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Using a cocycle formulation, old and new ergodic parameters beyond the Lyapunov exponent are
rigorously characterized. Dynamical Renyi entropies and fluctuations of the local expansion rate
are related by a generalization of the Pesin formula. How the ergodic parameters may be used to
characterize the complexity of dynamical systems is illustrated by some examples: clustering and
synchronization, self-organized criticality and the topological structure of networks. © 2011

American Institute of Physics. [doi:10.1063/1.3634008]

Characterization of the invariant measures is central in
ergodic theory but Lyapunov and conditional exponents
only provide a partial characterization of these measures.
Using a unified cocycle formulation, ergodic parameters
beyond (and independent from) the Lyapunov and the
conditional exponents are obtained, which not only char-
acterize the local fluctuations of the expansion rate but
also the multi-point correlations. The generalized ergodic
parameters are related to the dynamical Rényi entropies
by a generalization of Pesin’s formula and may provide
an ergodic measure of complexity. Finally, a section of a
review nature illustrates how a careful use of the ergodic
parameters may give useful insights on the complex fea-
tures of dynamical systems.

. INTRODUCTION

Most successful approaches to characterize the com-
plexity of existing dynamical systems have been based on
the construction of minimal mathematical models able to
reconstruct the time series of symbols generated by the sys-
tem. In this context, the natural tools to address such model-
ing task are those of information theory. However, when the
emphasis shifts from time series reconstruction to a charac-
terization of the states of the system and to the occupation
probabilities of these states, it is ergodic theory that comes
into play.

Ergodic theory (M, f, 1) deals with y—measure preserv-
ing actions of a measurable map f on a measure space M.
Characterization of the measure is central in ergodic theory
because it is the invariant measure that characterizes the
occupation probability of each state in asymptotic condi-
tions. Some parameters such as the Lyapunov' and the con-
ditional exponents®* have been used to obtain a partial
characterization of the invariant measure. These exponents
are global functions of the invariant measure. However, the
invariant measure itself contains much more information.
Ruelle,* for example, has emphasized this situation by point-
ing out that the ergodic parameters being averages of local
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fluctuating quantities, the quantities describing the fluctua-
tions would again be ergodic parameters, and the same for
the fluctuations of the fluctuations, etc.

In this paper, I will address the question of how to obtain
ergodic parameters beyond (and independent from) the Lya-
punov and the conditional exponents. A unified cocycle
framework is used. Some of the generalized ergodic parame-
ters have already appeared in several forms in the literature,
others are new. A complete characterization of the invariant
measure should not only include fluctuations but also corre-
lations. The cocycle formulation is extended to deal with
correlations as ergodic parameters. Also a relation between
fluctuation parameters and dynamical Rényi entropies is
established.

The final section, of a review nature, illustrates how a
careful use of the ergodic parameters may give useful
insights on several complex features of dynamical systems.

Il. THEORETICAL DEVELOPMENTS

A. Generalized ergodic parameters: A cocycle
formulation

The cocycle version of the Oseledets theorem® provides
a unified way to construct ergodic parameters beyond the
usual Lyapunov and conditional exponents.

Let f: M — M be a measure preserving transformation
of a Lebesgue space (M, B, i) and, for any measurable func-
tion g : M — GL(N,R), define

C:M x 7 — GL(N,R) is called a cocycle (over f). Further-
more, any cocycle has this form. g is called the generator of
the cocycle.

Theorem (Oseledets): If In || g(x)|€ L'(M, w)

) There is a decomposition RY = @fg)Ei(x) invariant

under C(x, n),
(ii) limn_m%lnuc("m)”l| =7:(x) with 7, (x) <+ < g (1),
exists uniformly in v € E;(x)\{0}.
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For the usual Lyapunov exponent, the cocycle genera-
tor would be

81(x) = Df (x) = exp(In(Df (x))), ()

and for the conditional exponents, instead of Df, one uses
partial blocks of the Jacobian Df. The conditional exponents
were first proposed by Pecora and Carroll® as a tool to deal
with synchronization in chaotic systems and their existence
under the same conditions as the Lyapunov exponents
proved in Ref. 3.

