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Selfsimilar processes and fractional Brownian motion (fBm)

A process fX (t) , t � 0g is selfsimilar if for any a there is b such that

fX (at)g d
= fbX (t)g

b = aH , process H�selfsimilar (or H�ss) - (Hurst exponent)

A process has stationary increments (si) if any distribution of

fX (t + h)� X (t) , t � 0g
is independent of t � 0
Theorem: If fX (t) , t � 0g is real-valued, H-ss with stationary
increments and E

h
X (1)2

i
< ∞, then

E [X (t)X (s)] =
1
2

n
t2H + s2H � jt � s j2H

o
E
h
X (1)2

i
The simplest such process is a Gaussian process called fractional
Brownian motion (fBm), BH (t), de�ned to have E [BH (t)] = 0.
fBm is the unique Gaussian H-ss process with stationary increments
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Fractional Gaussian noise and long-range dependence

The process
Yt = BH (t + 1)� BH (t)

is called fractional Gaussian noise

Renormalization group

TN : Yt ! (TNY )t =
1
NH

t+N�1
∑
i=t

Yi

Theorem: Within the class of stationary sequences, fractional
Gaussian noise is the only Gaussian �xed point of the renormalization
group
Long-range dependence: Let fX (t) , t � 0g be H-ss, si, 0<H<1 with
E
h
X (1)2

i
< ∞ and de�ne

ξ (n) = X (n+ 1)� X (n)

r (n) = E [ξ (0) ξ (n)] =
1
2

n
(n+ 1)2H � 2n2H + (n� 1)2H

o
E
h
X (1)2

i
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Long-range dependence

Then

r (n) �
n!∞

H (2H � 1) n2H�2E
h
X (1)2

i
, H 6= 1

2

r (n) = 0 H = 1
2

and

0 < H < 1
2 , ∑∞

n=0 jr (n)j < ∞
H = 1

2 , uncorrelated
1
2 < H < 1 , ∑∞

n=0 jr (n)j = ∞ , long-range dependence

If 0 < H < 1
2 , r (n) < 0 for n � 1 (negative correlation,

anti-persistent process),

If 12 < H < 1, r (n) > 0 for n � 1 (positive correlation, persistent
process).
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Plots of fractional Brownian motion (H=0.1)
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Plots of fractional Brownian motion (H=0.3)

(Institute) 6 / 25



Plots of fractional Brownian motion (H=0.5)
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Plots of fractional Brownian motion (H=0.7)
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Plots of fractional Brownian motion (H=0.9)
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Sample path properties

Kolmogorov criterium for the existence of a continuous version of
X (t): 9α � 1, β > 0, k > 0 such that

E
�
jX (t)� X (s)jα

�
� k jt � s j1+β

Hölder continuity of order γ

P
�

ω 2 Ω, sup
jX (t,ω)� X (s,ω)j

jt � s jγ
� δ

�
= 1

From
E
�
jBH (t)� BH (s)jα

�
= E

�
jBH (1)jα

�
jt � s jαH

it follows that fBm fBH (t)g has a continuous version
(P fX (t) = BH (t)g = 1) the sample paths of which are Hölder
continuous of order β 2 [0,H) and are almost surely nowhere locally
Hölder continuous of order γ > H.
Sample paths of fBm have nowhere bounded variation and are not
di¤erentiable.
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FBm for H not 1/2 is not a semimartingale

p - Variation of a process X (t)

Vp (0,T ) = sup
partitions

n

∑
k=1

jX (tk )� X (tk�1)jp

Index of the p-variation

I (X , j0,T ]) = inf fp > 0;Vp (0,T ) < ∞g

From E
�
jBH (t)� BH (s)jα

�
= E

�
jBH (1)jα

�
jt � s jαH it is easy to

conclude that
I (BH , j0,T ]) =

1
H

The index of a semimartingale must belong to [0, 1] [ f2g. Therefore
BH (t) cannot be a semimartingale unless H = 1

2
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Representation of fractional Brownian motion by Wiener
integrals

"Time" representation

BH (t)
d
=

1
Γ(H+ 1

2 )

nR 0
�∞

�
(t � u)H�

1
2 � (�u)H�

1
2

�
dB (u) +

R t
0 (t � u)

H� 1
2 dB (u)

o

Finite interval representation

BH (t)
d
= C

Z t

0
K (t, u) dB (u)

K (t, u) =n� t
u

�H� 1
2 (t � u)H�

1
2 �

�
H � 1

2

�
u
1
2�H

R t
u x

H� 3
2 (x � u)H�

1
2 dx

o
"Spectral" representation

BH (t)
d
=

Γ
�
H + 1

2

�
(2π)

