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a b s t r a c t

Formal language techniques may be used to study controlled dynamical systems and lead to a

formulation in terms of context-dependent grammars. Using automata as basic units we obtain an

on-line implementation of the grammars. The implementation has a hierarchical structure, the lowest

level dealing with the identification of alphabet symbols (terminal and non-terminal), and the other

with the establishment of the grammar productions. The method provides an automatic construction of

the automata network from the experimental data. In particular, the parallel-processing capabilities of

automata networks improves the performance of grammar-based models for control and anomaly

detection in electromechanical devices of industrial relevance. One such example is presented.

& 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Formal language theory may be used to model not only
autonomous but also controlled dynamical systems (Martins
et al., 2001). In both cases, the dynamical system is considered a
language-generating source and a grammatical inference algo-
rithm extracts the grammar productions. In an autonomous
system, the nature of the grammar depends on the complexity
of the system, regular languages being in general sufficient for
practical modeling purposes. In contrast, in controlled systems,
the need to distinguish between internal state symbols and
control symbols leads naturally to the use of context-dependent
grammars.

The advantage of language modeling over other information-
processing techniques lies in the fact that the structure of the
productions is not postulated in advance. Therefore, no prior
knowledge is assumed about the dynamical laws. The productions
are established from the words generated by the source and, in
the end, the resulting grammar becomes a model of the dynamical
system (Fu and Booth, 1975). A particular situation where the
flexibility of language modeling is quite appropriate is when the
system has different memory ranges in different regions of its

state space. This is the situation that requites in mathematical
modeling variable-length Markov processes (Bühlmann and
Wyner, 1999) or chains with complete connections (Berbee,
1987; Iosifescu, 1990). The language modeling adjusts nicely to
the variable memory length needed in each region by varying the
length of its productions accordingly.

Electromechanical drives, to be found almost everywhere in
industrial applications, are nonlinear controlled dynamical sys-
tems for which qualitatively different behavior may occur in
distinct working domains. Hence, they are good examples of
dynamical systems with a large spectrum of distinct dynamical
laws requiring a flexible modeling approach.

Let Eq. (1) define a controlled system, xARn being a state-space
variable and uARp and yAR the input (control) and output
variables. Fi:R

n
�Rp-Rn (i ¼ 1, y, k) and C:Rn-R are non-

linear functions, each Fi representing different behaviors in
distinct input/output subspaces:

_xðtÞ ¼ F1ðxðtÞ;uðtÞÞ; fx;ug 2 V1;

..

.

_xðtÞ ¼ FkðxðtÞ;uðtÞÞ; fx;ug 2 Vk;

yðtÞ ¼ CðxðtÞÞ:

8>>>>><
>>>>>:

(1)

A learning-by-examples modeling technique must be able to
identify the distinct transfer functions Fi( � ). The formal language
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approach addresses this problem by allowing for a large class of
production laws in the algorithm.

A dynamical system may be considered a linguistic source,
generating words in a language with a particular grammar G. The
grammar is a four-tuple:

G ¼ ðP;SN;ST; SÞ. (2)

The terminal alphabet ST codes the output of the system, the
non-terminal alphabet SN contains the symbols used to generate
the patterns and the start symbol S is a special non-terminal
symbol used to start the generation of words. The set of
productions P is a set of rules (in the form a-b, a and b being
strings) that determines the generation of words (Saloma, 1985).

The alphabets are established by coding the variables of
the dynamical system. In our formalism, coding the output
variable—y—defines the terminal alphabet and coding the input
variable—u—the non-terminal alphabet:

y �!
coding

yj 2 ST;

u �!
coding

Uj 2 SN;
(3)

A learning algorithm must establish a relation between the
alphabets (input and output information) in order to generate
terminal words representing the evolution of the output variable.
Type-p productions have the general form:

y1 . . . ypUk ! y1 . . . ypypþ1d. (4)

The sequence y1yyp, of length p, consists of terminal symbols, Uk

is a non-terminal symbol, yp+1 a terminal symbol, and d a special
non-terminal symbol that can be replaced by any non-terminal
symbol. The p terminal symbols in the left hand side of a type-p

production represent the coding of the past evolution of the output
variable.