Beyond the Lyapunov and conditional exponents, one
may define the Lyapunov fluctuation moments Xfp) (x) as
the following limit:

C
|| (|)|CU|}/|I)U| _ XE!’)()C)7 (2)

lim —1
n—oo n

when the cocycle generator is

L (Df (x)))- ©)

Notice that in the above definition, the logarithm is under-
stood in the framework of the Oseledets-Pesin e-reduction
theorem. That is, for any &> 0, there is an invertible map
. (x):M —GL(N,R) such that g(x)=T""(f(x))g(x)T(x)
has block form and in each block
etilx <] gl (x)v ng%(“")“. Then g.(x) generates a cocycle
C ,(x n) equivalent to C(x, n).

In, in Eq. (3) is therefore computed without ambiguity
in each block and

8p(x) = exp(In

|lgp(F" " (x))....8, (x)]|
lim 71

n—sen HUII

1 (x) = . @

is an ergodic average of the p—moment of the local expan-
sion rate.

As a consequence of the Oseledets multiplicative er-
godic theorem, the Lyapunov fluctuation moments xl@ (x)
exist whenever

In[lg,(x)[| € L' (M, ). 5)
This cocycle construction provides a unified description of
some of the fluctuation ergodic parameters previously con-
sidered by several authors.®™"

From Eq. (5) follows that the existence of the fluctuation
moments depends on the integrability of

exp (Z ki (x)) :

Ai(x) being the local expansion rate at x and k;, respectively,
the multiplicity of this rate. In general, non-Gaussian random
variables fail to have moments of arbitrarily large order. If
that is the case for the expansion rate variable, a better char-
acterization is obtained by the characteristic function.
Definition 1. The Lyapunov characteristic Hﬂuctuation

unction C(c) is defined as the hm,Hx,lln”C Sl \ohen the
(]l
generator of the cocycle is
8x(x) = exp(exp(izIny.(Df (x)))). (©)
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As before, existence of C(x) depends on integrability of
Iny ||g,(x)|| and, because exp(ioln, (Df(x))) is bounded,
this is always fulfilled.

B. Dynamical Rényi entropy and fluctuations of the
local expansion rate

For f: M — M a measure preserving dynamical system
in (M, B, 1)), let ® be a partition of M and {d),(-")} the ele-

ments of refined partition ®, = V=) f~/(®). Define the dy-

namical Rényi entropy of order « as

=l (o) |0

The K(«) entropy is related to what some authors®"
eralized Lyapunov exponents.

An easier way to compute (not necessarily equivalent)
definition is

8 call gen-

Kp(a) = lim lim

e—0n—oo | — o

Zln Z (p ln 1 ) (8)

B0+ in—1

plip...i,_1) being the joint probability to be at the box i, at
time O, to be at box i; at time 1...and to be at box i,_; at
time n — 1, the sum being over all different blocks of length 7.
For invariant measures absolutely continuous with
respect to Lebesgue, the Rényi entropies may be estimated
from the local expansion rate. The fact that the local expan-
sion rate is A(x) = []; o %) implies that if the system is
in box i at time 0, it can go to A(ip) boxes in the next step,
then to A(ip)A(iy) boxes, etc., (A(iy) is the average expansion
rate in the box i; and u(iy) the measure of the box iy). Then,

o 1 (i)
plio--in-1) = AGy) - Al 1)
and
o

KB(a) N llj%nlirgo - (x;lnmzljl < o A(lﬂ 1)) , (9)
Taking averages and normalizing to obtain
Y g Plio -+ in—1) = pu(io) in the o — 1 limit
Kp(o) = lim lim ! 1ln (i0)” ! o

= _ 1 _—_—
B = T — o T\ ARG A G ’
(10)

and in the lim,,_,

1 1 n—1 ‘
Kg(o) = }gr&nlirgowln<exp ((1 —a) ;mA(m) >,
(11)

(1 — a)K(x) is the pressure function for the random variable
Y, = %ZZ;(I) InA (i) and the Legendre transform

1(y) ZSL;p{(l —a)y — (1 —a)K ()}, (12)
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is the deviation function for the large deviations of the ran-
dom variable ¥, = L 370"/ InA(iy), that is

{ Zln/\ ir) € (y, y—l—dy)} = exp(—nl(y))dy. (13)

In conclusion,

Proposition 2. (i) The Legendre transform of the (box)
dynamical Rényi entropy is the deviation function for the
local expansion rate.

