—+rcos¢9—],
ar

XO
7/ 96

MOl= —j cosaiﬂ sin Gi
a0 ar|’

acting on functiond (r, #) on C2, square-integrable for the measuhed §. Hermitean symmetry
of the operators is obtained if eithe¥?f(r, #) —0 whenr —o or f(r,8)=r ~1/2*irg(¢). The last
case corresponds to the principal serieS@X2,1) representations.

One sees that the time and the space coordinates are nhoncommuting operators. Therefore,
when describing a process, time cannot be simply considered a c-number parameter. Instead, to
describe, for example, a stochastic process that at each fixed time may be sampled to find out the
value of the space variable, what one has to do is to find the subspaces of time eigenvectors,
corresponding to each fixed eigenvatu@hen, in each such subspace, one has to find the possible
values ofx and their probabilities. If no further constraints are imposed on the valugs tbis
will be the analog of Brownian motion in the noncommutative one-time one-space setting.

The eigenvectors of the time operator(b9) are obtained from

{9 d t
|[S|n0%—r cos&—r]ft(r,e)—7ft(r,¢9), (60

the solution being

0 i(t!”)

ft(r,0)=(cot—

5 g(r sing) (61)

with g(r sin ) an arbitrary function of sin 6. Now one considers the spectrum of possible values
of the space coordinate in each one of the subspaces spanned by the funcfignst). The
projection on thee™ "’ eigenstate of the position operatofcorresponding to the positian) is
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cot -

2

0 i(t!7)
) g(r siné). (62)

c (t)=ifd0e”‘9
-n 2

For a process that starts fror=0 at timet=0 it should becy(0)=1 andc,(0)=0 for n#0.
Therefore for such a proceggr sin §)=const. Strictly speaking a constant function is outside the

L? domain of the operator and therefore one should consider the operator as acting in the gener-
alized functions space of a Gelfand triplet. With the chdige, 8) = (cot6/2)") one obtains, by
computing the integral62),

Co(t)=e~ (72U, (63)

For the other coefficients, they are more conveniently obtained by salélgn ane™ "¢ basis,

ft(r,ﬁ)erZ Cneina,

neZ
which leads to the recurrence

2t
(n—l—a)cn_l—(n+1+o)cn+1+i7cn=0. (64)

For =0, using a recurrence relation for hypergeometric functions one obtgirs(1/n)
XF(—n,—i(t//);0;2). Then

1 t om
Cn(t) = Eeln w2~ (ﬂ/Z)t//Pg<7 : E) for n#0, (65)

Pﬂ(t//; 7/2) being Pollaczek-Meixner polynomials with generating function

(1—it)ix(1+it)">‘=20 Pﬂ(x;g)t”. (66)

Hence, without further restrictions on the dynamics, the process that @tstarts fromx
=0 has a probability to be found atn/" at timet equal to

t

t oar))\?
= PO(—/;—)) : (67)
/ M/ 2

E. Higher-dimensional representations

The full algebra?, .., described in Sec. Il, is isomorphic to the algebra of (80, the
group of motions of the pseudo-Euclidean five-spage. Consequently, as pointed out in Sec. I,
a representation may be obtained in the form of differential operators in a five-dimensional com-
mutative manifold. Alternatively, as for the lower dimension subalgebras treated before, a repre-
sentation is obtained in the space of functions on the upper sheet of th€¢tonéth coordinates
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&1=rsinfzsinf,sinfy,
&>,=r sinfzsind, cosb,

&3=r1 sinf5cosb,, (69

&,=1T C0S0O3,

&s=r,

the invariant measure for which the functions are square-integrable being

du(r,6;)=r?sirf 63sinf,drd6,d6,do;. (69)
On these functions the operatorsff .. act as follows:

/pi=r,
J=r cosbs,
/pl=rsinf;cosb,,
/' p?=r sin@,sin 6, cosb,,
/p3=r sinfé;sinf, sin b,