The left hand side of the production containing at least
one non-terminal symbol classifies this grammar as context-
dependent in the Chomsky hierarchy (Chomsky, 1965). Notice that
the context-dependent nature of the language is not directly
related to the language complexity of the dynamical system,
considered as an isolated entity. When isolated the system may
even generate a regular language, but the need to code the external
control by a non-terminal alphabet leads to a context-dependent
formulation. In this sense, the language complexity of the system
arises from the undetermined nature of the external control.

Words generated by the source (the dynamical system) are
mapped into symbol sequences (in the set of grammar produc-
tions). This mapping, performed by a set of edit operations, may
be framed as a search problem. Since the dimension of the search
space grows with the dimension of the problem, computational
resources increase rapidly (Thomason, 1990). To avoid this
combinatorial explosion, several authors have proposed to
represent logic structures by connectionist structures (Barnden
and Pollack, 1991; Gallant, 1993; Honavar and Uhr, 1994; Pinker
and Prince, 1988). Notice that connectionist and linguistic
systems, as long as they relay on Turing models of computation,
can be considered equivalent, in the sense of that whatever is
computable in one framework must also be computable in the
other (Martins and Vilela Mendes, 2001).

The use of automata for language representation together with
distributed and parallel-computing techniques allows for a
considerable reduction of the processing time. Automata theory
(Tsetlin, 1962) is extremely rich and several techniques have been
used in a large variety of application domains such as pattern
recognition, encryption algorithms, handwriting recognition,
optical character recognition, data compression, operating system
analysis, electronic dictionaries, modeling, etc.

An automaton (Narendra and Thathachar, 1989; McClelland
and Rumelhart, 1988) is a five-tuple:

fY;A;B; Fð:; :Þ;Hð:; :Þg, (5)

in which the input and the current state determine the next state
as well as the output.

Y is a set of internal states, A a set of outputs, B a set of input
actions, Fð:; :Þ : Y� B! Y a function that maps the current state
and input into the next state, and Hð:; :Þ : Y� B! A a function
that maps the current state and input into the output.

In Section 2, the basic ideas of the connectionist approach to
language modeling are presented. Sections 3 and 4 deal with
the two hierarchical levels of the approach, the alphabet level and
the production level. In Section 5, the grammatical inference
algorithm is applied to an experimental system. Section 6 ends
with some conclusions and remarks.

2. The connectionist approach

Alphabets and productions are the key elements of a language.
Terminal alphabet symbols build the words, the non-terminal
alphabet is used to generate patterns and the set of productions
rules the pattern generation process. A language can be processed
using a connectionist model, which integrates symbolic proces-
sing and automata theory. Automata elements, processing
elementary information, serve as building blocks for the rules of
the higher order connectionist structure.

In practical control applications, fixed sampling intervals are
usually considered. The output is usually a nonlinear function of
the input and of the l past values of the output variable:

ykþ1 ¼ hðyk . . . yk�l;ukÞ, (6)

l denoting the memory range. This dependence on the past is
going to be modeled by type-l productions.

An automata structure (shown in Fig. 1) is used to construct
the input–output grammar. In the first level (alphabet level), the
automata identifies the alphabet symbols. In the second order
level (production level), the productions of the grammar are
established. All knowledge about the controlled system being
obtained from the input/output information, both levels are
inferred from the experimental data.

In the past, several authors have shown that context-
dependent languages may be implemented by recurrent neural
networks (Boden and Wiles, 2002; Giles et al., 1999; Wiles et al.,
2000). Given the particular form of our language formulation for
controlled systems, a simpler automata network achieves the
same purpose.

3. Alphabet level

The purpose of the first connectionist structure (the ‘‘Symbol
Identification’’ box in Fig. 1) is to identify the alphabet symbols
(terminal and non-terminal). Finite state automata are used as
basic units in this network. These units have activation levels and
pass signals along weighted connections. Each unit computes its
output by summing the weighted inputs and feeding the result to
a nonlinear output function.