(ii) If a weak correlation condition is verified, namely,

<exp ((1 — ) i lnA(ik)> > T (exp((1 — o) InA(ip))) ™"
=0

=0 k
< cre”

)

c;>0and y<1

Kp(o) = lir%1 — O(ln(exp((l —a)InA(D))), (14)
Kp(o) = liiré;k_v(lnA)(l —a) (15)

where the kyIn A) are the cumulants of the local expansion rate.
In its range of validity, Eq. (15) is a generalization of
Pesin’s formula.'®

C. Correlation parameters

The Lyapunov fluctuation moments xf‘” ) (x) or the Lya-
punov characteristic fluctuation function C(), defined
before, contain complete information on the statistical prop-
erties of the local fluctuation rate. However, a full ergodic
characterization of the dynamics should also contain infor-
mation about correlations at different points. An ergodic
characterization of the correlations may be obtained by the
construction of correlation cocycles.

Let f: M — M be a measure preserving transformation
of a Lebesgue space (M, B, u)). For a measurable function
g:M x M — GL(N,R) let

Cultrn) = g (£ (0.7 H0)) -+ g (), )

Then,

Cr(x,n+ p) = Ci(f*(x),n) Ci(x,p)

and Cy : M x 7, — GL(N R) is called a correlation cocycle

(over f). If In || g(f*(x),x) || € L'(M, u) Oseledets’ theorem

applies  and choosmg appropriate  functions g :

M — GL(N, R), one obtains correlation ergodic parameters.
For example,

g(f*(x),x) = Df (F*x)Df (x) — (Df (x))*.

Notice, also, that a different construction of ergodic parame-
ters'” through a variational formulation of general maps'®
also contains some information on the correlations, beyond
the local fluctuations.
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D. Ergodic parameters and measures of complexity

Measures and characterizations of complexity are to a
great extent based on the tools and notions of the information
theory.'*?' Here, I will show that complementary notions
may be obtained from the invariant parameters of ergodic
theory.

A well-known characterization of complexity is the
excess entropy or effective measure complexity. Let, in the
time series generated by a dynamical system, py(s; - --s,)
be the probability to find the block s; - - - s, of size n. Then,

an DInp,(si---s,),  (16)

and h; = lim,_..:H (n) is the Shannon entropy.
The excess entropy E

E=)

measures the deviation of the Shannon entropy from its finite
n estimates. It may be interpreted either as the effort needed
to construct a model of the system or as a measure of the di-
versity of its correlation structures.

Finite-time fluctuations in the calculation of the Lyapu-
nov exponents are a symptom of the diversity of dynamical
structures. This suggests that these fluctuations might pro-
vide information on dynamical diversity that is complemen-
tary to the correlation diversity provided by the excess
entropy. This is achieved by a large deviation reasoning
applied to the dynamical Rényi entropy.

As seen before, the Legendre transform /(y) of (1 — a)K(o)
(Eq. (12)) is the deviation function of the random variable
Y, = 13770 InA(iy). The asymptotic value (when n — o)
is the value that minimizes /(y) and the probability of a devi-
ation from this value for a sample of size n is

H(n—1) — hy) = lim (H(n) — nhy), (17)

n—oo

e M)
‘[ e*”l(.")dy ’

the integral in the denominator being over the domain of y,
[min In A(i}), max In A(i)]. Outside this interval I(y) = oo
by definition. As far as dynamical diversity is concerned, Y,
plays the same role as %H (n) for the entropy. Therefore, the
deviation function /(y) contains all the required information
about the dynamical diversity and on the nature of the con-
vergence of Y, to the characteristic exponents. From the
analogy Y, < 1H(n), it is a simple matter to write, using
Eq. (17), a dynamical version of the excess entropy. How-
ever, the deviation function itself is already a compact way
to characterize the dynamical structures.

A simple example shows that the information pro-
vided by I(y) is complementary to the one provided by the
excess entropy. Consider the following map of the unit
interval:**

Pu(y) = (18)

1 — |1 — 2] 1l _1—-c¢
— forlx —Z| >
l+¢ 2 4
Flx) = , 19
1_7|1—2x| forx—l<—1_c
l—-c¢ 2 4
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which has breaks at the first preimages of the maximum
point % and an invariant measure with density

1
14+c¢ for x<-—

p(x) = . (20)
1—c¢ for x>§

If one now considers a symbolic dynamics with two sym-
bols,>* which distinguishes whether the trajectory is below
or above %, one obtains H(1) = A, and the excess entropy van-
ishes. However, the deviation function /(y) is sensitive to the
fact that there are two different expansion rates A; = -2 and

2 14+c¢
A, = . Therefore,
2 1—c

o=, @1

but the deviation function is non-trivial

](y): y—ll’lAl n 2(y—1nA1)
InA; —InA; (1 —c)(InA; —InAy)
InA; —y 2(InA; —y) 22)
InAy —InA; (1 +c¢)(InAy —InAy)’

allowing to characterize the fluctuations of the expansion
rate.

