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Networks in epidemiology: The SIS Model

ds/dt = -asi+bi
di/dt =asi-bi

ds/dt = -rsi+i
di/dt =rsi-i

r=a/b

S+I=1

di/dt =r(1-i)i-i
di/dt =ri-ri2-i
di/dt=i(r-ri-1)

di/dt=0 −> i=1-1/r



r= 1

Epidemic Threshold

I

Stable solution
Unstable solution

I=1-1/r
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dik/dt =-ik+rk(1-ik)Σ ik�P(k,k�)
dik/dt =-ik+rk(1-ik)θ

ik=rkθ/(1+rkθ)              (1)

θ=<k>-1Σ ikkP(k)        (2)

(1)−>(2)

θ=<k>-1Σ kP(k) rkθ/(1+rkθ) 

In SF networks we have many groups 
corresponding to nodes with different 

degree, sk , ik



θ=<k>-1Σ kP(k) rkθ/(1+rkθ)=f(θ) 

θ=θθ=θ

f(θ)f(θ)
f(θ)f(θ)

θ=θθ=θ

df/dθ |θ=0≥1   −> r<k2>/<k> ≥ 1
r  ≥ <k>/<k2>

P(k)~k-a rc=0   for a=<3
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High weight � High Betweenness

Low weight � High Betweenness





Characterizing dynamics by ergodic parameters
! Invariant measures and ergodic parameters

! Lyapunov and conditional exponents

From the k x k and (m-k)x(m-k) 
blocks of the Jacobian , obtain
the conditional exponents as 
the eigenvalues of the limits

or



Existence of the conditional exponents
! First proposed by Pecora and Carroll to study the phenomenology of 

synchronization of chaotic systems
PRL 64 (1990) 821 ; PRA 44 (1991) 2374

! Theorem:  The existence of the conditional exponents is guaranteed 
under the same conditions as for the Lyapunov exponents

Existence of a measurable map 
from the dynamical space V to
m x m matrices

and

The proof follows the same steps as for the Oseledec�s theorem
PLA 248 (1998) 167

! Regular functionals of the exponents will also be well-defined 
ergodic parameters

mMVT →:

( ) ∞<∫ + )(log xTdxµ



Structures and self-organization
! Structure index

diverges whenever a Lyapunov exponent approaches zero from above (points 
where long time correlations develop)

! Self-organization       (partitions                                  )

(Physica A276 (2000) 550-571)

Σk = Rk ×Rm−k



! Self-organization concerns the dynamical relation of the 
whole to its parts. Therefore, IΣ(µ) is a measure of 
dynamical self-organization

! It is a measure of apparent dynamical freedom (or apparent 
rate of information production), that each agent may infer 
from the local dynamics

! Self-organization occurs when local information is very 
different from global behavior

! These global parameters, besides providing information on 
structure formation and self-organization may also be used 
to characterize the topology of the interactions (network 
connectivity)



Examples :
! Fully coupled system

x i(t+1) = (1-c) f(x i(t)) + (c/(N-1)) Σk≠i f(x k(t))         
f(x)=2x (mod 1)

c = 0.495 c = 0.51



Fully coupled system. Structure and self-organization index



Nearest-neighbor coupling

! x i(t+1) = (1-c) f(x i(t)) + (c/2) ( f(x i+1(t) + f(x i-1(t) )



Synchronization and beyond
! Synchronous flashing of fireflies, cells, fads, ......



Synchronization and beyond
! Synchronization

(Classical mathematical example: the Kuramoto model)
A similar, discrete-time oscillators model :

! Order parameter



!



!



! The Lyapunov spectrum controls the dynamical self-
organization of the system.

! In this case 
λ1=0  and
λ i=log(1-αλk(N/N-1))       (N-1) times 

N-1 contracting directions for k≠0

�One-dimensional� system !

! ⇒ strong dynamical correlations even before 
synchronization

(Int. J. Bifurcation and Chaos, 15 (2005) 1185-1213)



!