Internal states, as well inputs and outputs of the automaton,
are two-valued: Y, B, AA{�1, +1}. Their evolution is determined by
Eqs. (7) and (8), Bi denoting an automaton input, wi an input
weight and r( � ) is the Heaviside function.

Learning consists of changing the connection strengths to
reduce the difference between the system alphabet symbols and

ARTICLE IN PRESS

J.F. Martins et al. / Engineering Applications of Artificial Intelligence 22 (2009) 192–200 193



Author's personal copy

their representation:

Yðt þ 1Þ ¼ r
X2

i¼1

wiBiðtÞ � 1

 !
, (7)

AðtÞ ¼ YðtÞ. (8)

Assuming an n-binary (71) coding of each alphabet symbol,
the automata are organized as an n-layer feed forward network
(Fig. 2), with 2i automata in layer i, n being the number of bits
used to code the alphabet symbols. V, in Fig. 2, is an activation
signal with value +1. A maximum of 2n symbols per alphabet are
considered with a total of

Pn
i¼12i automata in the network. After

the learning process, the number of automata can be reduced.
The alphabet symbols, denoted A(k), where k labels the code

sequence, are fed into the network in a sequential way, to all
layers. A word with m symbols is mapped into a m�n coded
sequence. Every time k is a multiple of n (corresponding to an
alphabet symbol), one of the network outputs should be +1. The
absence of a +1 output means a failure to identify that particular
symbol.

Fig. 3 shows an automata network, for a 3-bit coding of the
alphabet symbols. Each output of the network corresponds to the
recognition of a unique code sequence, denoting an alphabet
symbol. The weights are established by a learning process.
A weight wij with even i can only take positive values, and a

weight wij with odd i can only take negative values

wij 2 0;þ
1

2

� �
; for odd i;

wij 2 �
1

2
;0

� �
; for even i;

wa ¼ þ
1

2
:

8>>>>>>><
>>>>>>>:

(9)
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Evolution of each automaton output depends on its internal
state and on the set of inputs. From the network topology (Figs. 2
and 3) it follows that each unit reacts positively to a code if and
only if the previous unit had a positive reaction one-time step
before. In this way, as the symbols are fed to the network, the
recognition process proceeds as a wave throughout the network.

The full network can identify 2n alphabet symbols. However,
the dynamical system language may not use every symbol in the
alphabet. The learning algorithm allows for the reduction of the
network size, to represent only the symbols that are actually used
by the dynamical system language. During the learning process,
the input/output information (terminal and non-terminal sym-
bols) is presented to the network and the automata weights
evolve according to the learning rule (10). Each unit learns
(learning meaning the evolution of a weight into the desired
state: even weights into +1/2 and odd weights into �1/2) if and
only if the previous unit has successfully learned in the previous
time step.

In the learning rule (10), A(k) denotes the coded symbol and
q( � ) the function (11). Two distinct learning rates are considered,
one for learning—glrn—and another for forgetting—gfrg.

After the learning process, the network is pruned, eliminating all
units for which the corresponding upstream unit has not identified
any code (units with weights in the range—0.4owijo+0.4):

wijðkþ 1Þ ¼
qðwijðkÞ þ glrnAðkÞÞ if wijðkÞAðkÞ40

qðwijðkÞ � gfrgAðkÞÞ if wijðkÞAðkÞo0

(
only if Bi�1ðkÞ40;

w1jðkþ 1Þ ¼
qðw1jðkÞ þ glrnAðkÞÞ if w1jðkÞAðkÞ40

qðw1jðkÞ � gfrgAðkÞÞ if w1jðkÞAðkÞo0

(
only if V40;

8>>>>><
>>>>>:

(10)

qðuÞ ¼

�
1

2
; up� 1

2
;

u; �
1

2
ouo1

2
;

1

2
; uX1

2
:

8>>>>>><
>>>>>>:

(11)

To illustrate the learning process, consider the 8-symbol
terminal alphabet coded by three binary codes, shown in Table 1.
This leads to an automata network of 14 units.