1%

MB=—j —
36,

M= —j cos¢91i—sin01cot¢92i
90, 90,

M31=j sin¢9li+coselcotz92i
90, 90,

0

x

Jd J

— il —sing. L4 K
|( smé@(w3 rcosegar), (70

Xl

. d _ dJ
=i ———sin —
=2 <00502a93 siné, cot93(902>,

i 0, SN, —— + C0S, COSB, COthy—— Sin6y {0,
=i in _ =

— =i| costy s 256, C0S6, €080, COL03 - — o Cotba - .
x in 6. sing 6’+.0 9. cotd (9+cosel . d
— =1 N N -— N -_— —_ -—,
, T SINOLsING2 g, SN0 COSE2 COL0s 507 Sing, “©' 7290,

sin 02 J

J J
M%=i| = ——r inf;—
S, 96, cosb, 00303(903 oS0, Sin b3 ar)’
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cos#, cosé, 4J sin 6, d
sind;  dh, sinf,sinbz o,

MO2= —i(
. dJ . . d

+Cc0sé4 sin 6, cosf3;—— +r C0SHq Sin b, Sinf;— |,
(903 ar

03 .[Sin@icosd, J C0s6, d
M™= —i . —+ = - —
sind;  dh, sind,sinfz 96,

d d
+sinf,sinb, cosasﬁ +r1 siné;siné, sin 6307) .
3

This is the appropriate representation to generalize to higher dimensions the construction of
processes carried out in the previous subsections.

IV. INTEGRATION IN NONCOMMUTATIVE SPACE-TIME

Here one has to distinguish two cases. Because the energy-momentum ofefam}sare a
commuting set, integration in momentum space is the usual commutative Lebesgue integration.
However, the domain of integration must be consistent with the structure of the algebra of ob-
servables. From the representati@0) one sees that, whené,, 6,, 65 are diagonalized, integra-
tion over momentum space corresponds to

J F(pﬂ)dv(rvai)1 (71)

dv(r,6;) being the invariant measure defined&9) and thep# in the functionalF being replaced
by their representations ifY0).

Integration over configuration space, however, differs from Lebesgue integration because
{x*} is not a commuting set.

In the commutative case an integral

f f(x)dw(x) (72

has the following algebraic interpretation: In a representation whésaliagonalizedf(x) is the
diagonal element;fx) and the integral72) is a weighed trace, with the weights assigned to each
eigenvalue by the measuréx). For compact operators a noncommutative integration theory has
been developed with the integral replaced by the Dixmier trace. Infinitesimals of order 1 are
compact operators with eigenvalugs=O(n~ 1) asn—o. Then, given the sequence

1 N—-1

N iogN % Mn s (73

there is a linear form liny on the space™ of bounded sequences which satisfies the properties of
linearity and scale invariance needed to interpret it as an algebraic substitute for the notion of
integral. This form is the Dixmier trace which, if the sequei£® converges, coincides with its

limit.

The coordinate operators are not compact operators. Therefore, when constructing the non-
commutative version of integration over configuration space, the question of the regularization
factor in the trace should be carefully analyzed. Consider first integration in one space variable. As
discussed in Sec. lll, the spectrum>ofs {n/:ne Z}. Therefore the trace is a sum over
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N N
lim > F(x)=Ilim > F(n/).

Nﬂoon:*N N*)oon:*N

The question is whether one needsNutlependent regularization factor to interpret this trace as
the integral(like the logN in the Dixmier tracé Comparing

N1
J ;dx~|ogN

with
N

1
ZF=C+IogN+O
1

1
N

the conclusion is that, in this case, the trace itself has the same singularity structure as the
corresponding continuous integral. Therefore, it seems consistent to simply use the trace, without
any regularization factor, as the definition of the integral. This is carried over to configuration
space integration on the four-dimensional case by defining an orthonormal basis

32
e Hpm(r)

. 1
[Am) = >

for functions on the con€*, wherefi=(n,,n,,n3), 52(01,02,03), andH(r) is an Hermite
polynomial. Integration is then defined by the trace

> (Am,F(x*)im), (74)

it being understood that the" in (74) are represented by the operatorg76).

