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Selfsimilar processes and fractional Brownian motion (fBm)

o A process {X (t),t > 0} is selfsimilar if for any a there is b such that

(X (at)} £ {bX (1)}

b = a", process H—selfsimilar (or H—ss) - (Hurst exponent)
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Selfsimilar processes and fractional Brownian motion (fBm)

@ A process {X (t),t > 0} is selfsimilar if for any a there is b such that

d
{X(at)} = {bX (1)}

b = a", process H—selfsimilar (or H—ss) - (Hurst exponent)

@ A process has stationary increments (si) if any distribution of
{X(t+h)—X(t),t >0}

is independent of t > 0
e Theorem: If {X (t),t > 0} is real-valued, H-ss with stationary

increments and E [X (1)2} < oo, then

EX ()X ()] = 5 {27+ — |t —sP*}E[x (1)?]

The simplest such process is a Gaussian process called fractional
Brownian motion (fBm), By (t), defined to have E [By (t)] = 0.
fBm is the unique Gaussian H-ss process with stationary increments
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Fractional Gaussian noise and long-range dependence

@ The process
Y: = By <t+1> — By (1.')

is called fractional Gaussian noise
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Fractional Gaussian noise and long-range dependence

@ The process
Y: = By <t+1> By (1.')

is called fractional Gaussian noise
@ Renormalization group

t+N-1
Tn:Ye— (TaY), NH Z Y;

@ Theorem: Within the class of stationary sequences, fractional
Gaussian noise is the only Gaussian fixed point of the renormalization

group
o Long-range dependence: Let {X (t),t > 0} be H-ss, si, 0<H<1 with

E [X (1)2} < o0 and define
& (n) = X (n+1) = X (n)
r(n) =E[©0)m] =5 {(n+1 -2+ (n— 1"} E [ x (1)
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Long-range dependence

@ Then
r(n) ~  H(QH-1)@HE [x (1)2] L H#}
r(n) = 0 H=1
and
O<H<L , TXolr(n)| <o
H= % , uncorrelated
I<H<1 , ©¥,|r(n)] =00 , long-range dependence
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Long-range dependence

@ Then
r(n) ~ H@QH—1)n?"2E [X(1)2] L H#L
r(n) = 0 H=1
and
O<H<3 Yo olr(n)] <o

H= % , uncorrelated
I<H<1 , ©¥,|r(n)] =00 , long-range dependence

o If0 < H <1 r(n)<o0forn>1 (negative correlation,
anti-persistent process),

° If% < H <1, r(n)>0forn>1 (positive correlation, persistent
process).
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Plots of fractional Brownian motion (H=0.1)

Increments
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Plots of fractional Brownian motion (H=0.3)
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Plots of fractional Brownian motion (H=0.5)
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Plots of fractional Brownian motion (H=0.7)
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Plots of fractional Brownian motion (H=0.9)
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Sample path properties

@ Kolmogorov criterium for the existence of a continuous version of
X (t): 3a > 1,6 >0, k > 0 such that

E[|X (t) = X (s)]"] <k|t— o[L+P
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Sample path properties

@ Kolmogorov criterium for the existence of a continuous version of
X (t): 3a > 1,6 >0, k > 0 such that

E[|X (t) = X ()] < k|t—s|"TP

@ Holder continuity of order

P{weQ,sup X (1, w) = X (s, )| g&} -1
[t —s|”

e From
E [|By () = By (s)|"] = E[|Bx (1)"] [t —s|"”
it follows that fBm {By (t)} has a continuous version
(P{X (t) = By (t)} = 1) the sample paths of which are Holder
continuous of order B € [0, H) and are almost surely nowhere locally
Holder continuous of order ¢ > H.
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@ Kolmogorov criterium for the existence of a continuous version of
X (t): 3a > 1,6 >0, k > 0 such that

E[|X (t) = X ()] < k|t—s|"TP

@ Holder continuity of order

P{weQ,sup X (1, w) = X (s, )| g&} -1
[t —s|”

e From
E [|By () = By (s)|"] = E[|Bx (1)"] [t —s|"”

it follows that fBm {By (t)} has a continuous version
(P{X (t) = By (t)} = 1) the sample paths of which are Holder
continuous of order B € [0, H) and are almost surely nowhere locally
Holder continuous of order ¢ > H.