For correlated systems, the deviation function is in gen-
eral harder to compute analytically, but there is a robust
algorithm to compute it numerically from the data generated
by the system.?

lll. APPLICATIONS

To illustrate how the ergodic parameters may be used to
characterize the complexity and other features of the dynam-
ical systems, I will briefly review here some of the applica-
tions that have been done in the past. These tools are now
being also used to characterize the clustering and metastabil-
ity in systems with long-range interactions. The applications
covered here concern mostly the spectrum of Lyapunov and
conditional exponents. Full exploration of the new ergodic
parameters proposed in this paper will be carried out in the
future.

A. Structure and self-organization

The Lyapunov and conditional exponents spectra pro-
vide tools to characterize the creation of structures and self-
organization.>**2¢

A structure (in a collective system) is a phenomenon
that operates at a scale very different from the scale of the
component units in the system. A structure in space is a fea-
ture at a length scale larger than the characteristic size of the
components and a structure in time is a phenomenon with a
time scale larger than the cycle time of the individual
components.

Structures are collective motions of the system. There-
fore, their characteristic times are the characteristic times of
the separation dynamics, that is, the inverse of the positive
Lyapunov exponents. Hence, for a N-dimensional system

Chaos 21, 037115 (2011)

with N, positive Lyapunov exponents a (temporal) struc-
ture index S may be defined by

195 (o
Sﬁz:(Zl), (23)

the sum being over the positive Lyapunov exponents ;. 4q is
the largest Lyapunov exponent of an isolated component or
some other reference value.

Under a change of parameters, the temporal structure
index diverges whenever a Lyapunov exponent approaches
zero from above. Therefore, the index diverges at the points
where long time correlations develop.

In a multi-agent system, a characterization of self-
organization is obtained by the comparison of the global dy-
namics with their local image, that is, by comparing Lyapu-
nov and conditional exponents.

For an invariant measure p absolutely continuous with
respect to the Lebesgue measure of M or for measures that
are smooth along unstable directions (BRS measures),
Pesin’s identity'® states that the sum over positive Lyapunov
exponents coincides with the Kolmogorov-Sinai entropy. By
analogy, one defines the conditional exponent entropies
associated with the splitting R* x R™* of the phase space as

() =y &, 24)
g”E“>0

ho() = > &Y, (25)
&m0

ci

the &’s being the conditional exponents. These quantities,
defined in terms of the conditional exponents, are well-
defined ergodic invariants. In information theory, the mutual
information /(A: B) is

I(A:B) =S(A) + S(B) — S(A +B) (26)

By analogy, one defines a measure of dynamical self-orga-
nization /(S, X, u)

1(S7 27 :u) = Z {hk(#) + hm—k(.u) - h(:u)} (27)
k=1

the sum being over all relevant partitions R* x R™* and h(p)
the sum of the positive Lyapunov exponents

h(w) => (28)

2i>0

I(S, 2, p) is also a well-defined ergodic invariant for the
measure [.

The Lyapunov exponents of a dynamical system mea-
sure the rate of information production or, from an alterna-
tive point of view, they define the dynamical freedom of the
system, in the sense that they control the amount of change
that is needed today to have an effect on the future. In this
sense, the larger a Lyapunov exponent is, the freer the sys-
tem is in that particular direction, because a very small
change in the present state will induce a large change in the
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future. From the point of view of the unit £ and of the
remaining subsystem, the quantity /(u) + A, (1) is there-
fore the apparent dynamical freedom that they possess (or
the apparent rate of information production). The actual rate
is in fact A(w). Hence, I(S, X, u) is a measure of the apparent
excess dynamical freedom.