V. QUANTUM FIELDS IN NONCOMMUTATIVE SPACE-TIME

A. Local free fields

In the R, .. algebra,{P#,3} is a commuting set. Therefore, a complete set of eigenstates of
the momentum may be constructed and, in momentum-space, calculations may be carried out as in
the commutative case. However, quantum fields over space—time are also needed, to construct
local interactions. Because the momenta and the coordinates are not Heisenberg dual, the usual
Fourier transform cannot be used to construct local fields. This is then replaced by the following
construction:

Given a representation where the opera{é4,J} act as multiplicative operators in a space
of functions(Sec. 1), 3~ is also a well-defined multiplicative operator. Then, a set that obeys
Heisenberg commutation relations w{tR*} is the sef{y*=3{x*,3 '} .}, where{--- }, denotes
the anticommutator. This set may be used to construct local fields, from the momentum space
states, by Fourier transform. Notice, however, that} is still a noncommuting set and the
noncommutative nature of the geometry is fully preserved.

In the commutative case, fields are sections of vector burttlieger the configuration space
M and the space of sections is a representation space for the algebra of functions on the base
manifold (more precisely a projective moduldvioreover, it is known that for compatd there is
a one-to-one correspondence between vector bundles and finite projective modules over the space
C(M) of continuous functions oM.*%*1 This is the correspondence that provides a generalization
to the noncommutative case. The notion is carried over to the noncommutative case as follows.
Let
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Eﬂ.:{lﬂEUm(@U;ﬁ@"‘@U%’ﬁlﬂ:lﬂ} (75)

The noncommutative version of a sectian¢omponent quantum fields an element of tha-fold
tensor product of the generalized enveloping algebyadefined in(9) (Sec. Il B), restricted by
the projector relationryy=0. (7—1)¢=0 is the equivalent of a field equation.

To fully appreciate the similarities and differences to the commutative case one follows a
construction as close as possible to the commutative one. For this purpose one profits from the
commutative nature of the energy-momentum operator séi.,Jrone has the relation

[P, el ky{xV,3_1}+] _ ikﬂe(ilz) ky{xV,J_l}Jr' (76)

Therefore¢ € Uy given by
¢:J d4k5(k2—m2){ake(”2)kv{xv'jfl}++b§e_ (i12) kV{x”,3*1}+} 7

satisfies theprojection equation

[P..[P* ¢]]-m?¢=0 (78)

and is a free scalar field in noncommutative space—time. The local giéédan element of the

enveloping algebr&y, . Therefore, powers op, multiplication, and the action of the derivations

being well defined, the noncommutative version of local interactions is also well defined.
Similarly free spinor fields may be defined by

lﬂ=f d*kS(k2—m?){beu,e (i2) kV{xV,3*1}++dEVke(i/2) k,,{x”,:rlh}’ (79

yreUgp:Dy—my=0, (80)

D being the Dirac operator defined befdf&ec. Il

B. Gauge fields

Consider now gauge fields in the noncommutative space—time context. Gauge fields in the
commutative case are Lie algebra-valued connections.
In the simplest case consider a right;-module generated by 1:

E={1a; aeUgy}. (81
A connection is a mapping:E—E®Q(Uy) such that
V(xa)=xda+V(x)a, (82

xeE, aeUg. For each derivatiod; e V the connection defines a mappiﬁgi: E—E. Because

of Eq. (82), if one knows how the connection acts on the algebra unit 1, one has the complete
action. Define

V(1)=A=A;0", AeUgy. (83

A gauge transformation is a unitary elemebt*(U=1) acting onE. Such unitary elements
exist in the C*-algebra formed from the elements of the enveloping algebra by the standard
techniques.