@ Sample paths of fBm have nowhere bounded variation and are not
differentiable.
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FBm for H not 1/2 is not a semimartingale

@ p - Variation of a process X (t)
n

Vo(0,T)= sup Y |X(t)—X(tk1)|

partitions j—1
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FBm for H not 1/2 is not a semimartingale

@ p - Variation of a process X (t)

n

Vo(0,T)= sup Y |X(t)—X(tk1)|

partitions j—1
@ Index of the p-variation

(X, [0, T]) =inf{p>0;V, (0, T) < o}

o From IE [|By (t) — By (s)|"] = E[|By (1)|*] |t —s|*" it is easy to
conclude that 1

I(By,|0,T]) = I

The index of a semimartingale must belong to [0, 1] U {2}. Therefore
By (t) cannot be a semimartingale unless H = 3
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Representation of fractional Brownian motion by Wiener

I ES

@ "Time" representation
d
By (t) =
1

e (=0 = (o)) dB () 4 [y (2= )" dB () ]

—
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Representation of fractional Brownian motion by Wiener

I ES

@ "Time" representation
d
B (t)
1

SayR U (R C KO R

@ Finite interval representation
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Representation of fractional Brownian motion by Wiener

integrals

@ "Time" representation
d
B (t)
1

SayR U (R C KO R

@ Finite interval representation

By ()2 C [ K(tu)dB (u)

K (t,u) =

H-1 H-1 1_ t _3
(5)" P (t—w) = (H=g) u™ [ X"
@ "Spectral" representation




Representation of fractional Brownian motion

o (Paley-Wigner-type ) series representation

Z e2iw,,t/T -1

By (t) = —— 2

o= s 2iwpt/ T

convergent in t € [0, T].

The w! s are the real zeros of the Bessel function J;_4 and the Z,
are independent complex-valued Gaussian random variables with
mean zero and variance

—1 —2H ,_ _
E\zne:{g—lzm 02 0= 1) (5) 1 o) Vy' w20
T Wp =
Vr I'(3/2—H) T2-2H

T 2HT (H+1/2)T (3 - 2H)
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Stochastic integration for fractional Brownian motion

@ The non semimartingale property for H # % makes the standard
construction not applicable.
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Stochastic integration for fractional Brownian motion

@ The non semimartingale property for H # % makes the standard
construction not applicable.

e If 1/2 < H < 1 the zero quadratic variation allows for a pathwise
construction of the integral

/abf(t,w)(SBH(t) = lim Y (@) (Bu (tes1) — Bh (1))

i’kHO

However with the pathwise definition one ends up, in general with

[/ftBH ) 6By (1)] #0

leading, for example, to arbitrage in financial applications.
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Stochastic integration for fractional Brownian motion

@ The non semimartingale property for H # % makes the standard
construction not applicable.

e If 1/2 < H < 1 the zero quadratic variation allows for a pathwise
construction of the integral

/abf(t,w)(SBH(t) = lim Y (@) (Bu (tes1) — Bh (1))

i’kHO

However with the pathwise definition one ends up, in general with

[/ftBH ) 6By (1)] #0

leading, for example, to arbitrage in financial applications.
@ An alternative

/b f(t,w) dBy (1) = lim Y F (1, @) o (B (tis1) — By ()
a t—0 7

¢ is the Wick product. This integral reduces to Ito's for H = 5
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A reminder of the white noise analysis formulation of 1t6

Integration

@ White noise measure: prob. measure defined on the Borelian

oc—algebra F := B (SI(JR)) by

] 1
/exp (i<w,f>)duy=exp (_2 HfH%(IR))
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A reminder of the white noise analysis formulation of 1t6