The behavior of the structure index S and the measure of
dynamical self-organization I(S, X, p) is now illustrated in a
simple example. Let

x(t+1) = (1= (D) + 57— D Flale). @9)
ki

with f{x)=2x (mod.1). As shown in Fig. 1, there is a syn-
chronization transition at ¢ =0.5. In Fig. 2, one sees that this
mode change is well identified by S and I(S, X, p).

B. Synchronization and clustering

Ergodic parameters, in particular, the Lyapunov spec-
trum, characterize the synchronization in multi-agent sys-
tems, but, even more importantly, provide a way to
understand the subtler correlation and clustering effects that
occur before synchronization. This is illustrated by a
discrete-time oscillators model with piecewise linear
interactions.”’

N
x,(t—l—l) =xi(t)+wi+%2fa(xj—xi), (30)
J=1

with a heavy-tailed distribution of oscillator frequencies

b 100 =
200
300
400 :
500
600
700

. 800k

20 40 60 80 100
=0.49
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; 3D

and
fa(x; = x;) = a(x; — x;) (mod.1). (32)

As in the classical Kuramoto model, one defines a synchroni-
zation order parameter

r(t) = . 33)

1 N 0
27y (t

_E '™

le

When the parameter £ changes, one sees by direct numerical
simulation that the behavior is very similar to the one in the
Kuramoto model. For small £ values, the system looks disor-
ganized and the order parameter is very small (Fig. 3),
whereas for large k there is synchronization of most oscilla-
tors (Fig. 4) and the order parameter is close to one.
However, and in contrast with the Kuramoto model, the
Lyapunov spectrum may be computed analytically, namely,

1 =0.
N . (34)
Ai = log(l — ak(m)> (N —1) times.

That is, there are N — 1 contracting directions for any k # 0.
From the ergodic point of view for any arbitrarily small
value of k, the system converges to an effective one-dimen-
sional system. In this sense, synchronization is not the most

FIG. 1. (Color) The time evolution,
starting from random initial conditions,
of the multi-agent system (29) for two
parameter values.
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S5

2.5

0.5k

B FIG. 2. The structure index and the measure of
dynamical self-organization for the multi-agent
system (29).

Teag, -
Py,
ha,

important effect, being simply a rough version of the kind
of subtler correlations that already occur for any small k.
This is illustrated in the Fig. 5, which shows the time evolu-
tion of x; —x, and x; +x, — 2x3. One sees that these com-
pound variables trace periodic trajectories, complex but
neither chaotic nor disorganized. In conclusion, the oscillator
system is fully enslaved by dynamical correlations even
before synchronization.

Syncnet  (k=0.1)

i

o
1‘-.’%'
Ry

2

E
o
L

40 =

60 i s
e R

80 tl::-hm'?'_:;ﬁlgf_.l__._ '\-

0.7 0.8

C. Dynamical characterization of network topology

In contrast with purely random networks, many net-
works in nature display both short path lengths and high
clustering. Watts and Strogatz®® have illustrated this phe-
nomenon with a simple model (Fig. 6). They start from a
regular network which by successive rewiring becomes
increasingly randomized. They notice that for a randomness
range up to f ~ 0.4, the network displays both short path

100 B2 A : sy R 0
t order parameter of the coupled oscilla-

1 T T T T T T T T tors model (30) for k=0.1.
0.8 i
0.6 b
041 B
0.2 _

0 1 1 1 1 1 | 1 1

20 40 60 80 100 120 140 160 180 200
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FIG. 4. (Color) Time evolution and
order parameter of the coupled oscilla-

0.4

0.2

0 1 1 1 1 1 1

tors model (30) for k=0.8.

0 20 40 60 80 100 120
t

length and high clustering. This region has been called the
“small-world” region. For higher values of f5, the clustering
has a fast decrease and the network displays all the attributes
of a random network. A natural question arising from this
model is whether the small-world region may be considered
as a “phase” in the statistical mechanics sense and whether
the small-world to random passage is a “phase transition.”
This question may be addressed by defining a dynamical sys-
tem on the network and studying the behavior of its ergodic
parameters.*’

On each one of the f—networks, a dynamical system is
defined, with a map at each node and convex-coupling inter-
actions defined by the network connections

N
x(t+1) = Wif (5(1), (35)
=1
where
1 -mlleifi=
Wi = % ifi #j and ¢ isconnectedto j,
0 otherwise

(36)

n,(i) is the number of agents connected to i and ¢ is a control
parameter.
For the agent dynamics, one chooses

f(x) = ax mod.1, 37

Typically o =2.
The transition from the small-world to the random
region is now studied by comparing the Lyapunov exponents

140

160 180 200

entropy with the conditional exponents entropies. For each
agent i, we consider a subblock of dimension d; x d; formed
by itself and those that are connected to it. The positive con-
ditional exponents );}( J) associated with each subblock are
computed and a dimension-weighed sum is performed over
all subblocks. This gives a version of what in subsection III
A has been called a conditional exponents entropy.