Let ¢ € E be a scalar field. Then

V(g)=dp+V(1). (84
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Acting on V(¢) with a unitary element,
UV(¢)=Ud(U U¢)+UV(1)U U¢
=d(Ug)+{UdU H+UV(1)U HU¢p=V'(Ug). (85)
Therefore, the gauge field transforms as follows under a gauge transformation:
V(1)—U(dUu H+uv(1)u Lt (86)

Notice that the second term does not vanish because of the noncommutativity. of
The connection is extended to a mappig Q(Uy) —E®Q(Ug) by

V(ga)=V($)a+ ¢da, (87)
¢cE andae Q(Uy). We may now comput&2(1):
V2(1)=V(1A,6)=V(1A)6 +1A,d6
=1dA 6 + V(1A 0'+1AdE = 9;(A) OI/\N 6 + AA 0N (88)

Therefore, given an electromagnetic potentiat A, 6" (AjeUy), the corresponding electromag-
netic field isF;; 6'/\¢', where

Fij=adi(A) —d;(A) +[ALA(] (89

Fi' (S Um .
J Unlike the situation in commutative space—time, the commutator term does not vanish and
pure electromagnetism is no longer a free theory, because of the quadratic teffips Notice
also that the indices in the connectio®8) and gauge fields89) run over(0,1,2,3,4.
To construct an action for the gauge fields an integration on forms is needed. Because of the
structure of the derivation algebi@°(Uy,) is generated byy°/\@*A\6%/\63/\6*. Therefore,
given an arbitrary element @d°(U)

A=a6°N\ o N\ 6PN 6, (90)

we define

f A=Tr(a). (92

By Tr we mean the trace in the sense discussed in Sec. IV, if a basis for the representdtijpn of
as operators acting on a space of functions on the @hneés used. As discussed before, if this
representation is used, the trace has the same singularity structure as the corresponding commu-
tative integral. For other representations, however, a regularizing feetan the Dixmier trace
may have to be used.

To construct an action for the electromagnetic field consider a diagonal mgtrie(1,— 1,
—1,—1,—1) and construct

G=Gyn 0*\0"\ ', (92
whereGy, = €, Fij € Uy. The actionS, is obtained from the trace ¢f/\G,
Sa=Tr {FapF2 =Tr {F, F*"+2F, F*}, (93

n,ve(0,1,2,3).
In conclusion one finds
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(i) additional fields A4,F,4,) in noncommutative electromagnetism,
(i)  nonlinear terms ik ,,, and
(i) additional terms in the action.

The existence of additional field components is not associated to extra dimensions or a multi-
sheeted nature for space—time. They appear only because of the existence of the de¥jvation
This, however, operates inside the algebra of the usual physical observables, namely,

da(X,) =P, (94

The gauge fields in noncommutative space—time, we have considered, are gauge fields with a
U(1) internal symmetry group. Because of the noncommutativityJgf, the expressions for
gauge potential, gauge field and action, in the case of a non-Abelian internal group, are exactly the
same. The only change is that now the coefficiéyfgndF ., are inUx®Lg, Lg being the Lie
algebra of the internal symmetry group.

To discuss matter fields one also needs spinors, and an appropriate ganatfices to
contract the derivationg,. A massless action term for spinor matter fields may then be written

S,= YR, (95

whereae (0,1,2,3,4), y*=(¥% %92 9%i°) andy s a field in a projective modulE ,CUg*.

It follows from the propertie$11) of the derivations that this term is Lorentz invariant. Notice that
although the sefM ,, ,x,} has a @1,4) structure, it is only the @,3) part that is a symmetry
group. Coupling the fermions to the gauge fields,

Sy= i Y (da+igAs. 7)Y, (96)

{7} is a set of representatives of the internal symmetry Lie algebra. F@@none sees that
fermions may be coupled to the connectiy without having to introduce new degrees of
freedom in the fermion sector.

The existence of the additional degree of freedom on the connections is a consequence of the
noncommutative space—time algebra which does not depend on the magnittideijfust on/
being # 0. Therefore, in addition to the specific effects coming from the noncommutativity of the
Uy algebra, a more dramatic consequence is the emergence of new interactions which, for each
gauge model, follow from the gauge principle.

Connes and Lott and several other authors after théfior a review and references see Refs.