Integration

@ White noise measure: prob. measure defined on the Borelian

oc—algebra F := B (SI(JR)) by

] 1
/exp (i<w,f>)duy=exp (_2 Hin%IR))

@ Brownian motion
B (t) =< W, Xo,t] >
Approximating functions f by a sequence of step functions, define
@ |t6 integral for deterministic functions

<w,f>::/f(t)dB(t)

o lterated It6 integral for f € L (R")

th t.
I (F) == n!// /2 F(ttor- - ) dB (t1)- - dB ()



A reminder of the white noise analysis formulation of 1t6

Integration

@ Expansion of functionals F (w) of white noise (Wiener-1t6 chaos
expansion)

df, € L(R") such that
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A reminder of the white noise analysis formulation of 1t6

Integration

@ Expansion of functionals F (w) of white noise (Wiener-1t6 chaos
expansion)

df, € L(R") such that
Flw)= ) h(f)
n=0

@ A natural basis: Hermite polynomials and Hermite function

_ (_1\n x2/2£ —x2/2
ho (x) = (-1)" /22 (e72)

&k (x) = A ((n— 1)!)7% hn—1 (\f2x> e_%

Then define
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A reminder of the white noise analysis formulation of 1t6

Integration

@ Expansion of functionals F (w) of white noise (Wiener-1t6 chaos
expansion)

df, € L(R") such that

Fw) =) In(f)
n=0
@ A natural basis: Hermite polynomials and Hermite function

_ (_1\n x2/2£ —x2/2
ho (x) = (-1)" /22 (e72)

&k (x) = A ((n— 1)!)7% hn—1 (\f2x> e_%

Then define
o o= (ag, a0, - ,0p)

Hao (W) = hay (K 0,81 >) hay (K w, 85 >) - hy, (K0, 8, >)
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A reminder of the white noise analysis formulation of 1t6

Integration

@ Chaos expansion in terms of hermite functionals

F(w)=) caHai(w)
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A reminder of the white noise analysis formulation of 1t6

Integration

@ Chaos expansion in terms of hermite functionals

F(w)=) caHai(w)
@ Wick product of white noise functionals
(FRof) =) c,xl)c g (w)
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A reminder of the white noise analysis formulation of 1t6

Integration

@ Chaos expansion in terms of hermite functionals

F(w)=) caHai(w)

@ Wick product of white noise functionals

Fl < F2 ZC,XI)C w)

o Note

<w f>0<wg>=<wf><wg>—(fg)

@ Chaos expansion of Brownian motion

(Institute)

B (t)

<va[0,t]>
<w, P (X[Ovt]' é”‘)LZ(]R) S (.)>
P fot Gk (8) ds (w, &)
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A reminder of the white noise analysis formulation of 1t6

Integration

@ White noise

then,
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A reminder of the white noise analysis formulation of 1t6

Integration

@ White noise

then,

@ Stochastic integration

/IRY(t,w)dB(t):/ Y (t,w)o W (£)d (t)

R

coincides with the classical 1t6 integral if Y (t,w) is adapted to the
filtration generated by B (t), but is more general.
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Fractional Brownian motion and white noise analysis

@ Relate fBm to classical Brownian motion by an operator defined first
for functions in S (R) and then extended to L2 (R).

or
Mf(x) = Cufy f(xit%)j:(x)dt 0<H<1
Mf (x) = f(x) , H= %
Mf(x) = Cufg ‘t_f(gw dt . F<H<1

N

Cy={2T (H—1)cos (£ (H—1))} " {T (2H+ 1) sin (nH)}

19 /25
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Fractional Brownian motion and white noise analysis

@ Relate fBm to classical Brownian motion by an operator defined first
for functions in S (R) and then extended to L2 (R).

