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1D tomograms: General and related to algebras

Multidimensional tomograms

o
o
@ Tomograms as operator symbols
@ Rotated time tomography

o

Hermite-basis tomography
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@ Tomograms that use the conformal group operators and eigenvectors
of their linear combinations:

o Time-frequency tomogram

o d
By = ut+ v
@ Time-scale
t+i1v d 1
i -
- tae

@ Frequency-scale
1

Bs =i d + v d —|— —
3T Mg bt
@ Time-conformal

d
By = ut+iv (tz(jt—l—t)
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In general:

d  1dg (1)
dt 2 dt

By = ut+iv (g(t)_|_

the generalized eigenvectors being

b vt ) =g O] Ve (= [T+ b [
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Another finite-dimensional Lie algebra

Another finite-dimensional Lie algebra which may be used to construct
tomograms, exploring other features of the signals, is generated by 1, t and

Of special interest are the tomograms related to the operators

BF = ut+vF

and

By = ut+vo
As before, the construction of the tomograms relies on finding a complete
set of generalized eigenvectors for the operators Br and B,. With

= t + £ one defines creation and annihilation operators
y v
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Another finite-dimensional Lie algebra

2\ Ty ) AT

2
BrF =v (a*a— P;Q)
2

2
Bg:v<aa—2yv2>

Therefore for Bf one has an orthonormalized complete set of eigenvectors

9 (6) = un (1)

obtaining

_¥
2v

with a discrete set of eigenvalues X, = v (n + %)

Byl (1) = Xay ) (1)
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Another finite-dimensional Lie algebra

the function u, is

For B, one uses a basis of coherent states

oL (y) = N (y)
2 A" )
= e: un y
nzom

with decomposition of identity

= [0, 0093 ) eA =1
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Another finite-dimensional Lie algebra

Then, a set of generalized eigenstates of B, is

9 ) =9, (t+75)

with eigenvalues

Bop\” (v, t) = X9\ (v, t)

2
—y (a2 2
XA—V</\ 21/2)

M (v, X)) = '/zp")* (v, t) f (t)dt

the tomogram being

2

This tomogram is closely related to the Sudarshan-Glauber
P-representation.
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Multidimensional tomograms

Several types of multidimensional tomograms may be obtained from
generalizations of the one-dimensional ones. Consider a signal f(t1, t2).
The tomogram will depend on a vector variable X = (X1, X») and four

real parameters i;, y,,v1, and vo. For example, the two-dimensional
time-frequency tomogram will be

o o L 1 (mtz_mtl+mtz_@t) 2
M(X,14,7V) = ——— 1] f(t1,t o e 2w R dt dt
(RBT) = gty || F0 02 L dy

From this one may also construct a center of mass tomogram

Men (Y, 7, 7) =/M(S<,ﬁ,a‘)5(y—x1 — Xo) dXy dXo
vt
27t|vy| 27t|vg

. . . . 2
iHy o IinnXi iy o 122X
f(t1, tr)dty dt —tf—— 4+ —=t5 — dXi dX
‘/ ( ! 2) 1052 &p <21/1 1 V1 * 21/2 2 Vo 1 2
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Multidimensional tomograms

The center of mass tomogram is normalized

/Mcm(X, i, 7)dX =1
and a homogeneous function
. 1 .
Mem (AX, AJi, AV) = o Mem (X, 1, 7).
The generalization to N channels is straightforward.
As in the one-dimensional case, useful tomograms may be constructed
from the operators of Lie algebras. For example, using the generators of
the conformal algebra in RY, d > 2,
Wy = i%
D=i(teV+4)
— 9 )
Rj,k =1 (tjm — tkaT,j>
_ i [+20
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Multidimensional tomograms

Let, in two dimensions, t; = t and t, = x. The tomograms corresponding
to the operators

By = pit+ pox +viws +vow

Bp = pt+px+vD

B, = pit+p,x+viKi +12Ko

are straightforward generalizations of the corresponding one-dimensional
ones.
For the operator
R = Myt + HoX + VR1'2
the eigenstates and the tomogram are:

PR )(y v, X, tX) —exp(]/tlx—yzt—i—Xtan 1t>
X

2
My (1 v, X) ‘/4: (ovox t,.X) £ (x, 1) diel
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Tomograms as operator symbols

Tomograms may be described not only as amplitudes of projections on a
complete basis of eigenvectors of a family of operators, but also as
operator symbols. That is, as a map of operators to a space of functions
where the operators non-commutativity is replaced by a modification of
the usual product to a star-product.