=3 g 40

i=1 ! 25>0

(38)

Subtracting hz from the sum of the positive Lyapunov expo-
nents, g = > iy>0 4B (J), one defines the coefficient

hi — ho

C =
P Ak — g

(39)

This coefficient has the following dynamical interpretation:
The Lyapunov exponents measure the rate of information
production and also define the dynamical freedom of the sys-
tem, in the sense that they control the amount of change that
is needed today to have an effect on the future. In this sense,
the larger a Lyapunov exponent is, the freer the system is in
that particular direction, because a very small change in the
present state will induce a large change in the future. The
conditional exponents have a similar interpretation concern-
ing the dynamics as seen from the point of view of each
agent and his neighborhood. However, the actual information
production rate is given by the sum of the positive Lyapunov
exponents, not by the sum of the conditional exponents.
Therefore, the quantity /i —hy is a measure of apparent
dynamical freedom (or apparent rate of information
production).
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1 T T T T T T

0.5F

0 100 200 300 400 500 600

800 900 1000 FIG. 5. (Color online) Time evolution

of x; —x, and x| +x, — 2x3 in the oscil-
lators model (30) for k=0.1.

0 100 200 300 400 500 600

In Fig. 7, one shows the average values of Cy taken over
100 different samples for each 5 (with 2 =6 as the average
degree of the network and N = 100, 200, 400, 600, and 800).
Notice that the N-independence of Cg which follows from
the fact that, in Eq. (39), it is defined as a ratio of two quanti-
ties with the same N-dependence. For small f§ values, the dif-
ference between the entropy and the conditional exponents

800 900 1000

entropy is a small quantity. It means that each agent may
have exact information on the global behavior from observa-
tion of his own neighborhood. When f increases the differ-
ence changes sign and becomes very large, meaning that the
neighborhood information has ceased to provide reliable in-
formation on the global dynamics of the network. This is the
dynamical correlate of the decreasing cluster properties and

v AR e ¥ v rr
1 :D = = = D = o o __! FIG. 6. The “small-world” model of
- =] E Watts and Strogatz.
0.8 |- ® «
— - —
i o ]
0.6 | -
N - ]
o.af & = 3
N . ]
0.2 - —
e Scaled Length - - : o 7
[ o Scaled Clustering * - - . -m
i Y W " ; —— W W W | i A Adoadaal i A o ¢ 22
0.0001 0.001 0.01 0.1 1
B
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(0) N=400

(+) N=600 °

(*) N=800 *
10’
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0@.

®
®
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®
L]
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FIG. 7. The small world—random transition as seen by the mismatch of
Lyapunov and conditional exponents.

allows us to define the transition at the divergence point f.,
of Cp. One finds

B., = 0.04. (40)
Near the transition region
Cp~|B— B ", 41)

with 1, ~ 1.14 below the transition and 7, ~ 0.93 above it.

It is the mismatch between local and global dynamics
that defines the transition. For other details and also for the
characterization of the regular—small world transition refer
to Ref. 29.

D. Ergodic parameters and self-organized criticality

Self-organized criticality (SOC) is a property of dynami-
cal systems, which, without the need to tune control parame-
ters to precise values, display the spatial or the temporal
behavior characteristic of phase transition critical points.
Here, only the absence of natural time scales is emphasized,
without much concern about space scales, nature of the driv-
ing, separation of time scales and other relevant issues, use-
ful for a precise characterization of SOC.

Absence of time scales, as a property of dynamics, is
naturally related to the Lyapunov spectrum. Time scales dis-
appear whenever the Lyapunov exponents vanish. This may
lead to power laws for both time and space correlation.

Most SOC models display unstable behavior of the local
dynamics and extremal dynamics. In fact, these two features
are sufficient conditions for SOC behavior.