43 and 44 have used théH,7,D) scheme to construct a geometric formulation of the standard
model. What essentially is done is to consider as geometric space the product of a commutative
four-dimensional space—time with a discrete space. This is interpreted as a multi-sheeted space—
time and the Yukawa coupling matrix of the standard model provides the part of the D operator
that acts on the discrete space. This construction provides a nice bookkeeping of the Higgs
phenomena and the Kobayashi-Maskawa matrix although it is a little hard to believe that a
phenomenological model, with so many free parameters as the standard model, is a direct mani-
festation of the intrinsic geometry of space—time.

The additional degrees of freedom arising from the noncommutative space—time structure that
| have been discussing have a quite different origin from those in the Connes-Lott construction.
They are not associated to any discrete component in space—time but to the structure of the
derivations and the differential algebra. Also, there is no reason to expect them to be related to the
Higgs phenomenon. In fact, if the structure that we obtained from the structural stability idea is a
good clue to the behavior of nature, we would expect the extra degrees of freedom to manifest
themselves at the same level of dimensions as the size of the fundamental length parameter. They
are a consequence of the structure of the differential algebra and they appear both in the Abelian
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and non-Abelian theories, through the fields that are connections. Of particular interest from the
experimental point of view is the pseudoscalar partner of the photon associateddpdbmpo-
nent of the Abelian connection.

The only nontrivial action of the derivatiofy is on the coordinate operatoxg . From (11)
one sees that in thé—0 limit this action vanishes and all the effects of thederivation(extra
connection components, etdisappear together with the noncommutativity{ ®f, ,x,]. Extract-
ing the/ factor fromd,, 6* andA, we estimate the dependence 6rof all the physical effects
arising from the noncommutative space—time structure. Define

1 — — 1
(94:_&4, 04:/"04, A4: _A4.

/ /7
Then
04(x,)=P,, 0 =1, V(L)=A,0"+A, 6"
The non-Abelian QED field equation
9aFap—[A%Fap]=0
becomes
IF Lt T 04— 500, (Ag) = T ALA L —[ARF 1= [AYF,]=0.  (97)

Notice that the last two terms are also, at most, of ovﬂ%rThereforeﬁ“FWZO(/’Z) and, for
example, eventual deviations from the masslessness of the photon are expected to be at most
O(/?). Notice, however, that these effects have a dependence on the energy scale of the experi-
ment.#“F ,, has dimensionglength 3. This means that expectation values of the operator that
multiplies /2 in Eq. (97) have dimensior(length °. Therefore, although the deviations from
*F,,=0 areO(/?), they may be strongly enhanced by the energy scale of the experiment.

For the pseudoscalar electromagnetic coupling we have

/9y AL,

that is, expected effects are of ordéfa. The same considerations as above, concerning the
experimental energy scale, apply to the pseudoscalar coupling effect.

C. Metric and Riemannian structure

To complete this survey of geometric notions, a brief discussion is also included on how to
construct metrics and a Riemannian structure in noncommutative space—time. Applications to
general relativity will be discussed elsewhere.

Besides the exterior differential algebra defined above we will be concerned here with the
tensor algebra constructed from the sgi#& basis by formal tensor products

0@ 0%2@---® 6°%.
In particular, ametricis a symmetric element
gt 6 (99)

W|th gk| e Um andgk|:g|k .

We now considetJ z-modules constructed from elements of the tensor algebra. To define a
connection, in modules constructed in this way, it suffices to consider the act\opinfthe basis
elements#?. Define
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Vs(6%)=—T5(5)6" (99)

with eV, T2(8)eUy, 0°cQ(Uy). T'2(S) is an element of the enveloping algeblth,
which depends on the derivatiah Therefore, it may be written as the contraction of a one-form

V(0¥ =-T3.6°® 6, (100
I'f.e Uy. For a metric, using82) and the Leibnitz rule,
V(9pc6°® 6%) = 04(gpe) 02® 6°® 0°— gl 5090 6°® 6°— gy IS.0% AP0 65, (101)