Let A be an operator in Hilbert space H and U(X), D(X) two families of
operators called dequantizers and quantizers, respectively, such that

Tr{ UF)DF)} = 6(x - %) (1)

The labels X (with components x1, x2, . .. x,) are coordinates in a linear
space V where the functions (operator symbols) are defined. Some of the
coordinates may take discrete values, then the delta function in (1) should
be understood as a Kronecker delta. Provided the property (1) is satisfied,
one defines the symbol of the operator A by the formula

fa(%) = Tr{U(X)A}, (2)

assuming the trace to exist.
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Tomograms as operator symbols

In view of (1), one has the reconstruction formula
A:/fA(X)mz) dx

The role of quantizers and dequantizers may be exchanged. Then
fi(x) = Tr{D(x) A}

is called the dual symbol of f4(X) and the reconstruction formula is
A= / £ (x) U(%) d%

Symbols of operators can be multiplied using the star-product kernel as
follows

B3« fa(?) = [ £40)fs (DK (7.2.%) dy d2

the kernel being
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Tomograms as operator symbols

The star-product is associative,

(fa(X) * fg (X)) * fc (%) = fa(X) * (fa(X) * fc (X))

this property corresponding to the associativity of the product of operators
in Hilbert space.
With the dual symbols the trace of an operator may be written in integral

form
Tr{ AB) = /fA Vo (3 dx_/fB V(%) d%.

For two different symbols f4(X) and fa(¥) corresponding, respectively, to
the pairs (U(%),D(X)) and (U1(y),D1(¥)), one has the relation

/fA K(x,y)dy,
with intertwining kernel
K(xy)=Tr{Di(y)0()}
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Tomograms as operator symbols

Let now each signal f (t) be identified with the projection operator I'lf on
the function f (t), denoted by

Iy = [f) (f] (3)

Then the tomograms and also other transforms are symbols of the
projection operators for several choices of quantizers and dequantizers.
Some examples:

# The Wigner-Ville function: is the symbol of | f)(f | corresponding to
the dequantizer

t+iw
N =

U(%) = 2D(2x)P, 7

P is the inversion operator Pf(t) = f(—t)
and D(vy) is a “displacement” operator

oo oo 21 (+~2) - 7 (2)]
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Tomograms as operator symbols

The quantizer operator is
N A 1 .
D v = D = —
(X) (t,w) 27_[U(t,w),

t and w being time and frequency.
The Wigner—Ville function is

W(t,w) =2Tr{| £){f | D(2a)D}

or, in integral form
Wt w) —Z/f* D(20)F(—t) dt

# The symplectic tomogram or time-frequency tomogram of | f)(f |
corresponds to the dequantizer
UR):=0X pv)=0Xl-put—va),
N 0
tf(t) = tf(t), wf(t) = _"g f(t)
and X, u,v € R.
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Tomograms as operator symbols

The quantizer of the symplectic tomogram is
D) = D(X, uv) = % exp [i (X1 — it — v)]
# The optical tomogram is the same as above for the case
p = cosb, v =sin0.
Thus the optical tomogram is
M(X,0) = Tr{| AR (Xi —yi‘—v&))}

1 .
— %/f*(t)e’kx exp [ik (X— tcos@—i—iaatsinQ)} f(t) dt dk

B 1 .[cotl , Xt
~ 2m]sind| '/f(t)exp {I< 2 ! _sinG)]dt
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Tomograms as operator symbols

One important feature of the formulation of tomograms as operator
symbols is that one may work with deterministic signals f (t) as easily as
with probabilistic ones. In this latter case the projector would be replaced
by

I, = /PV |fu) (fu|

with fpydy = 1, the tomogram being the symbol of this new operator.
This also provides a framework for an algebraic formulation of signal
processing more general than was done in the past. There, a signal model
is a triple (A, M, ®) A being an algebra of linear filters, M a A-module
and & a map from the vector space of signals to the module. With the
operator symbol interpretation both (deterministic or random) signals and
(linear or nonlinear) transformations on signals are operators. By the
application of the dequantizer they are mapped onto functions, the filter
operations becoming star-products.
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Rotated-time tomography

Now consider a version of tomography where a discrete random
variable is used as an argument of the probability distribution
function. We call this tomography rotated time tomography.

It is a variant of the spin-tomographic approach for the description of
discrete spin states in quantum mechanics.

For a finite duration signal f(t), with 0 < t < T ,we consider discrete
values of time f(ty,) = f,, where with the labeling
m=—j,—j+1,—j+2,...,0,1,...,j — 1,/ they are like the
components of a spinor | f). This means that we split the interval

[0, T] onto N parts at time values t_j, t_ji1,..., tj and replace the
signal f(t), a function of continuous time, by a discrete set of values
organized as a spinor. By dividing by a factor we normalize the spinor,
ie.,

(f1f)= Zlfl2

m=—j
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Rotated-time tomography

Without loss of generality, consider the "spin" values to be integers, i.e.,
j=20,1,2,... and use an odd number N = 2j 4 1 of values.
In this setting, | f) being a column vector, we construct the N N matrix

o =[ )]
with matrix elements
Pmm’ — fmfnt/.
The tomogram is defined as the probability-distribution function
M(m,u) = |(m]|ul ) m=—j,....j—1,j
where u is the unitary Nx N matrix

it = 1y
For this matrix we use an unitary irreducible representation of the rotation
group (or SU(2))
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Rotated-time tomography

with matrix elements
Unm' (0) = (_1)j_m, U+ m)t+ m)! v sing m cosg e
mm (m+m) [ (G—ml(—m)! 2 2