Network structure and dynamics.The small world phase



Define a dynamical system on the network nodes

! x i(t+1) =  Σk=1
N W ik  f(xk(t))                           if i = k

f(x)=αx  (mod 1) if i ≠ k and k∈ nv(i)

0  otherwise 
! Dβ = - Σλi<0 λ i

Dβ = c N (β - βc1) η βc1 <10-5 η = 1.01±0.06

(T. Araújo, J. Seixas, RVM, Phys. Lett. A319 (2003) 285-289)
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Define a dynamical system on the network nodes

! x i(t+1) =  Σk=1
N W ik  f(xk(t))                           if i = k

f(x)=αx  (mod 1) if i ≠ k and k∈ nv(i)

0  otherwise 
! Dβ = - Σλi<0 λ i

Dβ = c N (β - βc1) η βc1 <10-5 η = 1.01±0.06

! Cβ = ;                                   ;

βc2 = 0.04          Cβ ~ | β - βc2 |-δ δ1 = 1.14    δ2 = 0.93
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Scaling laws and self-organized criticality (SOC)
! A qualitative definition :

SOC = mechanism of slow energy accumulation and fast 
energy redistribution (avalanches) driving the system 
towards a critical state, where the distribution of avalanche 
sizes is a power law obtained without fine tuning, that is, 
there is no tunable parameter in the model.

! Power law → no natural scale, excitations at all scales
! No tunable parameter ≠ usual critical points in phase 

transitions
! A critical point as an attractor ?
! Ubiquity of SOC (geophysics, cosmology

evolutionary biology, ecology, economics
sociology, solar physics, �)

! Question: Can SOC be characterized by 
ergodic parameters ?



Real world manifestations
! The Gutenberg-Richter law

Data from 1977-1995



Real world manifestations
! Electron temperature fluctuations in a magnetically confined 

plasma (ECE diagnostic)
(Politzer, PRL 84 (2000) 1192)



Real world manifestations
! Avalanches in living neurons

Magnetoencephalography data compared with models
(de Arcangelis  et al. PRL 96 (2006) 028107)



Real world manifestations
! Distribution of lengths of open spaces in urban 

environments
(Carvalho and Penn, Physica A 332 (2004) 539)
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Real world manifestations
!
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Toy models
! Sand piles on the computer and on the lab

! However, the emergence of scaling laws on lab sand piles 
depend on grain size and shape



Toy models
! Springer � slider block mode

(friction of the blocks on the fixed plate)



A mathematical model: Bak-Sneppen (BS)
! Toy model for the evolution of species

! After a short transitory period the system self-organizes with 
most species having fitness above 0.667

! Avalanches show power-law behavior



Two features of most models and a mathematical result

! Most SOC models display :
- Unstable behavior of the local dynamics
- Extremal dynamics

! Theorem If, in a N-agent model : 
- The single-agent dynamics has positive Lyapunov  exponents and 
- The global dynamics is extremal with finite range
then, in the N →∞ , the Lyapunov spectrum converges to 0+

! In the T →∞ limit, used to compute the Lyapunov spectrum, the tangent 
maps have only a nontrivial finite size block during an average time of 
order (2r+1)T/N

! With the Lyapunov spectrum converging to 0+  there are no dynamical 
scales. Thus, in the N →∞ , the system is �tuned� to SOC

(Physica D 214 (2006) 182-186)



! The SOC state has zero measure, but its finite-
dimensional projections have full measure.

! It is not an attractor, nor a repeller (not invariant)
! �Ghost weak repeller�
! The invariant measure is like a cloud around the SOC 

state.



Beyond the classical ergodic parameters
! Lyapunov and conditional exponents and derived quantities depend on 

the actual (or expected) average rates of expansion
! Fluctuations of the expansion rates along the trajectories

Generalized Lyapunov exponents

Dynamical Rényi entropies

Cumulants of the Lyapunov spectrum

Traces of Hessian powers
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The p53 network
! p53 is a tumor suppressor gene. Its protein acts by :

- Inhibition of progress through the cell cycle
- Apoptosis
- Inhibition of blood-vessel formation (angiogenic phase)
- Modulating the balance between respiration and glycolysis

! Is activated by :
- DNA damage (ATM, Chk2)
- Aberrant growth signals (p14ARF)
- Cell stress (ATR, Casein II, …)

! Is “off” in normal circumstances. Produced at some rate but 
degraded by ubiquitin labelling (MDM2, ...)

! Is activated through inhibition of degradation
! It activates its own controller 
! In many tumors (~ 50%) it is found to be mutated 
! In a number of cases normal p53 cannot achieve control

! A very complex network of interactions (an highly connected 
module in the mammalian cell cycle control and DNA repair 
system)



!