For a metric with vanishing covariant derivati¥gg,.6°® 6°)=0 and a symmetric connection
0.=TI'2, one obtains, permuting the indices,

gabrge:%{ae(gbd)+‘9d(geb)_ab(gde)}y (102

which corresponds, in this setting, to the Christofell relations. The factors on the left are, however,
in general, noncommuting elementsldf;, instead of c-numbers, and the derivations on the right
are computed by the rules of Eq41). Hence the relations are not so useful as in the commutative
case to compute the connection from a given metric, becaus® ghealued matrixg,y is, in
general, not easy to invert. Therefore, it is more convenient to define physical configurations from
the connection itself.

The quantity that corresponds to the Riemann tensorUs;avalued tensor

R=R2..0°® 0°® 6°®d,, (103
62 QY(Uy), d,eDer (Uy), andRY . Uy, Which is obtained computing
VsV 5ap6°) =V 5:(V 52,6°) — Vi 5 5185 6°. (104
The result is
Rgce: &b(rge) - (9C(F§e) + anrge_ an Be+ if gbrﬁe' (109
For completeness the last term contains the structure constants of the derivation algebra, which in
this case vanish because Dé&fyf) is Abelian. Notice that in Eq.105) the order of the factors, in
the quadratic terms, is not arbitrary becalifee Uy,

From (105, by contraction, one would obtain the noncommutative versions of the Ricci
tensor and the scalar curvature.

APPENDIX: QUANTUM STOCHASTIC CALCULUS BASED ON ISO (1,1) AND ISO(2)

Consider first the 1ISQ,1) case. In the representatiéds) replacing—i (d/du) by X° and x
by i(d/dX°) one obtains

1/ . ) 1 d
PO=§ e'<d’dxo)—e_' (d/dxo)) = E(Ti —T,i)=i Sin(d—xg) )
(AL)
1/ . ) 1 d
J= > gl (X)) 4 =i (d/dxo)) = E(Ti +T_i)=COS< _dXO) .
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Operating on holomorphic functions ¥°, P andJ may be interpreted as a finite difference and
as an averaging operator in the complex direction. Defining

o[ d o d)\ o
mn(m):D, cos(d—xg>=D+,

the commutation relations are

[D— !Xo]: D+|
[D.,X°]=-D._, (A3)
[D,,D_]=0.

The first step in the construction of a quantum stochastic calculus, based on this algebra, is the
construction of the associated representation spaces. Let

A=i(X°+ D)) A*:i(xo—D,) (A4)
V2 ’ V2 ’
with algebra
[A!AT] = D+l
[AD.]=3(A-A"), (A5)

[AT,D.]=3(A-A").

The vacuum is chosen to be the vector that is annihilated by
Ap(X%)= i(><°+ D )¢(x%)=0 (A6)
‘/2 1

which, in the Fourier transform, becomes

—i %-Fsinhw)d)(w)zo, (A7)
yielding
1
(;5((0) =— @~ coshw (AB)

VNg
with normalization factor
Ny=2Ky(2)=0.227787 .. .,

K,(z) being a modified Bessel function, and

1
¢(XO)IF71(¢((D))=mKixo(l)- (A9)

A basis is obtained by acting o with powers ofA".
Lemma A1The set{A™¢:n=0,1,2,.. } is an orthogonal set.
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Proof: Assume that up to orderall A™¢ are known to be orthogonal to all states of the form
At--- ATD_A™-- AT¢, whereA" appears less tham times and D one time. Then for=n,

(ATa¢,ATn+1¢)=(ATAATaflqb,ATnd)):...=(ATaA¢,ATn¢)=0_

The base for the induction is provided bys,AT¢)=0 and O, ¢,ATp)=((A—A) ¢, ¢)
=0. H

The statepp may be used to define a probability distribution. An oper&dn the enveloping
algebra of{X°,D, ,D_} becomes a random variable with expectatigh@¢). In particular, for
X° the characteristic function is