1
2 c (H)

Z
R

e ixt � 1
ix

d
~
B (x)

~
B (x) = B1 + iB2, B1 (x) = B1 (�x), B2 (x) = �B2 (�x)
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Representation of fractional Brownian motion

(Paley-Wigner-type ) series representation

BH (t) = ∑
n2Z

e2iωnt/T � 1
2iωnt/T

Zn

convergent in t 2 [0,T ] .
The ω0

ns are the real zeros of the Bessel function J1�H and the Zn
are independent complex-valued Gaussian random variables with
mean zero and variance

E jZn j2 =
(
(2� 2H)�1 Γ�2 (1�H)

�
ωn
2

��2H J�2�H (ωn)V�1T ωn 6= 0
V�1T ωn = 0

VT =
Γ (3/2�H)

2HΓ (H + 1/2) Γ (3� 2H)T
2�2H
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Stochastic integration for fractional Brownian motion

The non semimartingale property for H 6= 1
2 makes the standard

construction not applicable.

If 1/2 < H < 1 the zero quadratic variation allows for a pathwise
construction of the integralZ b

a
f (t,ω) δBH (t) := lim

∆tk!0
∑
k

f (tk ,ω) (BH (tk+1)� BH (tk ))

However with the pathwise de�nition one ends up, in general with

E

�Z
f (t,BH (t)) δBH (t)

�
6= 0

leading, for example, to arbitrage in �nancial applications.
An alternativeZ b

a
f (t,ω) dBH (t) := lim

∆tk!0
∑
k

f (tk ,ω) � (BH (tk+1)� BH (tk ))

� is the Wick product. This integral reduces to Ito�s for H = 1
2 .
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A reminder of the white noise analysis formulation of Itô
integration

White noise measure: prob. measure de�ned on the Borelian
σ�algebra F := B

�
S
0
(R)

�
byZ

exp (i < ω, f >) dµ = exp
�
�1
2
kf k2L2(R)

�

Brownian motion
B (t) =< ω,χ[0,t ] >

Approximating functions f by a sequence of step functions, de�ne
Itô integral for deterministic functions

< ω, f >:=
Z
f (t) dB (t)

Iterated Itô integral for f 2
^
L (Rn)

In (f ) := n!
Z

R

Z tn

�∞
� � �

Z t2

�∞
f (t1, t2, � � � , tn) dB (t1) � � � dB (tn)
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A reminder of the white noise analysis formulation of Itô
integration

Expansion of functionals F (ω) of white noise (Wiener-Itô chaos
expansion)

9fn 2
^
L (Rn) such that

F (ω) =
∞

∑
n=0

In (fn)

A natural basis: Hermite polynomials and Hermite function

hn (x) = (�1)n ex
2/2 d

n

dxn

�
e�x

2/2
�

ξk (x) = π�
1
4 ((n� 1)!)�

1
2 hn�1

�p
2x
�
e�

x2
2

Then de�ne
α = (α1, α2, � � � , αn)
Hα (ω) = hα1 (< ω, ξ1 >) hα2 (< ω, ξ2 >) � � � hαn (< ω, ξn >)
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A reminder of the white noise analysis formulation of Itô
integration

Expansion of functionals F (ω) of white noise (Wiener-Itô chaos
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A reminder of the white noise analysis formulation of Itô
integration

Chaos expansion in terms of hermite functionals

F (ω) = ∑ cαHα (ω)

Wick product of white noise functionals

(F1 � F2) = ∑ c (1)α c (2)β Hα+β (ω)

Note

< ω, f > � < ω, g >=< ω, f >< ω, g > � (f , g)
Chaos expansion of Brownian motion

B (t) =
D

ω,χ[0,t ]

E
=

�
ω,∑∞

k=1

�
χ[0,t ], ξk

�
L2(R)

ξk (�)
�

= ∑∞
k=1

R t
0 ξk (s) ds hω, ξk i
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A reminder of the white noise analysis formulation of Itô
integration

White noise

W (t) =
∞

∑
k=1

ξk (t) hω, ξk i

then,
dB (t)
dt

= W (t)

Stochastic integrationZ
R
Y (t,ω) dB (t) =

Z
R
Y (t,ω) �W (t) d (t)

coincides with the classical Itô integral if Y (t,ω) is adapted to the
�ltration generated by B (t), but is more general.
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Fractional Brownian motion and white noise analysis

Relate fBm to classical Brownian motion by an operator de�ned �rst
for functions in S (R) and then extended to L2 (R).