MF (y) = [y|FH F ()

or
x—t
MF (x) = CHfR%dt L 0<H<}
Mf (x) = f(x) , H:%
f(t
Mf (x) = CHfIR‘t X(|%)Hdt , l<H<1

N

Cy={2T (H—1)cos (£ (H—1))} " {T (2H+ 1) sin (nH)}
o Now define a space L2, (R) by

(f, g)L,%,(]R) = (Mf, Mg)L?(JR)

and a process By (t) := <w, Mo, ()> with Mg ) (x) = Mx[g,¢ (X)
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Fractional Brownian motion and white noise analysis

o Computing

E [éH (S) éH (t)] :%{|t|2H—|—|5|2H_ |t—s|2H}

one concludes that the continuous version of By (t) is fBm.
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Fractional Brownian motion and white noise analysis

o Computing

E [éH (S) éH (t)] :%{|t|2H—|—|5|2H_ |t—s|2H}

one concludes that the continuous version of By (t) is fBm.
e Integration of deterministic functions: Let f (x) be a step function

f (X) = Zan[tj,th] (X)
J

= /]Rf(t> dBy (t)

Extended to L2 (IR) provides a notion of integration for deterministic
functions, which coincides with the pathwise definition.

(w,Mf) =) a <w, M[tj,tj+1]> =23 (Bu (ti+1) — Bu (1))
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Fractional Brownian motion and white noise analysis

o An orthonormal basis for L%, (R)

{ex (x) = M71g, (x), k=1,2---)
¢y (x) is an Hermite function
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Fractional Brownian motion and white noise analysis

o An orthonormal basis for L%, (R)

{en (x) = Mg, (x), k=12
¢y (x) is an Hermite function
@ Chaos expansion of By (t)

Bul(t) = (€. Mxpo.0)

- <Mw’zzo=1 <X[°vﬂ' ek)w ®) (')>
= <Mw: Ykt (MX[O,t]' Mek)l_z(IR) €k ()>

= P (MX[O,t]v Ck>L2(R) (w, Mex)

= P <X[o,;]: M(fk)LQ(R) (w, Mey)
= Ykt fo Mgy (s) ds (w, &)
M extended to S’ (R) by (Mw, f) = (w, Mf)
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Fractional Brownian motion and white noise analysis

@ Fractional White Noise

Wi (£) = i ME, (1) (.2,)

dBy (t)
dt

= Wy (t)
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Fractional Brownian motion and white noise analysis

@ Fractional White Noise

Wi (£) = i ME, (1) (.2,)

then,
dBy (t)
dt

= Wh (1)
in ()"
@ Then the natural extension of Ito’s integral to the fractional case is
/IR Y (t,w) dBy (t) = /R Y (t,w) o Wy (£)d (¢)
Example:

1 1

(B (T))* — 5T

.
/ By () dBy (t) = >
0

implying IE [fOT By (t) dBy (t)} =
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Fractional Brownian motion and white noise analysis

@ Directional derivative and (fractional) Malliavin derivative
DH E (o) — fim
O (@) = lim © (F (@ +eMy) — F (w))
If there is a function ¥ : R — (S)" such that
D§”)F(w):/ MY (£) Moy (t) dt
R

then )
(Hp._ 9" _
DV F = o F(t,w)="Y(t)

is the (fractional) Malliavin derivative or stochastic gradient of F.
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Fractional Brownian motion and white noise analysis

Fractional Ito formulas
e He (0,1)

F(t,Bu (1) = f(0,0)+/ta sBH)ds+/ (s, Byy) dBy (s)

t 92F
—|—H/ o°f (s, By (s))s*H1ds

(Institute) 24 /25



Fractional Brownian motion and white noise analysis

Fractional Ito formulas
e He (0,1)

F(t. By (t) = foo)+/ta'r s.BH)ds+/0tgi(s,BH)dBH(s)
+H/tazf s, By (s)) M1 ds

cHE(LY)  axi(n) = z,lauuw)dsw

F(EX(8) = £(0.X(0) /
/Z";;? ) 6% (5
/{iaj;fx, X (5)) Za,k 5) Dk, X-(s))}

Dy.tF = [ ¢ (s, t) DsFds and ¢ (s, t) = H(2H — 1 t2H 2

2 £ (s, t) = H( )|s —
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