Ko(2 cosh(y/2)) 3

iyx0 o\ _
Croly)=(. ") = —— 5

f eY*p(dx). (A10)

The state¢ is the analog of the harmonic oscillator ground state in the Heisenberg algebra
case. Although this is the state that will always be used to define the probability structure, for the
construction of the stochastic process it is more convenient to use a different basis. Define

H,=P%+7,
(A11)
H_=-P%+3.
Then
[X%H,]=~iH,,
[XOH_]=—iH_, (A12)
[H+ vH—]:Oy

and, in the representatigB85) with r=1, one has the simple action
XO i

Hig(p) =e(p), (A13)

H_og(u)=e *y(u),

with the scalar product in the spaweof square-integrable functions on the hyperbola defined by

(dmll)ff dud™ () (). (A14)
An equally simple representation is obtained by Fourier transform, namely,
XF(N)=iNF()),
H.E(\)=F(\+1), (A15)
H_F(\)=F(\—1).
Let now h=L?(R.) be the Hilbert space of square-integrable functions on the halfRine
=[000]. It is the variable inR, that will be the continuous index labeling the convolution

semigroup generated by the probability distributipfux) in (A10). It is interpreted as the time
parameter of a stochastic process, sum of independent identically distributed random variables.
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From (A12) one constructs an infinite set of operators labeled by functions in h, with algebra
[X°(f),H,(9)]=—iH (fg),
[X°(f),H_(9)]=iH (fg), (A16)
[H.(f),H-(9)]=0,
f,geh.

These operators are made to act on a space that is a direct integral H of spaces of functions on
the hyperbola indexed by functions din namely,

W) o f drf(Pe(u,) (A17)

with scalar product

(D(F),(F2))=(T1,T2)n( P, h) 0, (A18)

where, on the right-hand side, the first scalar product is &mnd the second iN. For f,ge h the
action of the operators is

XO(F)(9)=—id,4(fg),
H..(f)w(g)=(e*y)(fg), (A19)
H_(f)y(g)=(e *4)(fg).

This action satisfies the commutation relatigAd.6).

Notice that other functional realizations of the commutation relations are possible. For ex-
ample, the operators may be made to act on a space of square-integrable functionalsatier
following way:

X%(f)F(g)=—iD;F(g),
H.(f)F(g)=(f,e9)F(g), (A20)

H_(f)F(g)=(f,e"9)F(g).
However, in this case, the difficulty is in finding a scalar product for which the operators are
symmetric. Therefore, here only the direct integral construction will be used.
To define adapted processes the usual splittings are considered,
h=L2[02)=L%0s]®L?%(s,2)=h%®h®,
(A21)
H=H® HC,
and anadapted procesis a family K= (K(s),s=0) of operators in H such that for eath

K(s)=K®1. (A22)

The basic adapted processes here are
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X(s)=X% x10)):
H.(s)=Hi(x[o0sg): (A23)

H_(s)=H_(x[og)>

X[o,s) being the indicator function of the intervidd,s]. Given an elementary process , that is,
a process that is constant in the interps],s,] and zero otherwise, the stochastic integral is

f:Eslszd K=Es s {K(min(s,s;)) —K(min(s,s;))}. (A24)

The stochastic integral of a general adapted process is obtained by approximation by elementary
processes and a limiting procedure. The following two results characterize the properties of the
stochastic integral in the 1S®,1) stochastic calculus

Lemma A2: For adapted process,, E, , E_, f, geh and¢(f), ¢(g) eH,

< o(f ),f;{EodX°+ E.dH.+E_dH_}¥(9)

t
= f0<¢(f ), —IiEo(S)(d,¥)(9xas) T E+(S)(e*¥)(gxas) + E_(S)(€ “¥)(Oxas)).

(A25)

where yq4s denotes the indicator function of the intervja,s+ds]. The proof follows from
application of the operator action {(A19). Using the properties of the scalar product in(A25)
may be rewritten as

_i(¢,(?'ulﬂ)lu(f,Eog)h+(¢,eﬂ¢)#(f,E+g)h+(¢,e_”’lﬂ)#(f,E,g)h .