!



! Our motivation : The non mutated 50%.
! Malfunction of wild type p53 

! Is there also a dynamical (malfunction) mechanism in the 
network ?



!



A positive and a negative cycle in interaction

!



A positive and a negative cycle in interaction
! p(t+1) = ap p(t) + Wpm H(Tm - m(t))

m(t+1) = am m(t) + Wmp H(p(t) -Tp) + Wmg H(Tg - g)
c(t+1) = ac c(t) +Wcb H(b(t) -Tb) +Wcp H(Tp - p(t))+Wcg H(g-Tg) 
b(t+1) = ab b(t) + Wbc H(c(t) -Tc) + Wbp H(Tp - p(t))

ai +  ∑∑∑∑ k Wik = 1
! Piecewise linear dissipative dynamics with thresholds
! “Extended” modular approach

! Important quantities :
fmg = Wmg /(1- am)   ;   fmp =1 - fmg

fcp = Wcp /(1- ac)  ;   fcb = Wcb /(1- ac) ; fcg = 1 - fcp - fcb

fbc = Wbc /(1- ab)  ; fbp = 1 – fbc

(C. Aguirre, J. Martins, RVM, Int. J. Bifurcation and Chaos 16 (2006) 
393-394)
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! Complete characterization of asymptotic states and 
coding of trajectories

! The qualitative nature of the dynamics only depends on 
the 4 quantities (fmg, fcp, fcb, fbc) and on the position 
of the thresholds.
The periods ( and delays )depend on the specific values 
of the parameters 



The p - m system
g A sy m p t . b eh av io r C o d in g

T m < f m g
T m > f m p

g < T g

– – –

g > T g

p → 0 ; m → f m g

– – – – – – – –

p → 1 ; m → f m p

0 → 3 → 2
↑
1

– – – – –
2 → 0 → 1

↑
3

T m < f m g
T m < f m p

g < T g

– – –

g > T g

p → 0 ; m → f m g

– – – – – – – –

o sc illa t io n

0 → 3 → 2
↑
1

– – – – –
0→ 1
↑
2←

↓
3

T m > f m g
T m > f m p

g < T g

– – –

g > T g

o sc illa t io n

– – – – – – – –

p → 1 ; m → f m p

0→ 1
↑
2←

↓
3

– – – – –
2 → 0 → 1

↑
3

T m > f m g
T m < f m p

g < T g

– – –

g > T g

o sc illa t io n

– – – – – – – –

o sc illa t io n

0→ 1
↑
2←

↓
3

– – – – – -
0→ 1
↑
2←

↓
3
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The c - b system
TABLE 2A. (Case g < Tg and p < Tp)

g < Tg , p < Tp Asympt. behavior Coding
Tc < f cp
Tb < f bp

b→ 1
c→ f cp + f cb

a→d←b
↑
c

Tc < f cp
Tb > f bp

b→ 1
c→ f cp + f cb

a→b→d
↑
c

f cp + f cb> Tc > f cp
Tb < f bp

b→ 1
c→ f cp + f cb

a→c→d
↑
b

f cp + f cb> Tc > f cp
Tb > f bp

b→ 1; c→ f cp + f cb
or
b→ f bp; c→ f cp
or
oscillation

dª

aª

b¿c

Tc > f cp + f cb
Tb < f bp

b→ f bp
c→ f cp + f cb

a→c←b
↑
d

Tc > f cp + f cb
Tb > f bp

b→ f bp
c→ f cp

b→c→a
↑
d



TABLE 2B. (Case g < Tg and p > Tp)

g < Tg , p > Tp Asympt. behavior Coding

Tc < f cb
Tb < f bc

b→ 0; c→ 0
or
b→ f bc; c→ f cb
or
oscillation

aª

dª

b¿c

Tc < f cb
Tb > f bc

b→ 0
c→ 0

c→b→a
↑
d

Tc > f cb
Tb < f bc

b→ 0
c→ 0

b→c→a
↑
d

Tc > f cb
Tb > f bc

b→ 0
c→ 0

c→a←b
↑
d



TABLE 2C. (Case g > Tg and p < Tp)