6
XFi-m (2m +1,m+ m’22)

Fi—m being a function with Jacobi polynomial structure expressed in terms
of hypergeometric function as

Fn(a,b,t) = F(—n,a+n, b;t)

m tl—b(l _ t)b—a (jt) n [tb—s-n—l(l B t)a—b—i—l}
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Rotated-time tomography

The dequantizer in the rotated-time tomography is
UF)=U(mn) =6(ml—u'Jyu) =6 (ml - ﬁj)
where J, is the matrix with diagonal matrix elements
(J2) mmr = MO

The vector i = (sin 6 cos @, sin §sin @, cos @) determines a direction in 3D
space. The matrix was written for ¢ = 0 but, if this angle is nonzero, the
matrix element has to be multiplied by the phase factor e/™?.

The quantizer can take several forms. In integral form, it reads

. 2j+1 [27 -
D(m,7n) = J / sin? 1 exp(—iJA)ydy(---)
T Jo 2
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Rotated-time tomography

The tomogram M (m, u) is a nonnegative normalized probability
distribution depending on the direction 7, i.e., M(m, u) > 0 and

Jz__M(m,u)zl

To compute the tomogram for a given direction with angles ¢ = 0 and 0,
one has to estimate

M(m,0) = Z Uppy (0) o For U i (0)

where the matrix up,(0) given above. The following form for the matrix
Unm'm(6) is more convenient for numerical calculations:

_ (J+ m/)!(j - m/)! 12 0 mm .0 mem m'—m,m’'+m
Unm(0) = G m)G=m)! cos sin 5 Pj_m/

where P2% are Jacobi polynomials.
RVM (IPFN) 23 / 31




Rotated-time tomography

In principle, one could use not only this unitary matrix but arbitrary
unitary matrices. They contain a larger number of parameters (equal to
N2 — 1) and can provide additional information on the signal structure.
How the time-rotated tomogram explores the time-frequency plane is, as
before, illustrated by spectrograms of the eigenstates (see figures). For
m =0, Uy ,(0) reduces to the set of normalized associated Legendre

functions LJ’-"/:
2 m
U o(0) = \/ 721 1 L] (cos(@)).

The normalized associated Legendre functions are related to the
unmormalized ones Pj’", through:

LJ’-", (cos(6)) = :_:,)Pj’"/ (cos®).
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Rotated-time tomography

In the tomogram, 60 is the parameter labelling the vectors of the basis
associated to m = 0, m’. The index j is the variable. In order to illustrate
the effect of this tomogram, we computed numerically some vectors in the
time-frequency plane. In the discrete setting, If we choose m’ = N, where
N is the number of points, the {L}}; form an orthonormal basis of the
discrete time-frequency plane. Hence the projection on the eigenvectors of
the rotated tomogram with m = 0, M’ = N can be seen as the projection
on the bended lines in the time-frequency plane. This tomogram should be
adapted for the study of functions which possess certain symetry in the
time-frequency plane.
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Rotated-time tomography
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Rotated-time tomography
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Hermite-basis tomography

Here we consider a dequantizer
O(n.a) = D(@) | npin | D*(2), &= [a]e™

and a quantizer

Blne) = o ‘ o (ifi)n@(a) G;)nﬁ(—@

where —1 < A < 1 is an arbitrary parameter and n is related to the order
of an Hermite polynomial. This is analogous to the use of a photon
number basis in quantum optics.

For any signal f(t), one has the probability distribution (tomogram)
Me(na)=Tr | £){f| U(n a)

and, from the tomogram, the signal is reconstructed by

| FY(F |= 2/012“/\4(,7,“)[)(,7,@
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Hermite-basis tomography

One has M(n,a) > 0 and
Y Me(na) =1 (4)
n=0
for any complex a. For an arbitrary operator A, one has
A=Yy /d2aD(n,a)Tr(U(n,a)2\), (5)

where 1 is the identity operator.
The explicit form of the tomogram for a signal function f(t) is

Me(n, A) = | (| D(a) ’/f () dt]

where ,
foa() = Dla) [/ 4(27n1) 2= 2, (1) (7)
H,(t) being an Hermite polynomial.
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Hermite-basis tomography

Thus, one has
foa(t) = 7_[71/4(2nn!)71/2ef(oczfoc*z)/tle[(afa*)t]/ﬁeff2/2Hﬂ(f)

and
B o+ a*

V2
For fixed |a| the tomogram is a function of the discrete set n =0,1,...
and the phase factor 6,.
How the Hermite basis tomogram explores the time-frequency plane is, as
before, illustrated by spectrograms of the eigenstates. In the particular
case where & = 0, the functions f, ¢ are the Hermite functions. Their
time-frequency representation has been calculated on the figure. It shows
that the tomogram at a = 0 is suited for rotation invariant functions in
the time-frequency plane. One can see that: for real a this pattern is
shifted in time and for purely imaginary a the pattern is shifted in
frequency. The pattern can be shifted in both time and frequency by

choosing the appropriate complex value for «.
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Hermite-basis tomography
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