^
Mf (y) = jy j

1
2�H

^
f (y)

or
Mf (x) = CH

R
R

f (x�t)�f (x )
jt j

3
2 �H

dt , 0 < H < 1
2

Mf (x) = f (x) , H = 1
2

Mf (x) = CH
R

R

f (t)

jt�x j
3
2 �H
dt , 1

2 < H < 1

CH =
�
2Γ
�
H � 1

2

�
cos

�
π
2

�
H � 1

2

��	�1 fΓ (2H + 1) sin (πH)g
1
2

Now de�ne a space L2H (R) by

(f , g)L2H (R) = (Mf ,Mg)L2(R)

and a process
~
BH (t) :=

D
ω,M[0,t ] (�)

E
with M[0,t ] (x) = Mχ[0,t ] (x)
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Fractional Brownian motion and white noise analysis

Computing

E

�
~
BH (s)

~
BH (t)

�
=
1
2

n
jtj2H + js j2H � jt � s j2H

o
one concludes that the continuous version of

~
BH (t) is fBm.

Integration of deterministic functions: Let f (x) be a step function

f (x) = ∑
j
ajχ[tj ,tj+1 ] (x)

hω,Mf i = ∑
j
aj
D

ω,M[tj ,tj+1 ]
E
= ∑

j
aj (BH (tj+1)� BH (tj ))

=
Z

R
f (t) dBH (t)

Extended to L2 (R) provides a notion of integration for deterministic
functions, which coincides with the pathwise de�nition.
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Fractional Brownian motion and white noise analysis

An orthonormal basis for L2H (R)�
ek (x) = M

�1ξk (x) , k = 1, 2, � � �
	

ξk (x) is an Hermite function

Chaos expansion of BH (t)

BH (t) =
D

ω,Mχ[0,t ]

E
=

�
Mω,∑∞

k=1

�
χ[0,t ], ek

�
L2H (R)

ek (�)
�

=

�
Mω,∑∞

k=1

�
Mχ[0,t ],Mek

�
L2(R)

ek (�)
�

= ∑∞
k=1

�
Mχ[0,t ], ξk

�
L2(R)

hω,Mek i

= ∑∞
k=1

�
χ[0,t ],Mξk

�
L2(R)

hω,Mek i
= ∑∞

k=1

R t
0 Mξk (s) ds hω, ξk i

M extended to S
0
(R) by hMω, f i = hω,Mf i
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Fractional Brownian motion and white noise analysis

Fractional White Noise

WH (t) =
∞

∑
k=1

Mξk (t) hω, ξk i

then,
dBH (t)
dt

= WH (t)

in (S)�

Then the natural extension of Ito�s integral to the fractional case isZ
R
Y (t,ω) dBH (t) =

Z
R
Y (t,ω) �WH (t) d (t)

Example: Z T

0
BH (t) dBH (t) =

1
2
(BH (T ))

2 � 1
2
T 2H

implying E
hR T
0 BH (t) dBH (t)

i
= 0
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Fractional Brownian motion and white noise analysis

Directional derivative and (fractional) Malliavin derivative

D(H )γ F (ω) := lim
ε!0

1
ε
fF (ω+ εMγ)� F (ω)g

If there is a function Ψ : R ! (S)� such that

D(H )γ F (ω) =
Z

R
MΨ (t)Mγ (t) dt

then

D(H )t F :=
∂(H )

∂ω
F (t,ω) = Ψ (t)

is the (fractional) Malliavin derivative or stochastic gradient of F .
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Fractional Brownian motion and white noise analysis

Fractional Ito formulas

H 2 (0, 1)

f (t,BH (t)) = f (0, 0) +
Z t

0

∂f
∂s
(s,BH ) ds +

Z t

0

∂f
∂x
(s,BH ) dBH (s)

+H
Z t

0

∂2f
∂x2

(s,BH (s)) s
2H�1ds

H 2
� 1
2 , 1
�

dXi (t) = ∑m
j=1 σij (t,ω) dB

j
H (t)

f (t,X (t)) = f (0,X (0)) +
Z t

0

∂f
∂s
(s,X (s)) ds

+
Z t

0

n

∑
i=1

∂f
∂x i

(s,X (s)) dXi (s)

+
Z t

0

(
m

∑
i ,j=1

∂2f
∂x i∂x j

(s,X (s))
m

∑
k=1

σik (s)D
k
φ,s (Xj (s))

)
ds

Dφ,tF =
R

R
φ (s, t)DsFds and φ (s, t) = H (2H � 1) js � tj2H�2
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