g > Tg , p < Tp Asympt. behavior Coding
Tc < f cg + f cp
Tb < f bp

b→ 1
c→ 1

c→d←b
↑
a

Tc < f cg + f cp
Tb > f bp

b→ 1
c→ 1

a→b→d
↑
c

Tc > f cg + f cp
Tb < f bp

b→ 1
c→ 1

a→c→d
↑
b

Tc > f cg + f cp
Tb > f bp

b→ 1; c→ 1
or
b→ f bp; c→ f cg + f cp
or
oscillation

dª

aª

b¿c



TABLE 2D. (Case g > Tg and p > Tp)

g > Tg , p > Tp Asympt. behavior Coding

Tc < f cg
Tb < f bc

b→ f bc
c→ f cg + f cb

a→b→d
↑
c

Tc < f cg
Tb > f bc

b→ f bc
c→ f cg

a→b←d
↑
c

f cg + f cb> Tc > f cg
Tb < f bc

b→ f bc; c→ f cg + f cb
or
b→ 0; c→ f cg
or
oscillation

dª

aª

b¿c

f cg + f cb> Tc > f cg
Tb > f bc

b→ 0
c→ f cg

c→b→a
↑
d

Tc > f cg + f cb
Tb < f bc

b→ 0
c→ f cg

b→c→a
↑
d

Tc > f cg + f cb
Tb > f bc

b→ 0
c→ f cg

c→a←b
↑
d



! Complete characterization of asymptotic states and coding 
of trajectories.

! Biological realism imposes some conditions on the threshold 
values :  
Tm < fmg (for  g< Tg p53 is at a low level)
Tc > fcp + fcb ; Tb < fbp (for  g< Tg cell growth should not

be explosive)
! Most interesting case : Expressed p53 (p>Tp) with 

oncogenes (g>Tg )
- Tc > fcg+fcb ⇒ effective control of cell growth
- Tc < fcg and Tb < fbc ⇒ no control
- fcg < Tc < fcg+fcb ; Tb < fbc ⇒ depends on initial conditions

(a matter of chance)

! fmg = 0.55 ; fbp = 0.4 ; fcb = 0.35 ; fcp = 0.2 ; ai =0.8



!



!



Periods and rotation numbers

! g > Tg ; Tp = 0.5 ; Tm =0.4 ; fmg=0.5



!



!



Networks in evolutionary sociology.
Strong reciprocity

! Nash equilibrium and experimental games
! Homo Oeconomicus rejected in all cases
! The player's behavior is strongly correlated 

with existing social norms in their societies 
and market structure

! Human decision problems involve a mixture 
of self-interest and a background of 
(internalized) social norms

! Exits Homo Oeconomicus
! Enters Homo Reciprocans (Samuel Bowles, 

Herbert Gintis) Strong reciprocity

(Advances in Complex Syst. 7 (2004) 357-368)



Homo reciprocans

! Homo reciprocans comes to new social situations with a 
propensity to cooperate and share, responds to 
cooperative behavior by maintaining or increasing the 
level of cooperation and responds to selfish free-riding 
behavior on the part of others by retaliating, even at a 
cost to himself and even when he could not expect future 
personal gains

! Strong reciprocity is a form of altruism in that it benefits 
others at the expense of the individual that exhibits this 
trait.



Homo reciprocans

! Monitoring and punishing selfish agents or norm 
violators is a costly (and dangerous) activity without 
immediate direct benefit to the agent that performs it

! It seems that the strong reciprocity trait could not invade 
a population of self-interested agents, nor be maintained 
in a stable population equilibrium

! Not evolutionary stable ?



Homo reciprocans. The Bowles-Gintis model
! Small hunter-gatherer bands of the late Pleistocene
! Population of size N with two species of agents:
! Reciprocators (R-agents)
! Self-interested (S-agents)
! Public goods activity: each agent can produce a 

maximum amount of goods q at cost b
! The benefit that an S-agent takes from shirking is the 

cost of effort b(σσσσ), σσσσ being the fraction of shirking 
time

! b(0)=b     b(1)=0     b’(σσσσ)<0     b’’(σσσσ)>0     q(1-σσσσ)>b(σσσσ) 
! At every level of effort, working helps the group 

more than it hurts the worker



Homo reciprocans. The Bowles-Gintis model
! R-agents never shirk and punish free-riders at cost cσσσσ, the 

cost being shared by all R-agents
! f = fraction of R-agents
! For an S-agent the estimated cost of being punished is sσσσσ. He 

chooses σσσσ*  to minimize the function
B(σσσσ) =b(σσσσ) + s f σσσσ + q(1- σσσσ)/N