Theorem: If the single-agent dynamics has positive
Lyapunov exponents and the global dynamics is extremal
with finite range, then, in the N — oo limit, the Lyapunov
spectrum converges to 0"

Proof: In the T — oo limit, used to compute the Lyapu-
nov spectrum, the tangent maps have only a nontrivial finite
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size block during an average time of order (2r + 1)]%, 2r+1
being the number of agents which move at each time step.
Hence, in the N — oo, limit the Lyapunov spectrum con-
verges to 0%, that is, there are no dynamical scales. Thus in
the N — oo limit, the system is “tuned” to SOC.

This sufficient condition for SOC has been illustrated™’
in a “detuned” version of the Bak-Sneppen model,>' which
is a deterministic version of a model proposed by Head.*?
The dynamics is defined by

X,’(l“" 1) = F,-()'c')xi(t) + (1 — F,()_c'))f(x,(t)), 42)
where f(x) = kx (mod. 1) and I';(X) is nearly zero if i corre-
sponds to the minimum x value or to one of its 2n, neighbors
and is nearly one otherwise. For example,

X

Jj=i+n, _J

r@=J[|t-+—]| 43)

J=i—ny Z e T
k=1

This model may be considered as a “finite temperature” Bak-
Sneppen model. Direct simulation shows that it displays
scaling laws only in the T'— 0 limit. Computation of the Lya-
punov spectrum, as shown in the Fig. 8, illustrates the theorem.
As T — 0, the Lyapunov spectrum tends to 0" and it only then
that scaling laws are obtained. The small deviation from 0"
and the dispersion of the Lyapunov spectrum that one sees in
the figure, arise from the fact that the calculation is made with
a finite number of agents, emphasizing the fact that, also
according to the theorem, exact SOC is a N — oo effect.

Ergodic theory also provides some insight on the nature
of the SOC “attractor.” Let the multi-agent system be formu-
lated as a measure-preserving dynamical system. If the return
set A, which serves as reference for the counting of the return
time (avalanche size) k, has non-zero measure (u(A) # 0),
the measure p(A) itself serves as a natural time scale. Then,
the large time behavior of the return times distribution would
be dominated by an exponential factor exp(—ku(A)). There-
fore, for cases that fit in the ergodic dynamical systems set-
ting, power laws may occur only if the return set has
vanishing measure. In the p(A) — 0 limit, the return times
distribution is dominated by the pre-factor that multiplies the
exponential and this one might be or not be a power law.

When pu is an ergodic measure, by Kac’s lemma, the
mean return time to a set A is 1/u(A). Therefore when
WA) =0, the numerical evaluation of the return time (ava-
lanche) law has to be carried out for a set slightly larger than
A. This implies that it may be difficult to disentangle the pre-
factor dependence from the exponential one, leading to some
uncertainty about the exact values of numerically measured
scaling exponents.

The dynamical zero-measure nature of the Bak-Sneppen
return set as T — 0 has been put in evidence in Ref. 30. The
Bak-Sneppen self-organized return set is an N—dimensional
hypercube of space-volume (1-0.667)". This set has repel-
ling directions corresponding to the agents that are active
and neutral directions for all others. Not being an invariant
set, it falls outside the usual definition of “weak repeller.” It
has been called a “ghost weak repeller” in Ref. 30.
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IV. FINAL REMARKS

In this paper, two different issues were addressed. First,
how to develop a unified formulation to obtain ergodic pa-
rameters beyond the Lyapunov and conditional exponents,
not only to characterize the local fluctuations of the expan-
sion rate but also the multi-time correlations. Second, how
the ergodic parameters may be used to characterize the rele-
vant features of dynamical systems such as clustering, syn-
chronization, criticality, and topological structure.

The applications that were reviewed concern mostly the
use of the Lyapnov and conditional exponents spectrum.
Practical exploration of the ergodic parameters related to
fluctuations of the expansion rate deserves further study, in
particular in relation to the role they might play as complex-
ity indicators complementary to those obtained from infor-
mation theory.

Dealing with fluctuations of the expansion rate and the
extension of the usual ergodic parameters, the emphasis is
clearly on the complexity of the time evolution of the sys-
tem. However, for spatially extended systems, the statistics
of spatial nonuniformities is a subject of great interest. The
structure of space-time measures and the extension of the
corresponding ergodic parameters is also a subject that
deserves exploration.
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