A sequence of 1666 terminal symbols was considered
(obtained from a dynamical system) with the first 333 being
completely random, and the remaining 1333 having the following
distribution: 25% are random, 50% represent the symbol ‘f’ and
25% the symbol ‘e’. Fig. 4 shows the evolution of the weights in the
learning process according to the learning rule (10). One sees that
the (i+1)th layer weights evolve only after the ith layers have
learned. In the end of the learning process, only the weights w11

(first layer), w22 (second layer) and w33 and w34 (third layer) have
reached 71/2. All remaining units are pruned, leading to the
network shown in Fig. 5.

Once the learning process is complete, the resulting network
can be used as a symbol recognizer. Having information about the
symbols (terminal and non-terminal), the symbol identification
networks are used as basic units for the higher order connec-
tionist structure (production level).

ARTICLE IN PRESS

Table 1
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b �1 �1 +1
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Fig. 4. Weight evolution in an automata network for symbol identification: an example.

Fig. 5. Automata network for symbol identification, after learning and pruning.
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4. Production level

This second level of the connectionist structure generates the
grammar productions in the controlled dynamical system. It is
also built automatically by a learning-by-examples process.

The lower order automata network defined before is used as a
two-state unit that recognizes alphabet symbols. Each symbol has
its recognition automaton, as shown in Eq. (12):

AðtÞ 2 ST;

BðtÞ 2 f0;1g;

Yðt þ 1Þ ¼
1 if the symbol is identified;

0 if the symbol is not identified;

(

BðtÞ ¼ YðtÞ:

(12)

A grammar production may be of several distinct types
depending on the behavior and memory range of the dynamical
system. Type-p productions are substitution rules of the form (13)
coding for the evolution of the output variable, as a function of its
past p values and the value of the control variable U (Martins et al.,
2002):

y1 . . . ypUk ! y1 . . . ypypþ1d. (13)

The high order network (the ‘‘Productions’’ box in Fig. 1) uses
several recognition automata to infer the language productions
from the behavior of the dynamical system. Each automaton is a
(pmax+2)-layers feedforward network, pmax denoting the max-
imum order allowed for the productions. A four-layer network can
establish type-0, type-1 and type-2 productions using the first three
layers, the fourth layer being the output layer. Inputs are
sequences of terminal and non-terminal symbols (words gener-
ated by the controlled system evolution), and the output is the
next terminal symbol in the word.

As an example, the network shown in Fig. 6 represents the
type-2 production abA-abbd. The first three nodes are recognition
automata and the last one is an output automaton. The first
recognition automaton recognizes the non-terminal symbol ‘A’
and other two the terminal symbols ‘b’ and ‘c’. If the sequence of
symbols (coming from the dynamical system) is the correct one,
the output automaton produces the terminal symbol ‘b’. In this
feedforward network, all weights have unit values and the
terminal word is sequentially fed to every network layer,
following the temporal evolution. A valid type-p production

eliminates
Ppmax�p

i¼1 ðnumðSTÞÞ
i type-p+1 productions, thus reducing

the number of connections between layers. pmax denotes the
maximum type of allowed productions.

5. Grammatical inference

Grammatical inference refers to the learning of a grammar
based on a set of sample words generated by a linguistic source
(Fu and Booth, 1975).

A grammatical inference procedure must be established in
order to construct the production level networks from the words
generated by the dynamical system. The only a priori information
is the terminal and non-terminal alphabets (learned by the lower
order symbol network) and the maximum allowed type of
productions.

The maximum production type is either guessed from
qualitative knowledge of the memory range of the system or
adjusted at a later step, in view of the actual performance of the
control system.

The learning process uses reinforcement learning laws (14),
which evolve the weights towards unity every time the example
word corresponds to the production represented by those weights
(Sutton and Barto, 1998). g denotes the learning rate. Furthermore,
a type-n+1 production is learned only when there is no possibility
to learn type-n productions. The learning algorithm initiates the
learning from the lower-type productions towards higher-type

productions:

wpijðt þ 1Þ ¼ gþ ð1� gÞwpijðtÞ if terminal symbol ¼ automataj;

wpijðt þ 1Þ ¼ ð1� gÞwpijðtÞ if terminal symbolaautomataj:

(

(14)

For each type of production, the learning algorithm considers
the following steps:

1. All connections between each layer and the output layer are
established.

2. The weights are randomly initialized.
3. The weights evolve according to the reinforcement learning

rule (14).
4. Only the weights that reach unit value are considered as valid.