! Fitness of each species :
ππππS = max( q(1-(1-f) σσσσ*)-b(σσσσ*)-γγγγ f σσσσ* , 0) 
ππππR = max( q(1-(1-f) σσσσ*)-b-c(1-f)Nσσσσ/(Nf) , 0)

! Replicator dynamics







Homo reciprocans. The Bowles-Gintis model

! If  γ is large enough, the map has an unstable fixed point 
(A) and a left-stable one (B)

! Between B and f = 1 there is a continuum of marginally 
stable fixed points

! For smaller γ the region between A and B disappears 
and only the marginally stable fixed points remain

! The asymptotic behavior corresponds either to f = 0 
(σ*=1) or to f between 0 and 1 but σ*=0 

! When f≠0, reciprocators and shirkers remain in the 
population but shirkers choose not to shirk

! For initial f smaller than fA the fraction of reciprocators 
falls very rapidly to zero



Homo reciprocans. The Bowles-Gintis model
! Intragroup dynamics : 

either reciprocators are eliminated from the population or 
they remain in equilibrium with a large number of 
shirkers (which do not shirk for fear of being punished)

! Intragroup dynamics cannot explain how strong 
reciprocity might have become a dominant trait.

! Intergroup dynamics :
Only groups that contain at the start  f>fA will have in the 
end a nonzero fitness. All others suffer a ''tragedy of the 
commons'' with final zero fitness.
Groups with reciprocators tend to dominate and impose 
an above average predominance of the reciprocator trait.

! For initial f smaller than fA the fraction of reciprocators 
falls very rapidly to zero



Network dependence of strong reciprocity
! What happens when, later on, the Pleistocene 

reciprocators and their fellow shirkers become imbedded 
into a larger society?

! Monitoring and punishment of shirkers by reciprocators 
necessarily looses its global collective nature. 

! It becomes the business of the neighbors of the shirker
! Monitoring and (or) punishing free-riders requires force 

to insure the effectiveness of the punishment and to 
make the punisher safe from direct retaliation from the 
violator.

! Central authorities play a role in the control of serious 
offenses, but not so much on the day to day monitoring 
of public goods work



Network dependence of strong reciprocity

! Punishing a norm-violator requires a minimal social 
power and consensus. Punishment occurs only if at least 
two neighbors agree to do so.

! R-agents and (1-f) S-agents placed at random in a 
network where, on average, each agent is connected to 
k other agents, rewired with probability β

! Each reciprocator, on detecting an S-agent, looks for 
another reciprocator in his own neighborhood also 
connected to S-agent. If he finds one, he punishes by an 
amount proportional to the fraction of shirking.

! The amount of work an S-agent does is inversely 
proportional to the number of reciprocators in his 
neighborhood.



Network dependence of strong reciprocity

! Wk( ) = work vector
! Pu( ) = punishment vector
! Cpu( ) = cost of punishment vector
! f = fraction of reciprocators
! q = maximum amount of goods produced by each agent 
! b = cost of work
! c = cost to punish
! γ = cost to be punished



Network dependence of strong reciprocity

! Average fitness of R-agents and S-agents



Network dependence of strong reciprocity



Network dependence of strong reciprocity



Conclusions
! 1 - In small groups with collective monitoring, the 

interplay of intra- an intergroup dynamics makes the 
emergence of the strong reciprocity trait a likely event.

! 2 - Self-interested (S-agents) are not completely 
invaded. If the social structure changes, they may be a 
source of instability and invade the population.

! 3 - In a large population, monitoring of the public goods 
behavior cannot be a fully collective activity and 
punishment of free-riders requires a certain amount of 
local consensus among reciprocators.

! 4 - The clustering nature of the society plays an 
important role in the maintenance and evolution of the 
reciprocator trait.



Conclusions
! Modern societies are ''small worlds'' in the sense of short 

path lengths but not necessarily in the sense of also 
maintaining a high degree of clustering.

! Therefore if the reciprocator trait has a high cultural 
component, it may very well happen that, eventually, we 
will see homo oeconomicus leaving the benches of 
economy classes for a life on the streets.