Lemma A3: For adapted proceds,, E. , E_ define
N;(t)= J;{Eg>dx°+ EVdH, +EVdH_}. (A26)
Then, forf, geh ando(f), ¥(g) eH,
(N1(D) $(F),Na(t) ih(9))= J;<N1<t)¢<f ) {—IEFA)(d,4)(gxas) + EP(S) () (Oxgs)

+EP(s)(e™#9)(gxgs)}) + J;<{—iEg”(s)(m)(fxdsHE&“(s)
X (e"$)(fxas) + EL(s)(e7#$)(fxae)},No(t) 4(9))
—i§ f;(¢,e#¢>#{€0”<s>f_<s>E&”(s)g(s)
—EX(s)f(9)E(s)g(s)}ds
v [ JEP ST OED 1009

—EW(s)f(s)EP(s)g(s)}ds. (A27)
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The proof follows from splitting the integral in its upper and lower triangular regions plus the
diagonal and using the commutation relatigA46) to compute the diagonal terms. The diagonal
terms[the last two terms ifA27)] contain the Ito-type corrections for this stochastic calculus
which may be written symbolically as

d(NlNz)szlN2+N1dN2+dN1dN2 (A28)

with multiplication rules

i
dX%-dH,=—dH., -dX°=— 5dH..,
(A29)
i
dXO-dH_z—dH_-dX‘):EdH_,
all others being identically zero.
The probability structure of the process is defined by the choice of a state that is used to

compute expectations. For this purpose one uses a direct sum of states GA8ypehich are
annihilated by the operatdk of (A4):

1
Q=0 f dr¢,=@ f dTN—¢e—C°sh~r. (A30)

This state belongs to the space H and splits as follows:

@f dTX[O,S]¢T+@f d7X[s%]Pr

in the decomposition HHS® HE. The triple (H, {Oadap}: ), where{O,q,,} denotes the set of
adapted operators over H, is tt@ncommutativeprobability space associated to IQQL). For
XO(f), for example, the characteristic functional is

Ko(2 cosh f(7)/2])
Ko(2)

C(f )=(Q,e‘xo(f)ﬂ>=exp{ f drlog (A31)

In the 1ISQ2) case, to theX, P andJ operators correspond finite difference operators

A_f(x)=3(f(x+1)—f(x—1)),

(A32)
A f0)=z(f(x+1)+f(x—1)),
and the representation
1
X=X, P=i—A_, J=A_, (A33)
with associated operators
B 1(+A) Bf 1( A) (A34)
=—(Xx+A_), =—(Xx—A_).
V2 V2

An alternative representation as operators acting on functions on the circle is
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P=sing, J=cosd, (A35)

X has a discrete spectrum, with eigenveceys (12 ) €"?, and, when this basis is used, states
are in/?(Z). The state that is annihilated 1 is

bo= 2 cPe, (A36)

with cﬁ°)~ln(1), I, being the modified Bessel function. In the representati3b)

1
Po=———=€"’, (A37)
VN

N, being the normalization factorsa (2).

As in 1SQ(1,1) the set{B™¢,} is an orthogonal set. However, for the construction of the
processes, it is more convenient to use arbitrary square-integrable functions on the circle and the
representatioriA35).

Here X is a random variable with characteristic function

19(2 cos(s/2))
lo(2)

To construct processes and a stochastic calculus, the commutation relations are lifted to an infinite
set indexed by functions on the circle

[X(f),Vi(9)]=—V.(fg),

[X(f),V_(9)]=V_(fg), (A39)

C(S)=(po,€'*po)= (A38)

[V+(f),V_(9)]=0,

whereV, andV_ correspond taA , +A_ andA, —A_. These operators are made to act in a
direct sum spacél’ of functions on the circle

X(f)y(g)=idep(fa),
V. (f)yp(g)=(e"y)(fg), (A40)

V_(f)yp(g)=(e 'y (fg),

and the construction follows the same steps as before.
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