All other connections are pruned.
5. After the weight evolution stops, the learning proceeds to the

next layer (next type of production).

As a simple illustrative example consider a controlled dynami-
cal system generating a language with the following alphabets:
SN ¼ {A,B} and ST ¼ {a, b, c}. Let the input/output evolution of the
system be the following:

The first line is a sequence of commands and the bottom
line the resulting sequence of outputs. Assuming a maximum
of type-2 productions, Fig. 7 shows the evolution of the
learning process, for each network layer (from type-0 productions

to type-2 productions), as the input/output information
arrives from the dynamical system. The evolution of the
production weights is depicted as a function of the learning
iterations.

Fig. 7 illustrates the following learning stages:

1. Establishment of all possible type-0 productions;
2. Learning of the type-0 production weights;
3. type-0 productions learned;
4. Establishment of all possible type-1 productions, maintaining

the previously learned type-0 productions (the established
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type-0 productions inhibit nine of the eighteen possible type-1
productions);

5. Learning of the type-1 production weights;
6. type-1 productions learned;
7. Establishment of all possible type-2 productions, maintaining

the previously learned type-0 and type-1 productions (the
obtained type-0 and type-1 productions inhibit eighteen of
the twenty-seven possible type-2 productions);

8. Learning of the type-2 productions weights;
9. type-2 productions learned.

The high order network that is obtained represents the
following set of productions:

P ¼ fA! ad; aB! abd; cB! cad; abB! abbd; bbB! bbcdg.

Given any controlled system input/state evolution, the above
methodology allows for the automatic build up of an automata
network representing the set of type-p productions that define the
dynamical evolution of the system.

The complexity of the learning process is a function of the size
of the alphabets and of the learning rate. The larger the alphabet,
that is, the more detail is considered in the modeling process, the
larger is the number of automata, thus increasing the complexity
of learning. On the other hand, the learning process may be sped
up by considering larger learning rates. However, if the learning

rate is too large, the evolution of the weights may display
oscillations, which is not desirable. Fig. 8 shows the learning
speed (number of iterations) for different learning rates, in the
previous example.
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Because too smaller a learning rate hinders the time perfor-
mance of the system, the learning rate should be chosen only
sufficiently slow to insure a smooth evolution of the learned
weights.

6. An experimental application

As a practical application of the method, we have considered
an electromechanical drive system composed of a V/Hz-based
speed command, a power inverter and an induction motor with a
variable mechanical load (Fig. 9), the rotor speed being the output
variable.

The electrical drive is a nonlinear system which, neglecting the
power inverter internal dynamics, may be described by the
Eq. (15), in a dq frame, oriented with the stator voltage vector and
assuming usd ¼ us and usq ¼ 0. usd and usq denote the applied
voltage to the motor, cds and cqs denote the motor stator fluxes,
ids and iqs the motor stator currents, all in the dq frame. o denotes
the rotor speed, T the load torque, f the stator frequency, a the
V/Hz coefficient, Rs the stator resistance, tr the rotor time
constant, s the magnetic dispersion coefficient, Ls the stator
self-inductance coefficient, J the inertia coefficient and B the

friction coefficient. The stator current frequency (Hz) is the
system’s input (imposed by the power inverter), and the rotor
speed (rad/s) the system’s output:

dcds
dt ¼ af � Rsids þ fcqs;

dcqs

dt ¼ �Rsiqs � fcds;

dids
dt ¼

1
sLs

af � 1
t ids þ ðf �oÞiqs þ

1
strLs

cds þ
1
sLs

ocqs;

diqs

dt ¼
1
t iqs � ðf �oÞids þ

1
strLs

cqs þ
1
sLs

ocds;

do
dt ¼ �

1
J ðiqscds � idscqsÞ �

B
J o�

1
J T:

8>>>>>>>>><
>>>>>>>>>:

(15)

In our experiment we have used a squirrel cage induction
motor with the following nominal characteristics: PN ¼ 2200 W
(electrical power), UN ¼ 380 V (input voltage), IN ¼ 5.2 A (input
current), cosj ¼ 0.84 (power factor), nN ¼ 1410 rpm/min
(mechanical speed) and the following parameters: a ¼ 5.4 V/Hz,
Rs ¼ 3.2O, tr ¼ 0.1303 s, s ¼ 0.0641, Ls ¼ 0.43 H, J ¼ 0.012 kg m2,
B ¼ 0.0014 N ms.

Fig. 10 shows the formal language modeling results consider-
ing two distinct alphabets. The first has a quantification interval of
0.05 ‘per unit’ (pu) of the input and output nominal values (50 Hz
for the input and 147.6 rad/s for the output), yielding 6-symbol
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Fig. 10. Electromechanical drive modeling results: (a) 6-symbol alphabet and (b) 60-symbol alphabet.
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terminal and non-terminal alphabets. In the second alphabet, the
quantification interval is five times higher, that is, 0.01 ‘per unit’.
This yield a 60-symbol terminal and non-terminal alphabets.

For the first alphabet, the inferred grammar has 36 productions
(0 type-0 productions, 4 type-1 productions and 32 type-2
productions) and a higher order automata network with 18
recognition automata. Fig. 11 presents the layer structure of this
automata network. With the second alphabet, the inferred
grammar has 183 productions (5 type-0 productions, 156 type-1
productions and 22 type-2 productions) and a higher order
automata network with 180 recognition automata.

Apart from the quantification error, the recognition results may
be considered satisfactory, since the evolution of the drive speed
and grammar results are similar. The quantitative modeling
performance improves for the second grammar, since the
difference between the measured drive speed and the grammar
results is smaller. However, considering the qualitative recogni-
tion of the drive speed as the main modeling feature, the results
are satisfactory in both cases. The limited alphabet of the first
grammar is not a drawback in a qualitative recognition process.

However, for some control purposes, the qualitative modeling
may not be sufficient. In this case, the larger alphabet should be
considered, increasing the number of symbols and productions.
The increased complexity of the grammar increases the proces-
sing time. This is the main reason to use the parallel-processing
capabilities of an automata network.

Fig. 12 shows the experimental dynamical performance, when
a sinusoidal reference is considered. The drive speed reference is
the continuous black line and the actual speed is the continuous
gray line. It shows how an accurate language modeling leads to a
good control performance of this drive.

7. Conclusions

1. In this paper a connectionist approach was developed to
construct context-dependent grammars representing con-
trolled dynamical systems. The automata network is used to
obtain combinatorial optimization and fast temporal proces-
sing. The structure is organized in two levels: lower order
symbol level and higher order production level. Both levels are
established by a learning-by-examples algorithm. The first
level identifies the alphabet symbols. The second level
identifies the grammar productions. After the learning process,

the connectionist structure itself is a model of the controlled
dynamical system.

2. The reinforcement-learning concept that is used provides
robustness, both for symbol identification and for production
inference. The practical feasibility of the method has been
shown by an application to a nonlinear system of industrial
relevance.

3. When a reliable analytical model for the controlled system is
available, other control algorithm might perform as accurately
or faster than the one discussed in this paper. The main
advantage of a language inference approach is the fact that the
algorithm itself constructs a model for the system with very
few a priori assumptions. Combining learning automata with a
formal language methodology, the present approach may be
more efficient than, for example, neural networks when
different regions in state space have different dynamical
nature. This is because regions of different dynamical complex-
ity would be represented by productions of different types.

4. The grammatical inference approach seems also appropriate
for fault detection and system diagnosis of nonlinear complex
dynamical systems (Martins et al., 2001) (Inagaki et al., 2007).
The only requirement is to have access to the input–output
data strings, no explicit model of the system structure being
required. Control of the performance and computational effort
is easily achieved, since the user can select the quantization
level and the maximum level of type-p productions.
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